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THE RELATION BETWEEN THE TEMPERATURE DEPENDENCE OF ELECTRICAL 
RESISTANCE AT LOW TEMPERATURES AND THE GALVANOMAGNETIC EFFECT 


IN STRONG MAGNETIC FIELDS 


O. 8S. GALKINA and L. A. CHERNIKOVA 
Moscow State University 


Submitted to JETP editor April 6, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 3-6 (January, 1960) 


The electrical resistance of nickel-copper alloys with 39.6, 44.55 and 49.6% Cu has been 
studied between 7 and 30°K. By applying the T/2 law for the temperature dependence of 


spontaneous magnetization, Ig, the specific resistivity, p, can be related to the ferromagnon 
concentration n=1-Ig/I) (ly is the magnetization at T—0) and the numerical value of the 
coefficients (p—py)/n derived, where py is the residual resistivity. A comparison between 
this coefficient and the value of Ap/An (Ap and An are the changes in p and n caused by 
changes of true magnetization in strong magnetic fields) shows them to be of the same order 
of magnitude, within the limits of experimental error. This is taken as indirect evidence for 


the validity of the assumption that the electrical resistance of ferromagnetic alloys at low 
temperatures is connected with the inhomogeneities in magnetization of the lattice. 


Ws: have previously? studied the electrical re- 
sistance of nickel, iron, and nickel-copper alloys 
(up to 25% Cu) in the temperature range from 2 
to 78°K, and showed that the temperature variation 
of resistivity up to about 30°K is well described by 
the approximate formula 


ia 
p= Pot C ee 


= +Cn, 


where C is aconstant and n is the ferromagnon 
concentration. The existence of a connection be- 
tween the variation in p and the spontaneous mag- 
netization Ig is taken to be a consequence of the 
scattering of conduction electrons by spin waves. 
The extra resistance due to this process is de- 
scribed theoretically’ by formulae containing 
terms aT?,? bT?,3 and aT +T?. As the theory 
does not give the magnitude of the additional re- 
sistance it is not possible to make a quantitative 
comparison between theory and experiment. 


Nevertheless, the present authors, together 
with Kondorskil, presented indirect evidence of 
a connection between the temperature dependence 
of electrical resistivity at low temperatures and 
inhomogeneities of magnetization in ferromagnetic 
metals. The change in resistance of iron and 
nickel between 8 and 30°K was compared with the 
change of resistance in high magnetic field, i.e., 
with the magnitude of the galvanomagnetic effect 
po 'Ap/AH, which is proportional to the increase 
or decrease in true magnetization and is thus re- 
lated to the increase or decrease in “ferromagnon” 
concentration. In the previous work! the values of 
the change in p !Ap/AH and of the susceptibility, 
Alg/AH, for nickel and iron were determined from 
data referring to room temperature and were taken 
from the work of other authors. 

The aim of the present work was to obtain reli- 
able experimental data to confirm the relation be- 
tween the temperature dependence of resistivity 


2 O. S. GALKINA and L. A. -CHERNAKOVA 


TABLE I. Specimens — Ni-Cu alloys 


ee ee 
Cu con- Fe ai AP 400 
centra- |_* 404, G/Oe 0710", em er AH ify XG: Olek 
tion % [44 Oc- 
39.6 0.54* 34.39 0.26 163 329 
44.55 1.0 39.34 0.33 420 210 
49.6 2,9 44 48 0.5 87 185 


' *The susceptibility of the 39.6% Cu alloy was taken from the meas- 
urements of Rode and Chang Shou-Kung on the same specimen. 


and the galvanomagnetic effect at high fields. 

We used nickel-copper alloys with larger copper 
content: 39.6, 44.55, and 49.6% Cu. These alloys 
were chosen because of their low Curie tempera- 
tures, which makes the low temperature values of 


Ap/AH and AlIg/AH larger than in the pure metals 


(Fe or Ni) and accurately measurable. For the 
resistivity measurements, specimens were made 
in the form of wires with diameter d =0.2 mm 
and length 7=150 mm, and for the measurement 
of paraprocess susceptibility they were ellipsoids 
of revolution with axes 5 and 50 mm. The speci- 
mens were annealed in vacuum at 900°C for six 
hours and then slowly cooled at the rate of 50° per 
hour. The method of measuring the resistivity 
was described previously.! The paraprocess sus- 
ceptibility was measured in a field of 5000 oe at 
20.4 and 14°K by a ballistic method. 


EXPERIMENTAL RESULTS 


The electrical resistance of the alloys was 
measured between 2.2 and 30°K at intervals of 
1—2°. Table I,shows the values of AIg /AH and 
of py at 20.4°K. 

Figure 1 shows the dependence of the relative 
change of electrical resistance, Ap/p7 on the 
field intensity for the different alloys, at 20.4°K. 
The values of Ap/p7yAH in the high field region 
(the linear part of the curves in Fig. 1) are given 
in the fourth column of Table I. The fifth and 
sixth columns give the values of I) and ©’ ob- 
tained on the same specimens by Kondorskii et 
al.’ I) is the magnetization at T=0°K and 0’ 


0 1000 2000 3000 4,0e 


is the parameter in the three-halves law 
f= hU— 1/03 

The dependence of p—py on (T/o’)?/? is 
plotted in Fig. 2 (py is the residual resistance ). 
It can be seen that p is linearly related to 
(T/o’)/2 =n, and consequently to (Ip —Ig)/Ip, 
i.e., to the ferromagnon concentration. The cal- 
culated values of (p—p,))/n are shown in Table II. 
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39.6 22 Pai 25 
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49.6 ey) 6.7 iz 


The values of (p—p,))/n are compared with 
Ap/An, where An =AI,/I) and Ap is the change 
in resistivity connected with the change in true 
magnetization in high magnetic fields. The values 
of Ap/An were derived from the formula 


Ap _ (1 Ap 
Sa rs aH | 


Prlo 
(Al, / AH) * 


Values of Ap/An calculated from the data of 
Table I are shown in Table II. Comparison of 
(p—py)/n and Ap/An shows that they agree 
within the limits of experimental error . 


ELECTRICAL RESISTANCE AT LOW TEMPERATURES 


We calculated Ap/An for all the alloys at 14°K 
as well. The values obtained are in the fourth col- 
umn of Table Il. Comparison of the third and fourth 


columns indicates that Ap/An remains constant 
within the experimental errors. 


There is thus a definite connection between the 


temperature dependence of electrical resistance 


at low temperatures and the galvanomagnetic effect 
in high fields. This connection can be explained if 
it is assumed that in both cases the change in elec- 


trical resistance is produced by the scattering of 
conduction electrons by the inhomogeneities of 
magnetization. 


In conclusion the authors would like to express 


their gratitude to Professor E. I. Kondorskii for 


valuable suggestions made during discussion of 
the results of this work. 


'Kondorskii, Galkina, and Chernikova, JETP 
34, 1070 (1958), Soviet Phys. JETP 7, 741 (1958). 

2S. V. Vonsovskii, JETP 18, 219 (1948). 

34.G. Samoilovich and V. A. Yakovlev, JETP 
22, 350 (1952). 

ae A Turov, Izv. Akad. Nauk SSSR, Ser. Fiz. 
19, 474 (1955), Columbia Tech. Transl. p. 426. 

» Kondorskil, Rode, and Gofman, JETP 35, 549 
(1958), Soviet Phys. JETP 8, 380 (1959). 
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REFLECTION OF ELECTROMAGNETIC WAVES FROM A PLASMA MOVING IN SLOW- 


WAVE GUIDES 


Submitted to JETP editor June 5, 1959 


. ZAGORODNOV, Ya. B. FAINBERG, and A. M. EG@OROV 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 7-9 (January, 1960) 


Electromagnetic wave reflections from a moving plasma were investigated experimentally. 
It was found that when the wave was greatly slowed down [(1/200) — (1/375) c] the double 
Doppler effect observed in reflection increased the frequency by 11—20%. The measure- 
ments were carried out at 24.75 Mcs. The slow-wave structure was a helix. The possibil- 
ity is indicated of using this effect to amplify microwaves and to multiply their frequencies, 
to improve the dynamic stability of the plasma, and to perform measurements in plasma. 


Ir is known that reflection from a moving mirror 
entails a change in the frequency and amplitude of 
an incident electromagnetic wave. Under ordinary 
conditions the magnitude of this effect is negligible. 
There are two possibilities of increasing this effect 
— either to increase the velocity of the reflecting 
surface! or to decrease the phase velocity of the 
wave in the space where the interaction takes 
place.?»3 In addition, the effect can be multiplied 
repeatedly. 

Serious difficulties arise in using the first pos- 
sibility. Naturally, an ordinary macroscopic object 
cannot acquire a velocity close to c. To produce a 
reflecting surface one could use an electron beam! 
or aplasma. But to effect the reflection it is es- 
sential that the dielectric constant of the reflecting 
medium be either negative or of sufficiently large 
absolute magnitude. Since the frequency is much 
greater in a reference system where the reflecting 
medium is at rest than in the laboratory system, 
larger charge densities are necessary if such val- 
ues of € are to be obtained.* Under these condi- 
tions it is impossible to impart relativistic veloci- 
ties to the plasma. 

Another possibility of increasing the effect of 
reflection becomes available if the velocity of the 
electron beam of the plasma Vpl or even of a 
macroscopic object remains small, but the phase 
velocity Voh in the interaction space is consider- 
ably reduced. In this case 


4+ Vol [Von 
ref = Winc = VV 
pi’'p 


ph== Vi ; (1) 
Therefore, if the beam velocity or the plasma ve- 
locity are close to the phase velocity of the wave, 
the change in frequency can be quite considerable. 


*Reflection takes place also at large plasma conductivities. 


It can be shown that in this case the energy re- 
flected from the moving plasma of the wave also 


; : ed : ord 
increases considerably. The gain in this case is” 


2 2 


1{—m 


1 + Vp1/Vph 
where 
on\5 4— eB? |’? = pe 
heme ee acer pet was Tee 
2__ “mnel _ @H 
7 foe” Moco © 


Relation (2) allows us to determine the plasma 
density and the intensity of the magnetic field at 
which effective reflection is ensured at a given 
frequency. The increase in frequency and ampli- 
tude can be considerable if the effect considered 
is repeated many times. 

In the present work we have investigated the 
effect of reflection from the plasma moving in a 
medium where Vph < c. The phase velocity can 
be reduced by using waveguide systems of the 
helix type or other slow-wave structures, or else 
by using the waveguide properties of a low-density 
plasma produced in the interaction space. If an 
external magnetic field is applied to such a sys- 
tem, its phase velocity can be varied over a very 
wide range. 

To observe the foregoing effect experimentally, 
we constructed the setup whose block diagram is 
shown in Fig. 1. The electromagnetic wave was 
Slowed down by means of a helical waveguide, 
comprising a porcelain tube 40 mm in diameter 
on which a helix of 0.4 mm copper wire was wound 
at a pitch of 0.8 mm. The experimentally meas- 
ured value of the first veiocity of the wave in the 
helix waS Vph = 99, which was somewhat less 
than the calculated value Vph = "59, obviously 


REFLECTION OF ELECTROMAGNETIC WAVES FROM A PLASMA 5 
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FIG. 1. Block diagram of the setup. 1-- generator, 24.75 Mcs, 


2—mixer, 3 -- low-pass filter, 4— pulse oscillograph, 5 — trig- 
gering device, 6 — rectifier, 7—discharge gap, 8 — slow-wave 
system, 9—discharge chamber, 10 — magnetic field coils. 


as the result of the effect of the layer of glue be- 
tween the turns. The phase velocity was measured 
by the standing-wave method, i.e., the wavelength 

X was determined in such a waveguide by meas- 
uring the distance between neighboring minima of 
the standing wave with subsequent recalculation 
Vph =Af. The plasma piston was produced by dis- 
charging a capacitor bank of total capacitance 

750 uf, charged to 4.5 kv across the discharge gap. 
The shape of the electrodes, their dimensions, and 
the distances between them were suitably chosen 

to produce a maximum velocity of the plasma 
piston. To make use of the high plasmoid velocity, 
the plasma source and the slow-wave system were 
placed as close to each other as possible on a com- 
mon longitudinal axis, and a longitudinal magnetic 
field of approximately 600 oe was applied to the 
entire system. 

A generator operating at f = 24.75 Mcs was 
coupled weakly to the helix through a transmission 
line and a matching device. In order to separate 
the frequencies of the incident and reflected waves, 
a nonlinear element (a mixer connected through a 
low-pass filter to the pulse oscillograph) was added 
to the transmission line. When the wave was re- 
flected from the leading front of the plasma piston, 
the incident and reflected frequencies, fjyc and 
fref, were mixed in the nonlinear element. The 
resultant outputs of the element were the frequen- 
cies finc, fret, fine + fret, and fret — fine, but 
the low-pass filter allowed only the lowest (differ- 
ence) frequency to be applied to the oscillograph. 
All the higher frequencies were blocked by the fil- 
ter, the cutoff frequency of which was 8 Mcs. 

Figure 2 shows one of the oscillograms obtained. 
According to the sweep time scale, the difference 


frequency is 2.75 Mcs, corresponding to a reflected- 


wave frequency 11% higher than that of the incident 
wave. A series of experiments was then performed 


FIG. 2. Oscillogram 
of the difference fre- 
quency bref — fine: 


with the helix, in which the first velocity was reduced 
to sve of the velocity of light. This led to a corre- 
sponding increase in the frequency of the reflected 
wave and the increase of this frequency amounted 
to 20%. 

These changes in the frequency of the reflected 
wave correspond to a plasma-piston velocity of 
8.45 x 10° cm/sec, which agrees with the work of 
Josephson, whose data were used to construct a 
plasmoid source. An independent measurement 
of the velocity of the front of the plasma piston 
with the aid of piezoelectric elements yielded 
Vpl = 6 x 10° cm/sec. 

We can therefore take it for granted that the 
Doppler frequency shift is greatly increased in 
reflections in the region where the phase velocity 
of electromagnetic waves is greatly reduced, 

Vph < ©. 

We note that the reflection of the electromag- 
netic wave from the moving plasma is used by | 
Hey, Pinson, and Smith to measure the velocity 
of a plasma.® However, since the reflection did 
not take place in a retarding medium, this effect 
was very small. The frequency shift amounted 
to 107, i.e., it was 50,000 times smaller than in 
the case considered here: reflection from a plasma 
moving in a retarding medium. 

This effect can be used to amplify and generate 
microwaves, to accelerate particles, and to per- 
form various measurements in plasma, and also 
to ensure dynamic stability of a plasma. 

In conclusion, I express my gratitude to A. I. 
Akhiezer, K. D. Sinel’nikov, and L. I. Bolotin for 
a discussion of the results. 


1k, Landecker, Phys. Rev. 86, 852 (1952). 

2va.B. Fainberg and V. S. Tkalich, J. Tech. 
Phys. (U.S.S.R.) 29, 491 (1959), Soviet Phys.-Tech. 
Phys. 4, 436 (1959). 

3M. Lampert, Phys. Rev. 102, 289 (1956). 

4ya.B. Fainberg, Aromuas sHeprua (Atomic 
Energy) 6, 431 (1959). 

5y. Josephson, J. Appl. Phys. 29, 1, 30 (1958). 

6 Hey, Pinson, and Smith, Nature 179, 1184 (1957). 
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B. M. VUL and E. I. ZAVARITSKAYA 


P. N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor, June 22, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 10-17 (January, 1960) 


The capacitances of p-n junctions in germanium and silicon were studied down to helium tem- 


‘peratures. 


It was established that at very low temperatures the capacitance of the p-n junction 


itself is not observed because of the small series capacitance of the base between the p-n junc- 


tion and the electrodes. 


It was shown that all the observed phenomena could be explained using 


a simple equivalent circuit. . |The additional difference of potential affecting the value of the p-n 
junction capacitance was determined, and its connection with the screening effect of the inversion 
layer and the contact difference of potential was established. 


An electron-hole or p-n junction occurs in a 
semiconductor in one portion of which there is a 
surplus of donor impurities and in another portion 
a surplus of acceptor impurities. 

For the elements of the third and fifth groups, 
which are commonly used as impurities, the ioni- 
zation energy Wj is ~0.01 ev in germanium and 
~ 0.04 ev in silicon. 

At sufficiently high temperatures, when kT 
> Wj (k is the Boltzmann constant, T is the ab- 
solute temperature), the impurity atoms are al- 
most completely ionized. The surplus ionized im- 
purities not compensated by electrons in the one 
part and by holes in the other part of the semicon- 
ductor, form the space charge of the p-n junction. 

At sufficiently low temperatures, when kT <« Wj, 
the concentration of ionized surplus impurities be- 
comes very small in the homogeneous parts of the 
semiconductor far from the p-n junction; but the 
junction itself remains, and the contact or diffu- 
sion potential difference U, in it tends to the value 
corresponding to the difference in position of the 
donor and acceptor impurity energy levels:! 
Er—E, E4—E, 

feos 

$a] Ne) pes 
q N, Ny 
where Ep, Ef are the Fermi levels in the n- 
type and p-type germanium, respectively; Kq is 
the energy level of the donor impurity; Eg the 
energy level of the acceptor impurity; Ng, Ng 
are the concentrations of donor and acceptor im- 
purities in the n-type germanium; Ng, Ng are 
the concentrations of donor and acceptor impuri- 


ties in the p-type germanium; q is the electronic 
charge. 


Up = 


(1) 


It is apparent that the large decrease of the 
electrical conductivity and the increase of the 
contact potential difference occurring at low tem- 
peratures should significantly alter all the prop- 
erties of a p-n junction, including the differential 
capacity which typifies the space charge distribu- 
tion in it. It is, therefore, of interest to study the 
properties of p-n junctions at low temperatures, 
particularly their capacitance, especially as re- 
cently intensive work has started on the use of 
p-n junctions as non-linear capacitors, as pro- 
posed by one of us several years ago.* 


1. EXPERIMENTAL PROCEDURE 


The measurements of p-n junction capaci- 
tances were made using an MLE-1 bridge at 
audio-frequencies, a Q-meter in the range of 
frequencies v from 50 kes to 1 Mcs anda 
special bridge at a fixed frequency of 100 kes. 
The amplitude of the measuring signal during 
measurements with the bridges was about 1—5 
mv, but for measurements with the Q meter at 
high Q factors it went as high as 2v. The bias- 
ing voltage was supplied by a battery and meas- 
ured directly. 

The measurements were carried out in liquid 
helium, hydrogen and nitrogen at atmospheric or 
reduced pressure of the vapors. Intermediate 
temperatures from 4.2 to 14°K and from 20 to 
65°K were obtained by heating the assembly in 
the vapors of the corresponding liquid. 

The assembly consisted of a copper case in- 
side which were the specimen to be studied and 
the thermometers (carbon and copper). The 


*B. M. Vul. Inventor’s Certificate No. 02407/460177, 
dated June 29, 1954. 
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FIG. 1. The capacitance of a germanium diode (specimen 
no. 1) as a function of temperature. Bias voltage U = 0, fre- 
quency of measuring signal v = 10° cps, diode area S=1.88 
cm’, thickness d = 0.4 mm. 


lead to the specimen consisted of a coaxial cable, 
the capacity of which (12yyuF) remained constant 
when the device was moved in the cryostat. The 
heating rate could be varied from 0.5 to 5°K per 
hour. 

The measurements were made on alloyed ger- 
manium and silicon diodes of various dimensions 
fabricated in the All-Union Electro-Technical In- 
stitute? and in the P. N. Lebedev Physics Institute 
of the U.S.S.R. Academy of Sciences. For equiva- 
lent types of specimens, very similar results were 
obtained. 


2. CAPACITANCE AT VERY LOW TEMPERA- 
TURES 


The results of capacitance measurements on 
germanium and silicon diodes as a function of tem- 
perature are given in Figs. 1 and 2. As is seen 
from these, the capacitance of the diodes is prac- 
tically constant over a wide temperature range, 
but diminishes sharply for germanium diodes 
around helium temperatures and for silicon diodes 
around hydrogen temperatures. The temperature 
interval in which the sharp change of capacitance 
occurs will be referred to below as the “transi- 
tional.” 

On further decreasing the temperature, the 
capacitance does not decrease further. Having 
attained definite small values, the capacitances 
become again almost constant quantities, deter- 
mined only by the geometrical dimensions and 
dielectric permittivity of the specimens — a fact 
which was confirmed by additional measurements 
on specimens without p-n junctions. 
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FIG. 2. The capacitance C and Q-factor of a silicon diode 
(specimen no. 6) as a function of temperature. U = 0, v= 
7.3 x 10* cps, S = 0.04 cm?, d = 0.3 mm. 


The apparent disappearance of the p-n junction 
at very low temperatures would seem to be con- 
nected with the fact that under these conditions 
the capacity of the p-n junction itself does not 
affect the measured capacity. This fact, and also 
the fact that at very low temperatures the differ- 
ential real part of the conductivity of the germani- 
um is very small in comparison with the imaginary 
part, allows the simple equivalent circuit shown in 
Fig. 3 to be used to calculate the capacitance in the 
intermediate range. 

é; 

FIG. 3. Equivalent circuit; 

C,, R,, are the capacitance G 
and resistance of the n-type Ee 
part of the specimen; C, is 
the capacitance of the p—n 
junction. 


For this circuit the measured capacitance is 
C=C, (1 + w®RiC}) / (1 + @?RiC,C, + ©? RiC}) (2) 


where Cy, is the capacitance of the p-n junction; 
C, and R, are the capacitance and resistance of 
the n-type part of the semiconductor. The effect 
of the p-type part can be neglected, because its 
thickness is small in comparison with the n-type. 
Since C,/C; >1, then at very low temperatures, 
when w*R?C,C, >>1, it follows from (2) that 


C/Cy= (1 + o°RiC}) / oRiCAC: 
or 
C—C, = 1 /u*RIC,. (3) 
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The change of electron mobility with temperature 
can be neglected in comparison with the concentra- 
tion change and, therefore, it can be considered ap- 
proximately that 


1/R, —~Nn, (4) 
and therefore from (3) we obtain 
C—C, ~—n’? for w=const. 


This is confirmed by calculating the ionization 
energy from the results given in Fig. 4. 
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FIG. 4. The temperature dependence of the capacitance 
C—C, of a germanium diode (specimen no. 4) in the ‘‘transi- 
tional’’ temperature interval for various frequencies of the 
measuring signal v. C, = 67 pu F, S = 2 cm’, d = 0.4 mm. 


From Eq. (2) it follows that if C =const, then 
wR=const, or w~1/R~n. Since it can be taken 
inthis region of temperature that n © exp(- Wj/kT), 
then, using (4) we find 


Inw =const — W;/kT. 


In Fig. 5 a graph is presented of the dependence 
of Inw on 1/T for fixed capacitance of the ger- 
manium diode C = 2C,;. The ionization energy of 
the donor impurity atoms in germanium determined 
from the slope of the line in Fig. 5 is 1.1 x 107 ev, 
which agrees well with known values.? From analo- 
gous measurements on silicon diodes the value Wj 
= 0.046 ev was obtained. 

To verify the equivalent circuit in the “transi- 
tional” region in addition to the capacitance meas- 
urements, the Q-factor was also measured. For 
the circuit given in Fig. 3 the Q-factor is 


Q = (1 + w?RiC{C. + 0? RIC}) / oC,Ry. (5) 


It follows from (5) that, due to the change of R 
with temperature, the Q-factor has a minimum. 
The minimum Q -factor is 
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FIG. 5. The relationship between the temperature and the 
frequency of the measuring signal in the ‘‘transitional’’ tem- 
perature interval for constant capacitance C = 2C, — germanium 
diode (specimen no. 4) 
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since C,«KC,. The results of Q-factor measure- 
ments on germanium and silicon diodes are given 
in Figs. 2 and 6. The measurements were made 
with zero bias voltage. For the germanium power 
rectifier the values C, = 67puF, Cy = 6750 puF 
were obtained, and correspondingly by calculation 
Qmin = 0.2. The character of the change of Q 
with temperature, the presence of the minimum, 
and its value, show that the equivalent circuit used 
is a sufficiently close approximation under our con- 
ditions. 

Since in actual devices the thickness of the p-n 
junction (6) is much smaller than the base thick- 
ness (h), then Cy, > C, always and 


Q = (1 + wR{C{C;) / oC2Rj. 


If w*R?C,C, « 1, which is true at high tem- 
peratures, then 


Q=1/C,R,~n. 
The slope of the curve Q(1/T) (Figs. 2 and 6) 
to the left of the minimum corresponds to the tem- 
perature dependence Q~n. If, on the other hand, 


wREC EC, >> 1, which is true at reduced tempera- 
tures, then 
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FIG. 6. Q-factor of a germanium diode 3 
(specimen no. 4) at low temperatures for vari- 
ous frequencies of the measuring signal v. 
Bias voltage U = 0. 
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The results given in Figs. 2 and 6 confirm that Q 
~ 1/n to the right of the minimum, for small alter- 
nating signals. 

For large signal amplitudes this dependence is 
destroyed because of the effect of the signal elec- 
tric field on the quantity n (see reference 4). 

As follows from (8), the capacitance C meas- 
ured in the “transitional” region does not depend 
on Cy. Whence it follows that in this temperature 
interval it should not depend on the bias voltage; 
this is confirmed by the results given in Fig. 7 
(common portion of the curves). On increasing 
the temperature R, gets smaller and then it is 
no longer possible to consider that w*R{C,C, > 1. 
In these conditions the measured capacity C be- 
comes a function of C,, and consequently depends 
on the applied bias voltage (divergence of the 
curves in Fig. 7). In some temperature intervals 
R is still sufficiently large, and thus relaxation 
effects appear. It is apparent that the nonlinear 
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FIG. 7. Dependence of the capacitance of a germanium diode 
(specimen no. 1) on temperature in the ‘‘transitional’’ region for 
various bias voltages. 


properties of p-n junction capacitances are fully 
displayed under the condition w*R?C,C,<«<1 or 


yos(h/d)'?<< 1,8- 102? (6) 


where op is the specific resistance of the semicon- 
ductor. 


3. VARIATION OF CAPACITY WITH BIAS 
VOLTAGE 


For a step p-n junction 
1/C® = 8x(U, —U) | S*qeNa (7) 


where S is the area of the diode, Uy is the addi- 
tional potential difference, U is the applied volt- 
age, ¢€ is the dielectric permittivity, Nq the sur- 
plus concentration of ionized impurity. 

If the concentration Nq remains unchanged 
during changes of temperature, then, as follows 
from (7), the straight lines 1/C? = y(U) should 
be parallel and the intersections they make on the 
abscissa axis should be Uy. As is seen from the 
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FIG. 8. Dependence of the inverse square of the capaci- 
tance of a germanium diode (specimen no. 1) on bias voltage 
for various temperatures; v = 1.05 x 10° cps. 
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FIG. 9. Dependence of the inverse square of the capaci- 
tance of a silicon diode (specimen no. 6) on the bias voltage 
for various temperatures; vy = 1.05 x 10° ps. 


results in Figs. 8 and 9, the slope of the straight 
lines remains constant. The linear variation of 
1/C? on voltage is retained almost to breakdown. 
If the measurements are made at lower frequen- 
cies, the slope is preserved to lower temperatures. 
This proves that the quantity Ng in (7) can be 
taken to be independent of temperature. For our 
germanium specimens Ng = 8 x 10%°. 
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It is apparent that in a specimen of homogeneous 
n-type germanium, the concentration of surplus 
ionized impurities decreases sharply on going to 
low temperatures. However, as follows from the 
results quoted, in the immediate neighborhood of 
the boundary between the p-type and n-type parts 
of the semiconductor, the donor and acceptor im- 
purities remain almost completely ionized, as they 
are at room temperature. This is also confirmed 
by the fact that at helium temperatures p-n junc- 
tions sustain large reverse voltages while germa- 
nium itself breaks down even in field strengths 
of several v/cm, owing to impurity ionization. 
Since the impurities in the region of the p-n 
junction are already ionized, breakdown can only 
occur when the germanium atoms are ionized, for 
which field strengths of the order of hundreds of 
thousands of v/cm are required. 

The values of Uy obtained by extrapolating the 
straight lines in Figs. 8 and 9 do not, as is well 
known,° agree with Ux—the contact or diffusion 
potential difference—but at low temperatures the 
difference between them is insignificant. As fol- 
lows from (1), at low temperatures Ux is almost 
the difference between the energy levels of ac- . 
ceptor and donor impurities, and depends little . 
on temperature. This is confirmed by the results | 
given in Fig, 10. 
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FIG. 10. Depend- ¢ 
ence of f(T) = U, é 
+ (3kT/q) In T for a a 
germanium diode 43 
(specimen no. 1). ae 0 200 00 0 


It is impossible to measure directly the vari- 
ation of p-n junction capacity on voltage at helium 
temperatures. Therefore, by this means [using 
formula (7)] it is impossible to determine the 
value of the additional potential Uy. But it can 
be evaluated by measuring the forward branch. 
of the voltage-current characteristic. The for- 
ward current through a p-n junction at low 
temperatures is 

J ~ exp oF (@—Uq— Wt, 


where G is the width of the forbidden gap. As 

is seen, a sharp increase of current occurs at 
the voltage U ~ G/q (for germanium U ~ 0.8v), 
when the external voltage exceeds the contact 
potential difference at the p-n junction. For 
our specimen at T =4.2°K, the current in- 
creased from 1078 to 1074 amp on changing the 
voltage from 0.82 to 0.89v. Under these condi- 
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tions the base resistance plays an insignificant 
role, since for its breakdown 0.1—0.2v is re- 
quired in all.® 

The difference between Uy and Ux is known 
to be explained by the inversion layer in the space- 
charge region.’ Since the potential drop in the in- 
version layer has no influence on the field on the 
p-n junction, it can be considered that the addi- 
tional voltage is: 


Ut Ue Uy, (8) 


To evaluate Uj, the inversion layer can be taken 
to be of finite thickness in which the concentration 
of holes py = 8Ng, where 6>1.® Then 


U, = (kT / q) In (Na /B.Na)- (9) 


The contact potential difference is 


Ux = (RT /q)In(Na Na/ni), (10) 
where 
ni = AT3e O/*T (11) 
For germanium A = 3.1 x 10°" em~®/(deg K)3, 
G = 0.785 ev; for silicon A = 1.5 x 1083 em™°/ 
(deg K)’, G=1.21 ev.’ Using (8) and (11) we 
obtain 
3kT Gamer A 
U,+— 1 Bie ming ae BN (12) 


In Fig. 10 the quantity U,)+ (3kT/q) nT is 
plotted as a function of temperature; the experi- 
mental values Uy) were determined by extrapo- 
lating the straight lines 1/C? = y(U) in Fig. 8. 
The agreement of the data given in Fig. 10 with 
(12) is good for B= 4. 

A consideration of data quoted in the literature® 
for p-n junctions fabricated from germanium with 
surplus donor impurity concentrations from 10'4 to 
10!" gives values of B between 4 and 5. The capac- 
ity and potential distribution in a p-n junction at 
low temperatures has been calculated by Volt” 


In conclusion, the authors consider it a pleas- 
ant duty to express their deep gratitude to Acade- 
mician P. L. Kapitza for permission to carry out 
the investigation in the Institute of Physical Prob- 
lems, and to Prof. V. P. Peshkov for constant in- 
terest in the work. 
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POLARIZATION OF HIGH ENERGY u* MESONS IN COSMIC RAYS 


N. M. KOCHARYAN, Z. A. KIRAKOSYAN, E. G. SHAROYAN, and A. P. PIKALOV 
Physics Institute, Academy of Sciences, Armenian S.S.R. 
Submitted to JETP editor June 26, 1959 
J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 18-21 (January, 1960) 
The polarization of 2 Bev cosmic ray mesons has been measured to be P= 0.23 + 0.12, 
which indicates that in the upper layers of the atmosphere most mesons come from the 


decay of mesons. Our data show that the number of » mesons from Ky» decays can 
be no greater than 15% of the total number of » mesons. 


i i ivati : eccocoumancaeno 
ly previous investigations!” which have been car- J 
ried out in our laboratory on the composition of 


cosmic rays, differential spectra for w* and pu Goo (sé 
mesons have been obtained which show that for 
momenta p 22 Bev/c the ratio of the number of ; 

positive ~ mesons to negative ones is about 1.3. ee fe 


The papers mentioned above discuss one pos- 
sible mechanism which could lead to such a sur- 
plus of positive 4» mesons. Gol’dman has sug- 
gested another,’ that the surplus might be due to 
Kji2 —y* decays. The purpose of this paper is to 
report an experimental check on this hypothesis. 
In order to do this it is enough to measure the 
asymmetry in w* —e* decays. It is well known 
that parity non-conservation leads to an asymme- 
try in the angular distribution of decay products Arrangement of experiment to measure polarization 
from a polarized particle. The degree of asym- of z+ mesons. 
metry depends on the degree of polarization of the 
initial particle and is a maximum for polarization 
equal to one.*»® Assuming that the whole current 
of u* mesons results from the two decays m* 

—y* and Kii2 —wp"*, in our case we will have a 
mixture of y* mesons with various degrees of 
polarization. According to data in the litera- 
ture,*»"8 the polarization of ~* mesons from the 
first decay is about 25%, while that from the sec- 
ond decay is ~ 90%. This allows one to infer the 
relative weights of the two decays from a measure- 
ment of the average polarization of the »* meson 
current. 


CLLLLLSULLUDLUSLLLELLA, A 


counters. Each row has two layers of counters, 
each of diameter 1 cm, the axes of the two sets 
being perpendicular, so that the place where a 
particle crosses the plane of the counters could 
be found. S, and S, are scintillation counters 
400 x 150 x 100 mm? and filled with a solution of 
p-terphenyl (2 g/l) and aNPO (0.05 g/l) in ben- 
zene. Each scintillator fed two photomultipliers 
(Py, P,) and (P3, Py), so that it did not matter 
where along the length of the scintillator the light 
flash occurred. 

The y* mesons were absorbed in a copper 

To study 2 Bev uw mesons at the surface of the plate A with dimensions 600 x 200 x 10 mm*, and 
Poriiewennade our measurements 5m below the placed between the two scintillation counters. 
surface. At this depth, a detector counting the Each ee pe ie eke Ore Os tediamcon 
particles stopping in a copper plate sees mostly bulb which lit when a particle passed through the 


u. mesons from the upper layers of the atmosphere.® counter. Counts in the scintillation counters were 
registered in the same way. y* meson decays 


EXPERIMENTAL ARRANGEMENT were identified by delayed coincidences. Only 
those delayed coincidences were counted in which 
The figure shows a schematic diagram of the the time lag between the pulse from the initial pe 
experiment. C;—Cs are rows of Geiger-Miiller meson and the pulse due to the decay electron was 
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0.7 to 6usec. The scintillators S, and S, were 
periodically exchanged, and the counting system 
checked regularly. The background due to UL 
meson decays in the scintillators themselves was 
obtained from measurements with the copper plate 
removed and also the delayed coincidence circuit 
Switched off. Each of the decay events observed | 
was plotted on a scale drawing of the apparatus. 
From the constants of the hodoscope, the trajec- 
tory of the primary particle could be obtained, 
together with the place where the decay occurred, 
and the direction of travel of the decay electron 
checked. Such checks eliminated accidental coin- 
cidences and verified that the scintillation counter 
channels were working properly. 


RESULTS 


A total of 563 decays in copper were observed. 
In 298 of these the electron was ejected into the 
upper hemisphere, i.e., the pulses from both the 
initial ~ meson and the decay product came from 
the upper scintillator. In the remaining 265 cases 
the decay electron was detected by the lower scin- 
tillator. The ratio of the number of electrons go- 
ing up to those going down is thus k =1.12 + 0.06. 
The uncertainty quoted is the probable error. This 
takes into account the fact that if the decay elec- 
tron is ejected at a small angle with the direction 
of the primary particle, the efficiency of the 
Geiger counters in detecting one going up is dif- 
ferent from the efficiency for one going down. In 
the first case, both particles can go through one 
and the same counter. To exclude such an asym- 
metry, we considered only cases where the sec- 
ondary particle was counted & 2 counters away. 
From the asymmetry we calculated the polariza- 
tion of the u* mesons, as in reference 10, and 
found 


N =c[1 +0.27§P], (1) 


where c is aconstant, & is a parameter in the 
two-component neutrino theory, and P, is the 
degree of polarization of the » mesons in the 
absorber. 

To obtain the true polarization P of the yp 
mesons, it is necessary to take into account de- 
polarization in the atmosphere and the layer of 
earth above the apparatus, and also the solid angle 
of the apparatus. Both effects together give a cor- 
rection to P, of about 8%. The final expression 
for P is then 


Nap+ Naown _ 1 (2) 
Diane se hi OME PS* 
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Substituting the experimental values for Nup 
(the number of electrons ejected upward) and 
Ndown (the number of electrons going downward) 
we get 


EP = 0.23 +0. 12: (3) 


Since || * 1, then P= 0.23. This is quite dif- 
ferent from the result obtained by Dolgoshein and 
Luchkov,'? who got 0.9813:% for a kinetic energy 
of 1 Bev.* If this large polarization is due to 
Kye — yp decays, then according to the data of 
Gol’dman,? not less than 60% of the total number 
of mesons at high altitudes must be due to 
such decays. Our result P=0.23 agrees with 
that calculated on the assumption that the mesons 
come essentially only from 7*—p* decays and 
that the power of the 7 meson spectrum is y 

= 2.5. Hence it follows that in the upper layers 
of the atmosphere, even though there are large 
numbers of energetic protons capable of giving 
Kjj2 mesons, Kj, — yw" decays do not contribute 
significantly to the number of * mesons formed. 

Lohrmann and Teucher"! have used nuclear 
emulsions at an altitude of 30 km to measure the 
relative number of strange particles made in stars 
where the energy of the primary particle was 10” 
— 104 ev. According to their data, the number of 
charged K mesons, baryons and antibaryons is 
about 9*8% of the total number of secondary 
charged particles. The number of Kye particles 
will be at least less than half the total number of 
strange particles. Hence, the number of Kj,» par- 
ticles will be about 5% of the number of charged 
™ mesons. 

Our measurements on the asymmetry in p* 
meson decays under the earth have thus shown 
that the u* mesons in cosmic rays come pri- 
marily from m* meson decays and only to an 
insignificant extent from decays of Kj mesons. 

The authors would like to thank G. S. Saakyan 
for discussion of their results. 
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ELECTRICAL CONDUCTIVITY OF DIELECTRICS IN STRONG SHOCK WAVES 
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Submitted to JETP editor, July 4, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 22-25 (January, 1960) 


The electrical conductivity of air, water, and certain solid dielectrics subjected to strong 
shock waves has been measured by an electrical contact method. The measured values of 
the specific conductivity in the shock front are as follows: air, 0.527! em™!; water, 


0.2927! em-}, 


| 
At shock front pressures of approximately 1 x 10° kg/km? it is found that | 


the electrical conductivity of Plexiglas or paraffin reaches 1 to 2 x 102Q7! em7!, a value 


which approximates the conductivity of a metal. 
INTRODUCTION 


ks an earlier work! we have shown that there is a 
zone of high electrical conductivity in the front of 
the shock wave caused by the detonation of a high ex- 
plosive. It is of great scientific and practical inter- 
est to investigate this effect in inert media which 
are subjected to strong shock waves. Present-day 
explosives provide a convenient means of produc- 
ing transient pressures of several millions of at- 
mospheres.” It is to be expected that at the high 
compressions and densities corresponding to these 
pressures there will be radical changes in the elec- 
trical properties of materials. 

In 1948 — 1949 the present authors measured the 
electrical conductivity of air, water, paraffin and 
Plexiglas in strong shock waves produced by the de- 
tonation of charges of high explosives (HE). Under 
these conditions it is found that the electrical con- 
ductivity (in the shock front) is many orders of 
magnitude greater than the conductivity of the origi- 
nal material. Below we present the experimental 
data which have been obtained and discuss possible 
physical mechanisms for the formation of a zone of 
high electrical conductivity in dielectrics subject to 
strong shock waves. 


EXPERIMENTAL METHOD AND DATA 


The rapidly varying electrical resistance in inert 
media subject to strong shock waves is measured by 
means of the electrical-contact method which has 
been described in reference 1. A shock wave in air 
is produced by placing an aluminum plate P, 2mm 
thick, on the end face of the charge Ch (Fig. 1a). 
This plate prevents the explosion products from 
striking the measurement contacts K,. On the far 
side of the plate there is a supplementary set of 
contacts K,; the closing of these contacts is ob- 
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FIG. 1. Arrange- 
ment of the charges 
and contact devices 
used to measure the 
electrical conductiv- 
ity in shock waves: 
a) in air, b) in water. 
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To oscilloscope 


served on an oscilloscope and denotes the time at 
which the shock wave passes the free surface of 
the plate. 

When the charge is detonated, the air shock wave, 
whose velocity is 10 —15% greater than the velocity 
of the aluminum plate, reaches contact K, first; 
the oscilloscope is used to determine the electrical 
resistance in the shock front of the air wave. After 
a small time interval the contacts are closed briefly 
by the metal plate. The reference mark denoting 
the time at which the aluminum plate is set in mo- 
tion and the marks denoting the change in electrical 
resistance are then used to measure the mean ve- 
locity of the aluminum and air shock wave. 

A typical oscillogram obtained with the experi- 
mental arrangement of Fig. la is shown in Fig. 2. 
The numbers 1, 2, and 3 denote respectively the 
time at which the plate is set in motion, the ar- 
rival of the air shock wave at the contacts, and 
closure of the contacts by the metal plate. Analysis 
of such oscillograms indicates that the mean veloc- 
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FIG. 2. Oscillogram of the 
contact measurements of the 
electrical conductivity in air 

J (arrangement used in Fig. 1a). 
The frequency of the sinusoidal 
Wn A ARAAAD time markers is 1 Mcs. 
ity of the air shock wave is 4.9 km/sec when the 
distance from the plate to the contact device is 
5 to 10 em. Under these conditions the velocity of 
the metal is 4.5 km/sec while the resistance of 
the air in the shock wave front is 2.2 to 2.6. 

To measure the electrical conductivity of water, 
a large container C filled with distilled water is 
located at the face of the charge Ch (Fig. 1b). As 
in the experiments with the air wave, contacts K, 
are used to measure the resistance in the shock 
front while the closing of the contacts serves to 
mark the time at which the shock wave is excited 
in the water. The measurements are carried out 
with the distance h set at 10, 30, and 50 mm. The 
functional relation is shown in Fig. 3. With h = 10 
mm the resistance of the contact gap is 6.5 to 7.0 Q; 
this value increases to 46 to 47 2 when h = 50 mm. 


RQ 
50 | 
| 
a 
5 { FIG. 3. The resistance 
| R in a shock front in water 
a as a function of the dis- 


tance h. 
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The mean velocity of the shock wave in water under 
these conditions varies from 4 to 6 km/sec. 

The measurements described here were carried 
out with distilled water (specific resistance, ap- 
proximately 10°). In order to evaluate the effect 
of the initial resistance of the water similar experi- 
ments were repeated with ordinary water (initial 
specific resistance 7.5 x 107). Although the ini- 
tial resistance is two orders of magnitude smaller, 
the electrical resistance in the shock front is the 
same as when distilled water is used. 

The most interesting results have been obtained 
in measurements of the resistance of solid dielec- 
trics subjected to the effect of strong shock waves. 
These experiments were carried out with paraffin 
and Plexiglas in the pressure range 1 x 10° — 
1x 108 kg/cm?. The results of these measurements 
are shown in Fig. 4. In the paraffin case an appre- 
ciable reduction in resistance is observed at pres- 


sures of 6 —7 x 10° kg/cm’, When the pressure in- 


FIG. 4. The resistance Rina = 9 
shock front as a function of pres- 
sure: curve 1 is for paraffin and 
curve 2 for Plexiglas. 100 


61° 60° 0° Dp kg/cm? 


creases to 9 —10 x 10° kg/em?, the resistance 


drops rapidly to values of the order of hundredths 
of an ohm. In Plexiglas the reduction in resistance 
is observed at higher pressures than in paraffin 

(8 x 10° kg/em?). In this case the resistance vs 
pressure curve drops suddenly; at a pressure of 
8.2 x 10° kg/cm? the resistance is of the order of 
hundredths of an ohm. 

The reduced data on electrical conductivity in 
the shock fronts for air, water, paraffin, and Plexi- 
glas are shown in the table. Electrolytic-model 
measurements were used to convert the resistance 
of the contact gap to specific electrical conductiv- 
ity y. For shock wavesof relatively small intensity 
in air and water the values of y lie in the range 
0.2—0.524cm7!. For paraffin and Plexiglas in 
the pressure range 6 — 10 x 10° kg/cm? the spe- 
cific electrical conductivity increases to 100 — 200 
Orson 


DISCUSSION OF THE RESULTS 


There are two possible mechanisms which can 
be responsible for the appearance of a region of 
high electrical conductivity in a strong shock front 
in dielectrics: thermal ionization, and enhancement 
of electronic transitions, resulting from the com- 
bined effects of high pressure and high temperature. 
An approximate calculation made on the basis of the 
Saha formula for the case of a shock wave in air 
gives values of the electrical conductivity which 
correspond, in order of magnitude, to the present 
experimental data. However, it is difficult to ex- 
plain by thermal ionization alone the increase by 
15 or 20 orders of magnitude of the electrical con- 
ductivity of such perfect dielectrics as paraffin and 
Plexiglas. The values obtained for these materials 
at shock pressures of approximately 10° kg/em?, 
i.e., 1 to 2x 10? 274 cm™! are only two orders of 
magnitude smaller than the electrical conductivity 
of metals. 

The effect of high and ultra-high pressures on 
electrical conductivity of dielectrics has been dis- 


cussed at length in the literature. For example, 
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wa: : Electrical 
Ae Initial site 
‘i oe Initial Blecinent Die dei» conductivity 
ateri density, & conductivity | front P in the wave 
g/cm | Yo, Stem=! keiew? eG 
Air 0.0012 — 3-102 ORS 
Water 4 405 4-408 0,2 
Paraffin 0.8 40-18 4-108 402 
Plexiglas 4,18 40°15 | 8,2-405 2-402 


Bridgman? has shown that at pressures of 12 or 13 
x 10° kg/cm? and temperatures of 200° yellow phos- 
phorus becomes black phosphorus. This new form 
has a density 1.4 times greater than the original 
form, and has an electrical conductivity character- 
istic of a metal, whereas yellow phosphorus is an 
insulator. Similar transformations, characterized 
by an increase in density and the appearance of a 
high electrical conductivity, are observed in tin 
and arsenic. 

In 1944, Zel’dovich and Landau,‘ in analyzing 
the transition of metals into the gaseous state, 
reached the conclusion that at sufficiently strong 
compression any material will exhibit metallic 
properties. One of the latest theories concerning 
the structure of our planet proposes that the core 
of the earth consists of olivine, and not iron and 
nickel, as had been thought earlier. At the pres- 
sures of 1.4 x 10° kg/cm? which exist at the bound- 
ary of the earth’s core, olivine has a density of 
about 10 g/cm?, becomes metallic, and should have 
a high electrical conductivity. 

In 1956, Alder and Christian® applied shock 
waves to CsI crystals and pressed samples of I, 
CsBr, LiAlH, and certain other dielectrics and 
found that the resistance in the shock front of the 
wave was reduced to several hundred ohms (the 
original resistance of the samples was higher than 
10° Q). The shock pressure in these experiments 
was approximately 2.5 x 10° kg/cm”. For this 
reason the “metallization” of the dielectrics was 
relatively weak. In the present experiments with 
paraffin and Plexiglas the pressure in the shock 
front is four times greater and the values of the 
electrical conductivity are found to be four orders 


of magnitude greater than those obtained by Alder 
and Christian.® 

The general nature of the phenomena which occur 
in a strong shock front in dielectrics may be ex- 
plained as follows. The high temperature and com- 
pression in the wave front stimulates atomic inter- 
actions and “squeezes” the electronic levels. These 
effects enhance electronic transitions, and materials 
which are originally dielectrics acquire an elec- 
trical conductivity characteristic of the metal state. 

The temperature in the shock front has a strong 
influence on this effect. It is hoped that further 
work will make it possible to delineate the individ- 
ual effects of high pressures and temperatures in 
the formation of a region of high electrical conduc- 
tivity in dielectrics. However, the experimental 
data which are already available indicate that the 
strong shock waves produced by high explosives 
offer a convenient way of studying the transforma- 
tion of dielectrics into-“metals” under laboratory | 
conditions. 
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Results are reported for measurements of the cross sections 09.4 and 09 for electron cap- 
ture and detachment in collisions of fast He, B, and F atoms (10—60 kev) with inert gas 
atoms. It has been established that the behavior of the oy-,(v) curves and the position of 

the maxima on these curves can be explained by the Massey adiabatic hypothesis. The admix- 
ture of metastable He atoms in the primary beam has an effect on the o)-4(v) curve for He 
atoms. The Massey adiabatic hypothesis does not apply to the electron detachment process 


in fast atoms. 
INTRODUCTION 


Ln earlier work!»? we have measured the cross 
sections for electron capture and detachment in 
collisions between fast H, C, and O atoms and 
gas molecules. A number of conclusions follow 
from an analysis of the experimental results ob- 
tained in that work. In order to evaluate the gen- 
erality of these conclusions we have also meas- 
ured the cross sections for electron capture and 
detachment for He, B, and F atoms. In addition, 
the measurements for H atoms in argon and 
krypton have been extended to energies of 3 to 8 
kev in order to determine the positions of the 
maxima on the o9.4(v) curve. 

The present measurements were carried out 
with the apparatus which was used earlier for 
studying electron capture and detachment for H, 
C, and O atoms.! The atomic beam is obtained 
by neutralizing accelerated positive ions in a 
mercury-vapor target; when this method is used 
the atomic beam may contain an admixture of 
particles in excited metastable states. The pres- 
ence of this admixture affects both the shape of 
the cross section vs velocity curve and the value 
of the cross section at a given velocity. Because 
of the presence of excited atoms in the beam, the 
thickness of the target in which the ions are neu- 
tralized affects the value of the measured cross 
section.? 

We have investigated the cross sections dp_; 
and 09; as functions of the thickness of the 
mercury-vapor target for He, B, C, O, and F 
atoms. With the exception of He, in all cases 
Oy-; and Oo, are independent of target thickness. 
Thus, only the He atomic beam contains particles 
in excited states. 
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RESULTS OF THE MEASUREMENTS AND 
DISCUSSION 


1. Electron Capture by H, He, B and F Atoms 


The electron capture cross section has been 
measured for H atoms in the energy range 3 —8 
kev in argon and krypton, for He atoms in the 
energy range 10 — 50 kev in neon, argon, krypton, 
and xenon, and for B and F atoms in the energy 
range 10 —60 kev in helium, neon, argon, krypton, 
and xenon. The value of o)_, for each energy was 
obtained by averaging the results of two measure- 
ments. In the region of the maxima of the oy _;(v) 
curves for He the values of oy) .4 were obtained 
by averaging the data of five or six measurements. 
The random error of the measurements varied 
from +7%, for cross sections of the order of 
107 em? to +30% for cross sections of the order 
of 1078 cm?. The error in the measurement of 
the energy of the atoms was +3%. 

Curves showing o)_, as a function of the en- 
ergy and velocity of the H, He, B and F atoms 
are given in Figs. 1—4. Examination of these 
figures shows that just as in the case of electron 
capture in H, C and O atoms, which we have in- 
vestigated earlier, o)_, for He, B and F is 
strongly affected by the nature of the gas atom. 
This dependence is found not only in the numerical 
value of the cross section for a given velocity, but 
also in the shape of the oy_4(v) curve. In the 
light gases (helium and neon) oy_; increases 
monotonically with increasing velocity;* in the 
heavier gases it goes through a maximum or 
reaches a plateau at the end of the investigated 
velocity range. Sometimes (boron in krypton and 


*The reason the o,_,(v) curves for He atoms are not mono- 
tomic is discussed below. 
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FIG. 1. Cross sections for electron capture by H atoms in 
argon and krypton. The dark points refer to the present work 
and the light points refer to the data of reference 1. 
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FIG. 3. The process 
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xenon) 0 9., increases with increasing velocity 
after the plateau is traversed. The cross section 
for He in argon, krypton and xenon (0)-;) exhibits 
a further increase in velocity after passing through 
a maximum. 

An analysis of the measurements for H, C, 
and O indicates that the Massey adiabatic hypothe- 
sis can explain the features of the o9-;(v) 
curves.’ As will be seen in the analysis given 
below, the experimental data of the present work 
support the conclusion that the Massey adiabatic 
hypothesis can be applied in electron capture by 
fast atoms. 

The resonance defect for electron capture by 
fast atoms A+ B-—A~+ B* (process 1) can be 
written in the following form, if we assume that 
all participating particles are in the ground State: 


1s Sy ead (1) 


where Sa _is the electron affinity of particle A 
and ve is the first ionization potential of particle 
B. Because excited particles can also undergo a 
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FIG. 2. The process Ss 
He® > He’. 
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process in which an electron is captured by a fast 
atom, the following channels are available for the 
process: 


Ave Bee Bt AE = (Sa, + Ea)—Vsa; (I]) 
ASERS AaB) ale ARS Soe (VV eeeee pt); (III) 
AS B= ALB, 

(IV) 


AE =(Sa+Ea)—(Vb + Est) 


(Eq and Ep* are the excitation energies of par- 
ticles A and B*). 

In analyzing the shapes of the o)_,(v) curves 
for He, B, and F atoms we assume that the max- 
ima or plateaus on these curves are to be associ- 
ated with process I for B and F and with proc- 
ess II for He (metastable helium atoms in the 
2s°S state). Processes II and IV are excluded 
for B and F because the fact that o)_, is inde- 
pendent of the thickness of the mercury-vapor 
target indicates that there are no excited atoms 
in the primary beam. It may be assumed that the 
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maxima and plateaus on the o9-,(v) curves for 
F and B correspond to III, corresponding to the 
excitation of the lowest level of the slow B® ion. 

Under this assumption, the constant a which 
appears in the adiabatic criterion has approxi- 
mately the same value for all atom-atom pairs 
for which the maxima on the o).4(v) curves are 
observed at 1.2A. The maxima on the op-;(v) 
curves for H, C, and O may also be assigned to 
Ill, in which case a has a value which is only 
slightly different from the value 1.2A for B and 
F atoms. However, the o).4(v) curves obtained 
indicate that the maxima on these curves cannot 
be assigned to III. If these maxima are assigned 
to III, there should be maxima corresponding to 
I in the low energy range and maxima corre- 
sponding to III in the high energy range, due to 
excitation of higher levels of the slow ion (up to 
the ionization level). For example, in the case 
of the pairs B-Ar, B-Kr, and O-Ar there should 
be maxima due to I near 11.8, 12, and 17 kev. 
However, no such maxima are observed for these 
pairs. In the case of H-Ar there are two maxima 
in the range 4.5 — 10 kev due to processes which 
are associated with excitation of the slow ion. 
Consequently, it is reasonable to expect that the 
0)-1(v) curve will have a broad maximum in this 
energy range. Actually for H-Ar oy, falls off 
rather rapidly with increasing energy in the range 
4 —10 kev. 

The findings given above, which can be supple- 
mented, force us to reject the assumption that the 
maxima on the o9_,(v) curves for H, B, C, O, 
and F atoms are due to III. The only remaining 
explanation is that these maxima are to be associ- 
ated with electron capture processes in which all 
participating particles are in the ground state. 
The value of a is approximately the same (3A) 
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for all atom-atom pairs for which a maximum is 
observed on the o)-1(v) curve. The degree to 
which this quantity remains constant is apparent 
from Fig. 5, in which the dependence of Vmax on 
|Ae| is shown. If a is a constant all points 
should lie on a straight.line. As is apparent from 
Fig. 5, the experimental points are well grouped 
about a straight line whose slope corresponds to 
a=3A. The maxima onthe o9.,(v) curves for 
the He — He™ process in neon, argon, krypton, 
and xenon fall on this line if it is assumed that 
these maxima are to be associated with the cap- 
ture of the electron by metastable helium atoms 
in the 2s°S state. This assumption is supported 
by the experiments in which the cross sections 
O)-4 and og, are found to be functions of the 
thickness of the mercury-vapor target, indicating 
the existence of metastable helium atoms in the 
primary beam. 

The further increase in o).4 beyond the maxi- 
mum on the oy_,(v) curves for He —He™ or be- 
yond the plateau for the B—B™ process is due 
to maxima at high velocities, which are to be asso- 
ciated with I and III in the first case and with III 
in the second case. 

It is of considerable interest to examine the 
factors which affect the maximum value of the 
cross section for inelastic processes. In proc- 
esses such as A-~A’™ one of the factors which 
determines the value of (0)-;)max may be the 
binding energy of the captured electron in the 
negative ion which is formed, i.e., the electron 
affinity. Curves showing (0)-4)max as a function 
of electron affinity for krypton and xenon are given 
in Fig. 6. In plotting these curves we have taken 
the electron affinity values for H, C, O, F atoms 
from the survey paper by Branscomb? and the elec- 
tron affinity of He and B from the work of Holpien 
and Midtal,® and Ginsberg and Miller,’ respectively. 
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FIG. 6. The cross section (0)_,)max aS a function of elec- 
tron affinity for Kr (dashed line) and Xe (solid line). 


30 Sev 


It is apparent from Fig. 6 that the electron af- 
finity has an important effect on (09-1)max up to 
the atom O (S © 1.5 ev). However, there is al- 
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most no change in (0).;)max between O and F 
although the electron affinity increases by approxi- 
mately a factor of 2.5. This result indicates that 
the electron affinity is not the only factor which 
determines the maximum value of o)_,;. Appar- 
ently the structure of the electron shell of the 
negative ion which is formed is also of great 
importance. 

In B and F, just as in H, C, and O, (09-1)max 
falls off monotonically as the first ionization poten- 
tial of the target atom increases. This feature is 
not found in the He case, apparently because of 
the admixture of metastable atoms in the He beam. 

A comparison of the values of oy_, for He, B, 
and F, as measured in the present work, with the 
data for the cross sections 0; ) for He* ions® and 
04-; for He*, B*, and F* ions®-!! leads to the 
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FIG. 7. Cross sec- 
tions for electron loss 
by H atoms in argon 
and krypton. The dark 
points refer to the 
present work and the 
light points to the 
data of reference 1. 


10°’v, cm/sec 


 Ehev 
10 18 26 25 30 35 40 45 50 55 0 


FIG. 9. The process 
B° > Bt. 


same conclusion as for H, C, and O atoms and 
ions: 049 > 09-4 > 0,4, for helium particles and 
0-1 > 0,.4 for B and F ions and atoms. 


2. Electron Detachment in H, He, B, and F 
Atoms 


The electron detachment cross section 0), for 
H, He, B, and F atoms was measured in the same 
energy range and for the same gases as the cross 
sections 09.4. Curves showing the dependence of 
Oo, On energy and velocity for H, He, B, and F 
are shown in Figs. 7—10. The electron detach- 
ment cross section for He in helium, neon, argon 
gases have also been measured by Barnett and 
Stier® by a beam-attenuation technique. The He 
data of the present work are compared with the 
data obtained by Barnett and Stier in Fig. 11. 
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FIG. 11. The process He®° > He*; e@) data 
of the present work, 0) data of reference 3. 
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An analysis of the values of oo, obtained in the 
present work and in our earlier work!*? reveals 
that the effect of the gas target-atom on the mag- 
nitude of oo; is a function of the atomic number 
of the fast atom. For H, He, B, and C the de- 
pendence of 0; on the atomic number of the gas 
atom is non-monotonic, whereas for the heavier 
atoms, O and F, oo, increases monotonically as 
the atomic number of the target-atom decreases. 
Thus, oo-,; and oo; change in opposite directions 
for fast O and F atoms as the atomic number of 
the gas atom changes. It should also be noted that 
the gas atom has a stronger effect on oy, than on 
01. For example, for O atoms with a velocity of 
6x 10’ cm/sec, o)-, increases by a factor of 120 
between helium and xenon whereas 0), is reduced 
by a factor of 4. 


FIG. 12 


On the basis of the present work and our earlier 
work!»? certain conclusions may be drawn as to the 
effect of the fast atom on o),;. For B, C, O, and F, 
in which the detached electron comes from the same 
subshell (2p), there is a reduction in the cross 
section as the first ionization potential of the fast 
atom increases. This effect is seen in Fig. 12, 
which shows the dependence of op, (for the same 
velocity, 6.5 x 10’ cm/sec) on the first ionization 
potential for B, C, O, and F atoms in the gases 
krypton and xenon. Presumably the same feature 
obtains in othér atoms in which the detached elec- 
tron comes from the same subshell. In particular, 
in the atoms H and He, in which the detached 
electron comes from the 1s subshell, for all gases 
except xenon we find (091) > (09;)He-. This ex- 
ception should not occasion surprise since the ad- 
mixture of metastable atoms, with ionization poten- 
tials considerably lower than that of He atoms in 
the ground state, means that the measured value 
of oo; is higher than the true value for He atoms 
in the ground state. 
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The value of oj is not determined exclusively 
by the binding energy of the detached electron. 
This result follows from the fact that 09, for the 
O atom is larger than for the H atom, although 
both atoms have approximately the same ionization 
potential. Thus it would seem that in this case the 
electron comes from different electron shells. The 
number of electrons in the shell from which the 
electron is detached may also be of importance. 

In conclusion we may note that the general be- 
havior of the oo;(v) curves and the behavior of 
these curves for the same fast atom in different 
target atoms leads to the conclusion that the Mas- 
sey adiabatic hypothesis does not apply to electron 
detachment in fast atoms. 

In these measurements we were assisted by 
B. T. Nadykto and V. P. Antonov. 

We are indebted to Professor A. K. Val’ter 
for his continued interest in this work. 
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Fifteen electron-photon showers in the energy range 10!! — 10!3 ev recorded in emulsion 
stacks were examined. The energies of the primary y rays initiating the showers were 
determined by measuring the energy spectrum of cascade electrons at the depth of 2.5—3 
radiation units, and from the screening effect on the first pairs. The energy spectrum of 
pairs produced at a depth of up to 1.5 radiation units was measured. The results are in 
agreement with calculations carried out taking into account the influence of multiple scat- 
tering and of the polarization of the medium on the bremmsstrahlung of high-energy elec- 


trons. 


1. INTRODUCTION 


Ir has been stated earlier!» that it is possible to 
test experimentally the effects of the medium on 
the bremsstrahlung®”* through a study of the energy 
spectrum of electrons in electromagnetic cascades 
of sufficiently high energies (210'% ev). The po- 
larization effect (Ter-Mikaelyan’) should be felt 
in the emulsion for the y-ray frequency range 
satisfying the condition fiw « 7x 1075E, where 

E is the electron energy. Moreover, the expres- 
sion for the radiation intensity J is then dJ 

~ w*dw/E* instead of the Bethe-Heitler relation 
dJ ~ dw. The multiple scattering effect (Landau 
and Pomeranchuk‘) should be felt in the emulsion 
for the frequency range 7 x 107° « fiw/E < 2 

x 10-8 E/mc?’, which leads to an expression for the 
intensity dJ ~ Vw dw/E. 

The foregoing conditions show (see also Fig. 1 
of reference 2) that, for E=5 x 1012 —10?? eV, 
the influence of the medium should lead to a 
markedly decreased radiation probability of y 
rays with energy fw 210° ev. It is evident that 
this fact will influence the energy spectrum of 
cascade electrons and electron-positron pairs, 
this influence being the stronger the greater the 
cascade depth t. 

Special calculations of electromagnetic cas- 
cades in nuclear emulsions have been carried out 
by us earlier using the non-asymptotic cross sec- 
tions for the elementary electromagnetic proc- 
esses.!»? In one variant of the calculations (B-H), 
we used the Bethe-Heitler formulas for the radia- 
tion processes, while, in the other variant (M), 
the radiation of high-energy electrons was calcu- 
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lated according to the formulas of Migdal,°® which 
take both effects of the medium into account. The 
calculations have shown that, under certain con- 
ditions, the study of the energy spectra of cascade 
particles at small depths in electron-photon show- 
ers in the energy range 10!!—10!* ev makes it 
possible to determine the form of the bremsstrahl- 
ung spectrum of primary electrons. Let us men- 
tion some of these conditions: 

First, the energy of primary particles produc- 
ing the showers should be measured with maximum 
possible accuracy, since the difference between the 
Bethe-Heitler and Ter-Mikaelyan-Landau-Pomer- 
anchuk spectra depends very strongly on this en- 
ergy. 

Second, the detection efficiency for low-energy 
electrons and pairs should be sufficiently high, 
since the difference between the B-H and M spec- 
tra is especially pronounced in the soft part of the 
spectrum. 

The experimental results should be compared 
with calculations carried out using the true (non- 
asymptotic) cross sections for the bremsstrahlung 
and pair production. In the interpretation of the re- 
sults, one should take the large fluctuations in the 
number of cascade particles, leading to large sta- 
tistical errors, into account. 

In recent years, electron-photon showers in the 
energy range 10!° _ 10 ey have been detected in 
nuclear emulsions in the course of many experi- 
ments.°~!4 In several of the showers, the develop- 
ment in the initial stages was considerably differ- 
ent from the average behavior predicted by the 
usual cascade theories for showers produced by 
single y rays. In particular, anomalies were ob- 
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served in the number and in the energy spectrum 
of cascade particles. The hypothesis that these 
anomalies are characteristic for high-energy 
processes has been proposed.!® The most detailed 
study of a high-energy shower (~7 X 107 ev) at 
small depths has been carried out by Miesowicz 
et aieeee who was the first to attempt to explain 

the experimental results on the spectrum of cas- 
cade pairs by means of the influence of the effects 
of the medium on the bremsstrahlung. 

However, similar anomalies have not been de- 
tected in later experiments!?~!4 in which the show- 
ers were studied more systematically. Thus, the 
published results on the spectrum of cascade par- 
ticles in high-energy showers are contradictory. 
The majority of the published material can, unfor- 
tunately, not be used in examining the problem of 
the shape of the bremsstrahlung spectrum of high- 
energy electrons, since the basic conditions stated 
above have not been satisfied. 

In the present article, the results of a syste- 
matic study of 15 electron-photon showers in the 
energy range 10'! — 10 ey are presented. Pre- 
liminary results on five showers in the energy 
range 3 x 10!!—2 x 10! ev have already been 
published earlier. 


2. GENERAL CHARACTERISTICS OF THE 
SHOWERS 


In the course of the experiment, six emulsion 
stacks with a total volume of about 10 liters were 
used. The stacks were irradiated at 20 —27 km 
altitude. General data on the four stacks analyzed 
up to 1958, and on the position of the five investi- 
gated showers in the stacks, have been reported 
in references 16 and 17. The two new stacks (a@ 
and 8) were composed of layers with dimensions 
10 X 20 x 0.04 em?, and had a volume of 1.4 and 
3.1 liters respectively. 

The R-NIKFI emulsion was mainly used. The 
grain density in relativistic electron tracks 
amounted to 30 — 35 grains per 100un, i.e., consid- 
erably greater than in the Ilford G-5 emulsion. 
This facilitated greatly the detection and analysis 
of the showers. 
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Showers with energy of ~ 10!2 ev were usually 
detected in scanning the plates with the naked eye 
on white background, along the well-developed part 
of the cascade at a depth of 2 —3 radiation lengths. 
Only those showers produced by single isolated 
(not connected with jets) photons, and which had 
a path in one layer not less than a few millimeters, 
were selected for analysis. 

The energy Ey of the primary photons produc - 
ing the showers was determined from the number 
of cascade electrons with energy higher than €¢ 
= 300 Mev at the depth of 2.5 —3t),. where ty 
= 29 mm is the radiation length in the emulsion. 
The method used was analogous to that described 
by Pinkau!? and Miesowicz et al.!! (For details, 
see references 16 and 17.) The lateral electron 
distribution function of Guzhavin and Ivanenko!® 
was used for the calculation of the number of par- 
ticles traveling within a circle with radius p (in 
contrast with experiments 11, 13, 16, and 17, in 
which the calculations of Eyges and Fernbach?® 
were used). 

Numerical integration of the results of Guzhavin 
and Ivanenko!® yielded the function 7(s, p/to) 
(where s_ is the “age” parameter determined by 
the energy of the primary electron Ep, and the 
values of € and t), which gives the ratio of the 
number of electrons with energy > €, whose tracks 
are inside a circle with radius p around the shower 
axis, to the total number of electrons Ng (€, Ep, t) 
with energy >e€ ata given depth t (see Table 1). 

Values of the energy Ey (for 12 out of 15 show- 
ers) determined from the curves Ng(e, Ep, t) 
for electrons, calculated by the Monte Carlo 
method? and from corresponding curves of 
Janossy,”° are given in Table II. The difference 
between the results for the five showers!®!" pre- 
sented previously and the data in Table II is due 
mainly to a change in the lateral corrections in- 
herent in the function 7. In addition, those curves 
Ng (€, Ey, t) which have been used in the present 
analysis are based on greater statistical material? 


_and are somewhat different from the corresponding 


curves used earlier.!® 


In finding Ey from the calculated curve 
Ng (¢, Ep, t), the errors in Ey were determined 


TABLE I. Fraction of the total number of electrons with energy 
> € falling inside a circle with radius p (s — cascade 


parameter, x = ep/Egty, Eg = 21 Mev) 
Se 


By s=0.4 | s= 05 5 = 0.6 She | cs =04] s=0.5 s= 0.6 s=07 
| 
| | 
6.01 | 0.51) 0.40 | 0.31 0.23 |) 0.40] 0.84] 0.79 0.72 0.66 
Dey O.61 | O.of | 0.42 0.34 | 0.15 | 0.89 | 0.85 0.80 0.74 
0.04 | 0,71 | 0.63 0,54 0.46 | 0.20 | 0.92 | 0.89 0.84 0.80 
0.06 10.77 | 0.70 | 0,63 0.55 | 0.60] 0.99 | 0.98 0.97 0.95 


: 
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TABLE II. Results of the measurement of energy Ey 
(ias1074 ev ) 
Se ee 


Shower pe ote vee From Eq. (3) | From Eq. (4) 

3-213 aay 260 
8-212 og 0 149 
oes We BU ao) Wetaiey ees Gan 5 Caos 
0-209 g.4 +48 6.3 18 (See 26.4 
E-53 6.3 +58, 5.3 $28 | 20.2 Leer 34.4 
a-79 g4tit | 95407 | 423 ae 17.9 
1-409 a4 $22 | 9440.7 tar es 1.5 
D-44 a9 423 | 95407 | 1.4453 2.3 
p34 a4 423 | yg 405 | 2a 488 8.4 
8-165 1.9 He 1.5 #93 oes 13.0 
E-78 oi 1s re 5 ae 
ae 1.3 F553 | 1.0 753 

0-317 Le en 0.9.5 

E-29 eho, | 08 ay 2.6 toy ioe 
F-39 ies ee 5.9 


from the number of shower electrons according to 
the calculated distribution functions? for showers 
initiated by two primary electrons with energy 

Ey /2. (See reference 17 concerning the determi- 
nation of errors Ey from the curves of Janossy. ) 


3. MEASUREMENT OF THE ENERGY OF PRI- 
MARY PAIRS FROM THE SCREENING EFFECT 


The energies of the primary pairs for Ey >3 
x 10!! ev were also determined from the decrease 
in the grain density in the pair tracks near the ver- 
tex, due to the mutual screening of the electron and 
positron fields. This screening effect had first been 
calculated by Chudakov”! using purely classical con- 
siderations, and was then treated by other authors, pores 
among them Burkhardt”? using quantum mechanics. 
The possibility of using the screening effect for the 
determination of the energy of separate pairs of 
E, = 3 x 10!! ev was confirmed experimentally 
by Wolter and Miesowicz,”* by Varfolomeev et ale! 
and by Iwadare,~ who, in addition to the measure- 
ment of the ionization energy losses of the pairs, 
carried out independent measurements of the pair 
energy. Since the various available theoretical 
formulas for the ionization due to pairs, as given 


by different authors, differ considerably from each 
other in the numerical values of the constants, it is 
reasonable to determine these from experimental 
results 172425 

In a classical treatment, the ratio of the spe- 
cific ionization losses of a pair I to the losses of 
two separate electrons 2Ip] can be written in the 
form 


R=A+Blnr’?, (1) 


where Ip} is the ionization at the plateau of the 
ionization-loss curve, r is the distance between 
the trajectories of the electron and the positron, 
and A and B are constants (at least for R < 
0.9) which depend on the medium. 

The distance r is determined by the initial 
opening angle of the pair @ and by the multiple 
scattering of the electron and positron over a dis- 
tance x from the pair vertex. The angle @ and 
the deflection due to multiple scattering, and con- 
sequently also R, depend statistically on the pair 
energy Ey. dg 

For the mean value of R, we can write R=A 
+BlInr2, where the averaging, in general, should 
be carried out taking into account the distribution 
of the energy E, between the components of the 
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FIG. 1. Ratio of the ionization loss of a pair 
0 to that of two separate relativistic electrons R;: 

1 — curve calculated according to Eq. (3); 2 and 

3 — curves corresponding to standard deviations 

of R from curve 1; 4 — curve calculated accord- 

ing to Eq. (4). 
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pair, the distribution of the multiple scattering 
deflection at a given distance x, and the distribu- 
tion of the angle §@ for a given energy distribution 
Ey. Sacrificing some eaeedanet we assume that 
the average value of In r? can be replaced by 

In r2. We furthermore write 


k2x8 T 1 2 
r? = 02x? + 7D a aa: 


where a is the ratio of the energy of one of the 
electrons of the pair to the total pair energy Ey, 
and k is the multiple scattering constant deter- 
mining the mean-square deflection of the electron 
in space after traversing a path of length x from 
the tangent to its trajectory at the point x = 0. 
From the data of Rossi”® and of Pickup and Voyvo- 
dic,*” it can be assumed that k = 6.15 Mev rad/ 
em?/2 x 

If we are interested in the most probable value 
of R for a given value of E,, it is not necessary 
to average over all possible angles 6, but itis 
sufficient to consider the angle 6 equal to the most 
probable angle 8 = (4mc’/E,) F(a).”8 After aver- 
aging the expression for r? over a in the limits 
of 0.5 —0.1, using the pair distribution function 
with respect to the variable a for the case of full 
screening”® and the values F(a) from the article 
by Borsellino,”® we obtain 


*The deflection from the tangent is, by a factor of V2, 
smaller than the deflection determined by the second differ- 
ences measured by the sagitta method (see, e.g., reference 
26). Moreover, taking into account that the mean absolute 
value is smaller than the mean square value by a factor of 
\/7/2, and that the deflection in space is greater than the de- 
flection in a plane bv a factor of V2; we find that k = \/7/2k’, 
where k’ is a constant corresponding to the mean absolute 
values of the second differences measured by the sagitta 
method in a plane. According to Pickup and Voyvodic,* k’ 
= 4,9 Mev rad cm*?. 


7? = 1,6 (2x/E,)?(1 + 140x), 


where x is given in centimeters, and E,, in Mev. 
For the mean value of R, we can therefore write 


R = A’ + Bln [(2x/E,)2(1 + 140x)], (2) 


where A’ and B; as before, are constants. 

Experimental values of Rj are shown in Fig. 1 
as a function of z = In[ (2x/Ey)?(1+140x)] (where 
x is given incm, and Ey, in Mev). Data of refer- 
ences 17, 24, and 25, and results of measurements 
of the pair a-79 have been used. The constants 
A’ and B have been determined from experimen- 
tal points in the range R <= 0.9 by the least- 
Squares method, and the following expression has 
been obtained as a result 


R = ez (45.0 + In [(2x/Ey)?(1 4+ 140). (8) 


The standard deviation of experimental points Rj 
from the corresponding values R given by Eq. (3) 
is ~ 20%. It has been assumed that the statistical 
distribution of the ratio R;j/R is independent of 
R. The curves for Rmax = 1. 20R and for Rmin 
= 0.80R, where R is given by Eq. (8), can be 
used for an estimate of the errors in the determi- 
nation of the energy Ey of individual pairs by 
means of Eq. (8). 

It is evident that the errors in the determina- 
tion of E, from the experimental values of Ray, 
averaged over an interval of x, depend also on 
the length of this interval x. An increase in the 
interval length leads to a decrease in the relative 
statistical fluctuations of the ionization losses of 
the pair, and thus to a decrease in the error of 
Ray- On the other hand, with an increase of x, 
the statistical spread of the values Ray around 
the curve C increases. Unfortunately, the ex- 
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perimental material presently available is, so far, 
insufficient for choosing an optimal value of x. 
The pair energy Ey found from ionization 
measurements is given in Table II. For the first 
eight pairs, the values of Ray were determined 
by measuring both grain (n) and gap (g) den- 
sity.!" For each pair, and for each variation of 
the ionization measurement method (n and g), 
two intervals were used, 0—x, and 0—x,. The 
values of x, and x, were chosen from the con- 
ditions R(x,) =0.4—0.6 and R(x,) =0.8—0.9. 
Thus, for each of the eight pairs, four values each 
of Ej(q@), of max Ej; (@), and of min Ej(q@), 
were obtained, where a =n, g indicates the 
method of measurement, and i= 1,2 the interval 
X, Or Xj. The results were averaged and the 
errors calculated in the way described below. 
First, the mean logarithmic values of Kj, 
max Ej and min Ej, were determined separately 
for the first and second segments of the pair track 
(logarithmically averaged over the symbol aq). 
Then, by averaging the values of Ej over i, the 
average values of Ey given in Table II were ob- 
tained. The errors Ey were determined as stand- 
ard deviations of max Ej and min Ej from §j. 
The described method of averaging was chosen 
since the results of the measurements by the 
various methods over the same segments are not 
independent. The deviations max Ej and min Ej 
from Ej are basically due to multiple scattering 
and not to errors in measuring n and g. On the 
other hand, the measurements over various seg- 
ments can be regarded as only weakly correlated. 
For the remaining five pairs given in Table II 
(Ey ~ 101! ev), only the measurements of n over 
one segment x, were used. 
For comparison, the values of Ey are also 
given in Table II, as determined by the relation 


R= py {136 + in| (= Fy (1 + 140%) |I, (4) 
which follows from the calculations of Burkhardt,” 
if one takes the multiple scattering into account and 
averages the results by the same method as de- 
scribed above. 

Comparison of the data given in Table II shows 
that, in the majority of cases, a satisfactory agree- 
ment is obtained between the values of Ey as de- 
termined from the shower development, and from 
the screening effect using Eq. (3). 

The measurements of n and g on the first 
pairs of the showers 8-212 and 8-213 are shown 
in Figs. 2 and 3. The energy of these showers was 
determined from the screening effect only. This 
was, first of all, because of the lack of calculated 
cascade curves for energies Ey ~ 10 ev. For 
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FIG, 2. Grain density n in tracks of electron-positron pairs 
8-212 and B-213: np; — grain density on the plateau of a track 
of a relativistic electron, n(2I,7) — grain density in the track 
of particles with double losses 2Ip1- 
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FIG. 3. Gap density g in tracks of the pairs 8-212 and 
B-213. 


such high energies, the influence of the medium 
can already be felt on the spectrum of cascade 
electrons with energies of ~ 108 — 10° ev (espe- 
cially at small depths t). The usual cascade 
curves can, therefore, not be used. In addition, 
especially large fluctuations in the number of cas- 
cade particles at high Ey, lead to very large er- 
rors in the determination of Ey from the shower 
development by the method described above. 


4. MEASUREMENT OF THE ENERGY SPECTRA 
OF THE PAIRS 


Further analysis of the showers consisted of 
the following: the vertices of the pairs produced 
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at the depth <1.5t) were carefully searched for. 
The region inside the radius p = 150 around 
the shower axis was investigated.* In the major- 
ity of cases, the search was repeated several 
times by various observers in order to reduce to 
a minimum the possibility of overlooking low- 
energy pairs. 

The pairs lying outside the radius p = 150yu 
or at an angle greater than 10(mc’/Ey) 

x In (Ey /mc?) to the shower axis, where Ey is 
the pair energy, were regarded as part of the back- 
ground and thus not related to the shower. 

After the spatial position of the shower had 
been reconstructed, the energy of the pair elec- 
tron was measured from multiple scattering. 

Measurements of the multiple scattering 
angle were carried out using a MBI-8M micro- 
scope with a glass guiding rail insuring low table 
noise. Additional head isolation of the light source 
made it possible to lower the thermal noise. During 
the measurements, the binocular attachment was 
rigidly connected to the base of the microscope by 
means of a metal frame. A guard shield was 
placed between the observer and the photographic 
plate. The microscope table was placed on rubber 
shock absorbers, and was loaded with a ballast of 
about 200 kg. As a result, the general noise in 
the measurements of the mean absolute values of 
second differences amounted to 0.13 over a cell 
of 250u, and to 0.20 over a cell of 500py. (The 
noise was measured on proton and electron tracks 
of ~10" ev.) A cell of 250u was mainly used. 
For a number of cells n =15—20, the relative 
error in the determination of the electron energy 
is, according to Expong,°” given by the expression 

142 


Oommen ue 

Vi oe 
where A is the ratio of the measured second dif- 
ference to the value of the general noise, amount- 
ing to ~ 20 —30% up to an energy of (5—7) x 108 
ev, which, for the purpose of the present work, was 
fully satisfactory. In separate cases, either a cell 
of 500, or the relative multiple scattering method, 
was used for a determination of the pair energy. 
In several cases, because of unfavorable conditions 
for multiple scattering measurements, the pair en- 
ergy was determined from the opening angle accord- 
ing to the Borsellino formula.”® In any case, it can 
be assumed that the pair energy was measured with 
a sufficient accuracy up to 10° ey. 


Oh ans 
lig+3* ! 


~~ *In fact, the region inside p = 400—500 L was inspected, 
but only the region up to p= 150 » was investigated in a sys- 
tematic and accurate way. 

tThe angle ~ (mc’/E y) In (Ey/mc’) is roughly equal to 
the mean square angle between the y ray producing the pair 
and the track of one electron of the pair.?° 


The showers 8-212 and B-213 appear as solid 
strands of electron tracks over a relatively long 
path length (up to ~1t)). In their analysis, our 
aim was to determine the number of pairs with 
energy >1 Mev produced at the depth = 1.0 to 
and <1.5t) respectively. 


5. RESULTS AND DISCUSSION 


The influence of the medium should make itself 
strongly felt in the total number of pairs produced 
at small depths. The total number of pairs N 
(>€) with total energy greater than € = 1.5 Mev,* 
produced at depths =1.0t) and <1.5t) is shown 
in Figs. 4 and 5 as a function of the primary elec- 
tron energy. The calculated curves (1 and 2) 
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FIG. 4. Number of pairs NC €) with energy greater than 

€ = 1—2 Mev produced on the average at a depth < 1.0 t, per 
primary electron with energy E,. 1 — calculated curve for the 
average of N in the B-H variant; 1'— calculated curve for the 
median value in the B-H variant; 2—calculated curve for the 
average value of N in the M variant; e — experimental values 
for showers listed in Tables II and III; a— results of Miesowicz 
et al.’ © — experimental data averaged over several showers. 
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FIG. 5. Same as Fig. 4, but for pairs produced at the depth 
of < 1.5 t,. W—data from the Feynves et al. shower. 
have been obtained, respectively, with and without 
considering the influence of the medium on the ra- 
diation for showers produced by an electron with 
*Both the experimental and the theoretical numbers of 


pairs with energy 1—5 Mev are relatively small. The value of 
€ can, therefore, be taken as 1—2 Mev. 
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energy Ey). The experimental points give the aver- 
age number of pairs per primary electron. 

The shower E-53 is assumed to be produced by 
one electron since it develops along the track of 
one electron. The energy of the second electron 
of the primary pair is < 10!! ey. 

In addition to the experimental results on 15 
showers investigated in the present experiment 
(round points in Figs. 4 and 5), the data of Mieso- 
wicz et al.'! on one shower with energy of ~7 x 10! 
ev (Figs. 4 and 5), and data on one shower with 
energy of ~ 10! ey analyzed by the Budapest and 
Prague groups* (Fig. 5), have also been used. 

As has already been mentioned above, the values 
of E,y=2E,) determined only from the screening 
effect (Table II) have been used for the showers 
B-213 and B-212. The energy of shower E-39 has 
been estimated only from the screening effect be- 
cause of the unfavorable position of the shower in 
the stack. 

At energies Ey ~ 10% ev, one can consider 
both methods of measurements of Ey equally 
accurate, and the final values of the energy of 
showers D-84, O-209, and E-53 were therefore 


- determined by averaging the results from Table II. 


Because of large statistical errors both in the 
number of pairs N and in the values of the shower 
energy E,, it was advisable to average the results 
over separate groups with close values of Ey. In 
Figs. 4 and 5, the results for the showers with en- 
ergy Ey > 1.8 x 101! ev, collected in six groups, 
are represented as large light circles. In view of 
the fact that, according to curves 1 and 2, the num- 
ber of pairs N depends almost linearly on In Ep, 
the averaging has been done in coordinates N, 

In Ey. The errors indicated in Figs. 4 and 5 (simi- 
larly to other figures in the present article) are 
statistical errors. 

An analysis of the calculations!*? showed that 
the distribution of showers produced by two elec- 
trons with energies Ey) with respect to the number 
of pairs Q(2E,,t) at adepth t can be described 
by Poisson’s law with an average value of k if, 
for the independent variable, we take the value 
Q(2E))/N(2E)), where N(2E)) =Q(2E,) is 
the average number of pairs with energy > «. 

The factor k depends, in general, on Ep, €, and 
t. For ¢€ =1—10 Mev, and E, = 10!° —103? ev, 
we can take k=3 for the depth 1.0t) and k=6 
for the depth 1.5ty. 

The standard deviations of the number of pairs 
at the depth t in a shower produced by two elec- 


*The authors are grateful to Dr. E. Fenyves and Prof. V. 
Petrzilka for supplying data on this shower.” 


trons can, therefore, be calculated from the rela- 
tion o = N/vk . 

The integral energy spectrum of pairs produced 
at a depth =1.5t) in the three showers D-84, 
O-209, and E-53 is shown in Fig. 6. In the calcu- 
lation, the data have been averaged for one primary 
electron. Theoretical curves correspond to a loga- 
rithmic mean energy of primary electrons Ep = 8.3 
x 10! ev. Analogous results for three showers with 
energy Ey ~ 3x 10!! ev (D-44, I-109, and a-79) 
are given in Fig. ¥. Theoretical curves are calcu- 
lated for the energy Ey = 1.5 x 10" ey. 

The comparison of experimental and theoretical 
results has been carried out only for the number 
and energy spectra of pairs, but not for electrons. 
This was because of the following reasons: accord- 
ing to the calculations carried out by us,!’* the dif- 
ference between the two variants of the calculations 
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FIG. 6. Integral energy spectrum of electron-positron pairs 
produced on the average at a depth < 1.5 t, in showers D-84, 
E-53, and 0-209 per primary electron. 1 — calculated curve in 
the B-H variant for E, = 8.3 x 10° ev; 2 — the same in the M 
variant. 
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FIG. 7. Same as Fig. 6, but for showers «-79, I-109, and 
D-44; E, = 1.5 x 10** ev. 
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B-H and M is markedly greater for the spectrum 
of pairs than for the spectrum of electrons, at the 
same finite depth. 

Moreover, more reason exists for using the re- 
sults of the one-dimensional calculations for pairs 
rather than for electrons. As a result of scattering, 
the length of the low-energy electron path can be 
substantially different from the path along the shower 
axis t, which has not been taken into account in the 
calculations.!»? Finally, experimental errors in de- 
tecting pairs are much smaller than for single elec- 
tronic tracks in the section tj. Slow electrons 
reaching a given depth can, because of scattering, 
be found at considerable distances from the shower 
axis. As a result, the tracks may be missed in 
scanning. The probability of such omissions is 
considerably lower when detecting pairs. It is also 
much simpler to exclude background tracks which 
are not related to the shower in scanning for pairs. 

It follows from the study of the radial distribu- 
tion of pair vertices in showers that the pairs are 
mainly concentrated in the region of small p 
(< 10). The mean value of p decreases with 
increasing Ey. Consequently, the largest experi- 
mental errors due to the omission of pairs belong- 
ing to the shower should occur in the study of show- 
ers with the smallest values of Ey (in our case 
~ 10!4 ev). However, the number of pairs satisfy- 
ing an accepted selection criterion in five showers 
with energy of ~ 10!! ev (see Figs. 4 and 5), are 
at least not smaller than the theoretically expected 
number. This indicates the absence of systematic 
negative experimental errors. One can consider 
that the experimental errors are at least such that 
they do not lead to a marked lowering of the total 
number of pairs as compared with statistical 
errors. 

As can be seen from Figs. 4—7, the experimen- 
tal points are concentrated close to curve 2, which 
takes the effect of the medium on radiation into 
account. A statistical analysis of the results 
shown in Figs. 4 and 5 has been carried out in 
order to obtain some quantitative estimate of the 
deviation of the experimental data from curves 1 
and 2, using various significant criteria. Only the 
data for showers with energy Ey > 1.8 x 101! ey 
have been used. In the first type of analysis, the 
sign of the deviation of the experimental points 
from curve 1’ in Figs. 4 and 5 has been taken into 
account. The values of the probabilities that, for 
a given point distribution, the curve 1’ is really 
the median curve, is given in Table III. 

The deviations have been assessed by the y? 
criterion. The statistical distribution of the com- 
pared values around theoretical averages y should, 
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TABLE III. Results of a statisti- 
cal analysis of the data on the 
number of pairs in showers 
(in percent ) 


Neglecting Taking errors in 
Method of errors in Eo Eo into account 
analysis and 
criterion B-H M B-H M 
Analysis of 
the error 
sign 
1.0fo a2 
1.5to Daw) 
1.0to + 1.5to Oma —_ — _ 
72- criterion 
1.0to 3) 90 4 90 
1.5to Grud 83 44 86 
1.0tp + 1.525 il 96 4 96 
U- criterion 
1.0to 0.4 —_ 0.7 —_ 
1.5t5 4.4 == 1.3 ee 


in such a case, follow a normal law. In order that 


this condition be satisfied, it is necessary to com- 
pare the experimental values Nj averaged over 
groups of two to three showers (see Figs. 4 and 5). 
In the beginning, let us assume that the errors 
of the measurements of E, can be neglected. The 
results for each of the showers are independent of 
each other, and we can therefore consider them as 
samples from a general set of theoretically possible 
values N for chosen (fixed) values x =In Ep. Ac- 
cording to the addition theorem for the y? distribu- 
tion for m experimental (group) values of Nj, 
the sum of y? can be written as 


espe, 
or oear oO. 


Z 


where Nj is the average experimental group value 
of the number of pairs, y(x) is the theoretical 
curve, and oj are the standard deviations of the 
theoretically possible values Nj from y (xj). 
Since y(x) and oj are known, the sum has m 
degrees of freedom. 

In order to take the errors in the measurements 
of Ey into account, the results of the confluent 
analysis® carried out by Klepikov and Sokolov®? 
have been used. The errors of E) and Nj can 
be regarded, in first approximation, as non-corre- 
lated. The theoretical curves y(x) can, with good 
accuracy, be approximated over each segment by a 
straight line, so that y” =0. The sum of y? can 
then be represented as 

2 wy We ¥ dP 
bist 2 oF + (y’3;)" 


1) fie OA 


’ 


where 6; are the errors of (In E))j. The proba- 
bility that the resulting value of the sum of ,? is 
not smaller than the observed value, assuming the 


| 
. 
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correctness of the curves 1 and 2, respectively, is 
given in Table III. 

Finally, an analysis was carried out averaging 
the results at one point (U -criterion®”). The av- 
eraging was carried out in coordinates N, In Ko. 
Data on the number of pairs in 11 showers at the 
depth of 1.0t) and in 12 showers at the depth of 
1.5t) (Ey > 1.8 x 101! ev) have been used. The 
relative deviations u = [N-y(E)]/ogy were de- 
termined, and corresponding deviations calculated 
taking into account the errors of Ey 


N —y(E) 


C= SS 
Vi cay + Cay’)? 


where ogy is the statistical error of the average 
number of pairs N, y(E) is the theoretically ex- 
pected value of the average, and day is the statis- 
tical error of the average value of In Ey. Data 
given in Table III represent the probability that, 

in the present experiment, the values of u will 
not be smaller than the observed values. 

The above statistical analysis of the results, 
carried out using three significant criteria, points 
to the incorrectness of curve 1. At the same time, 
a contradiction with curve 2 is not discovered. 
Thus, one can assume that at least a qualitative 
proof of the influence of the medium on brems- 
strahlung has been obtained. For a quantitative 
test of the Migdal formulas, it is necessary to in- 
crease the statistical material. The experimental 
possibilities, together with the results of the cal- 
culations,” justify considering the above-described 
method of analyzing electron-photon showers as 
one of the most suitable ones for a further study 
of the effects of the medium on bremsstrahlung 
of high-energy electrons. 

In conclusion, the authors express their grati- 
tude to D. M. Samoilovich and her collaborators 
for developing the emulsion stacks, to I. A. Svet- 
lolobov for help in reducing the calculated data, and 


to laboratory assistants A. A. Kondrashina and V. S. 


Balova for taking part in the scanning and analysis 
of the showers. 
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The magnetic structure of particles of manganese-bismuth alloy of various sizes (from 100 
down to a few microns) has been studied by the powder-pattern method. It was observed that 
with decrease of particle size, the magnetic structure changed in a systematic manner. In 
particles of a few microns or less in size, single-domain magnetic structure was observed. 


1. INTRODUCTION 


eanpatu and Lifshitz! showed theoretically that 


in ferromagnetic crystals there should exist a mul- 
tidomain magnetic structure, with the magnetization 


vectors in different domains oriented along axes of 
easy magnetization. Furthermore this deduction 
has been verified experimentally. From very gen- 
eral theoretical considerations it follows that in 
small monocrystalline ferromagnetic particles, a 


single-domain magnetic structure is to be expected.” 


This single-domainedness should set in when the 
dimensions of the ferromagnetic crystal are such 
that a breaking up into domains no longer produces 


a decrease of the energy of the crystal. In the study 


of ferromagnetic powders, trends have in fact been 


observed that could be explained only on the assump- 


tion that on passage to fine particles, a single- 
domain structure comes into existence.* However, 
the single-domain structure has not hitherto been 
observed by a visual method. The aim of the pres- 
ent work was the observation and study of single- 
domain magnetic structure by the powder-pattern 
method. 

According to the theoretical estimates of Kittel? 
and Kondorskii,® in the common ferromagnetics a 
single-domain structure should appear at particle 
dimensions of order 107° to 107° cm. In the study 
of magnetic structure by the powder-pattern 
method, however, it is desirable to make the ob- 
servations on comparatively large particles. The 
critical particle size, below which single-domain 
structure occurs, depends on the values of the 
magnetic anisotropy constant and of the magnetic 
saturation. Specifically, this size increases with 
increase of the magnetic anisotropy constant, since 
the latter contributes to increase of the wall en- 
ergy and consequently to increase of the difficulty 
of wall creation by breaking up the ferromagnetic 
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into domains. Decrease of the critical size with 
increase of the value of the magnetic saturation 
comes about because of the increase of the mag- 
nitude of the magnetic charges, whose energy is 
decreased upon creation of a domain structure. 

On the basis of these relations, we chose for study 
the alloy MnBi. This alloy possesses, at room 
temperature, the largest value of the anisotropy 
energy among all known ferromagnetics and a 
comparatively small magnetic saturation; conse- 
quently, the single-domain structure in this alloy 
should occur at comparatively large particle sizes. 


2. SPECIMENS STUDIED AND OBSERVATION 
METHOD 


The specimens studied had a cylindrical shape 
and were obtained by sintering pressed powders 
of manganese and bismuth at temperatures from 
280 to 360°C. At the time of sintering there were 
formed separate (and mostly monocrystalline ) 
grains of MnBi alloy, isolated from one another 
by layers made up of bismuth and manganese that 
had not reacted. The size of these grains varies 
with the conditions of preparation (temperature 
and duration of sintering) from a few microns to 
hundreds of microns. The specimen surface to be 
studied was prepared by mechanical grinding and 
subsequent polishing with velvet. To obtain powder 
patterns, a magnetic suspension prepared by El- 
more’s® method was used. Observations of the 
powder patterns were made with a type MP-5 
microscope. Magnetization of the specimen was 
accomplished with an electromagnet, at fields up 
to 24,000 oe. In the observation of the powder pat- 
terns, and especially when they were being photo- 
graphed, it proved necessary that the microscope, 
specimen, and electromagnet form a single unit. 
Therefore the specimen was clamped between the 
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poles of the electromagnet, and the microscope 
tube was attached to the core of the electromagnet 
by means of a horizontal movable platform. Since 
the observations were made in strong magnetic 
fields, all metal parts of the optical apparatus 
(microscope, opaque-illuminator, and condenser ) 
were made of nonferromagnetic materials. 


3. RESULTS OF THE OBSERVATIONS AND THEIR 
ANALYSIS 


a) Multidomain magnetic structure. In observa- 
tions of powder patterns on the surfaces of the ma- 
jority of the crystals, with various crystallographic 
orientations of the surface, it was observed that in 
particles of size greater than 50y, as a rule, multi- 
domain structure was present. The form of the 
powder patterns was related in a systematic way to 
the crystallographic orientation of the specimen 
surface. The alloy MnBi, as is known, has a hex- 
agonal structure at room temperature; it is there- 
fore a uniaxial ferromagnetic. Consequently, if the 
hexagonal axis (the axis of easy magnetization) of 
a crystal of MnBi alloy was parallel to the surface 
of the specimen or made a small angle with it, then 
walls were formed on the surface between domains 
with antiparallel orientations of the magnetization. 
A view of such a magnetic structure is shown in 
Fig. la. The orientation of the magnetization in 
the domains is shown by arrows. On application 
of a magnetic field parallel to the axis of easy 
magnetization and on increase of it, the process 
of wall displacement is observed; domains in which 
the magnetization vector is parallel to the direction 


FIG. 1. Powder patterns on a particle with multidomain 
structure, in magnetic fields: a) H=0; b) H=1400; c)H=3200; 
d) H = 7400 oe. The hexagonal axis makes a small angle with 
the observation plane. 


of the field absorb domains with antiparallel orien- 
tation of the magnetization (Figs. 1b and 1c). Ina 
sufficiently strong field the regions with antiparal- 
lel orientation of the magnetization disappear, and 
the whole crystallite is magnetized uniformly 

(Fig. 1d). On diminution of the magnetic field, 
there appear regions with magnetizations oriented 
antiparallel to the field, and their volume increases. 
When the external field is zero, the domain-struc- 
ture picture shown in Fig. la is observed; that is, 
the particle is demagnetized (its remanent mag- 
netization is very small). The further process of 
reverse magnetization proceeds by wall displace- 
ment; that is, by diminution of the volume of re- 
gions with unfavorably oriented magnetization. 

If the specimen surface is close to the surface 
perpendicular to the hexagonal axis, then there 
appears a magnetic structure in the form of “stars” 
(Fig. 2). It may be assumed that the “stars” ap- 
pear at points of termination of basic and closure 
domains on the crystal surface. 


1 $, if 

FIG. 2. Powder patterns on a particle with multidomain 
structure. The hexagonal axis makes an angle of nearly 90° 
with the observation plane. 


The magnetic structures shown in Fig. la and 
in Fig. 2 have been observed in all uniaxial ferro- 
magnetic crystals that have been studied (cobalt,°® 
manganese antimony,’ barium ferrite’). Thus in 
comparatively large crystals of MnBi alloy, there 
is observed a magnetic structure that is present 
in all magnetically uniaxial ferromagnetics. 

b) Single-domain magnetic structure. In the 
investigation of the form of the powder patterns 
in finer monocrystalline particles of the MnBi 
alloy, it was established that in particles of size 
a few microns and below, the presence of a single- 
domain structure could sometimes be observed. 
The emergence of this structure could be shown 
by the peculiar form of the powder deposit and its 
behavior under the influence of a magnetic field. 
In such particles, for arbitrary changes of the 
magnetic field, it is impossible to observe a 
breaking up of the particle into separate domains. 
If the hexagonal axis of the crystal (the direction 
of easy magnetization) lies in or makes a small 
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FIG. 3. Picture of the powder deposition on a 
particle with single-domain structure in a mag- 
netic field. The hexagonal axis makes a small 
angle with the observation plane. 


angle with the specimen surface, then the magnetic 
powder collects at the edge of the particle where 
the poles are located. A view of such a magnetic 
structure is shown in Fig. 3a, where the powder 
collects at the left and right edges of the particle. 
If the particle under study is placed in a magnetic 
field oriented perpendicular to the direction of easy 
magnetization, then there is observed a displace- 
ment of the powder collected at the crystallite 
edges, in proportion to the strength of the field; 
this indicates a rotation of the magnetization 
vector under the influence of the magnetic field. 

In a strong field, as is clear from Fig. 3b, the 
powder collects at the upper and lower edges of 
the particle. This shows that the magnetization 
vector Jg in the particle is directed parallel to 
the external field. The property of single-domain 
structure is displayed also when the particle under 
study undergoes magnetization reversal in a direc- 
tion parallel to the axis of easy magnetization (or 
its projection on the specimen surface). Thus on 
application of a field oriented antiparallel to the 
direction of the J, of the particle, and on gradual 
increase of it, the powder, which in the initial state 
was at the edge of the particle, begins gradually to 
spread over the whole surface of the crystal. In 
Fig. 3c is shown a view of such a powder distribu- 
tion in a demagnetizing field of 7400 oe. On further 
increase of the field, there occurs an instantaneous 
displacement of the powder to the edges of the crys- 
tal. The powder behavior described is caused by 
the fact that under the influence of the field, there 
occurs a rotation of the magnetization vector 
through 180°. In the course of this rotation there 
appears a vertical component of magnetization, 
which causes a spreading of the powder over the 
whole surface of the crystal. The field at which 
there occurs a displacement of the powder from 
the middle to the edges of the crystal corresponds 
to an irreversible rotation of the magnetization 
vector and is close to the coercive force of the 
particle. In the present case it amounts to thous - 
ands of oersteds. (In the case of the displacement 
process, the coercive force amounts to hundreds of 
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oersteds.) Thus in MnBi alloy, in particles of the 
size of a few microns and below, there can occur 

a single-domain magnetic structure which is pre- 
served in the process of magnetization reversal 

of the crystal. 

c) Intermediate magnetic structure. Of con- 
siderable interest are particles of MnBi alloy 
whose size is a little larger than the critical 
size. In this case it is possible to produce either 
conditions under which the process of magnetiza- 
tion reversal of a particle will be accomplished by 
the usual method, i.e., by formation of nuclei of 
reversed magnetization and by wall displacement, 
or other conditions such that the process of mag- 
netization reversal will occur by rotation of the 
vector magnetization (cf. Fig. 3). Thus, for ex- 
ample, in one of the crystals studied, by choice of - 
the size of the magnetic field* used for initial mag- 
netization of the particle, conditions were produced 
under which the process of magnetization reversal 
proceeds variously as follows: 

1. The particle is magnetized in a field of 5000 
oe. In this field the whole powder collects at the 
edges of the crystal, which indicates a uniform 
magnetization of the particle (particle magnetized 
to saturation). On diminution of the field, closure 
domains appear; they grow and are converted to 
domains with antiparailel orientation of the mag- 
netization. In the state of remanent magnetization, 
the crystal is broken up into several regions with 
antiparallel orientations of the magnetization. On 
change of sign of the field, the process of magneti- 
zation reversal of this particle occurs by wall dis- 
placement, as in an ordinary ferromagnetic with 
multidomain structure. 

2. The particle is magnetized in a field of 20,000 
oe. In this case the single-domain magnetic struc- 
ture is preserved both on diminution of the field and 
on change of its sign. In a field of 20,000 oe, the 
magnetic powder collects at the edges of the crys- 
tal. Decrease of the field causes a movement of 
the powder on to the whole surface of the crystal. 


*A similar case was treated in detail in reference 9. 
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After change of the sign of the field and increase 
of it to 4000 oe, the whole surface is uniformly 
covered with powder. Upon a further small in- 
crease of the field, there occurs an instantaneous 
clearing of the particle surface, as the powder 
again collects near the particle edges. Such a 
movement of the powder is possible if the mag- 
netization-reversal process under observation 
occurs by rotation of the magnetization vector. 

Thus a strong magnetic field can in some cases 
completely eliminate the possibility of formation 
of nuclei of reversed magnetization in the process 
of change of magnetization around a hysteresis 
loop. Nuclei of reversed magnetization can be 
formed anew by certain treatments of the crystal, 
for example by commutation of a constant mag- 
netic field of decreasing amplitude. 

The intermediate magnetic structure under con- 
sideration is apparently not the only one possible. 
However, it may be assumed that in all intermedi- 
ate magnetic structures, the conditions for forma- 
tion and growth of nuclei of reversed magnetization 
play a large part. 

d) Irreversible reorganization of the magnetic 
structure on change of temperature. On change 
of temperature there is to be expected a reorgani- 
zation of the magnetic structure, and this may be 
in part irreversible. This irreversibility of the 
change of magnetic structure shows up especially 
graphically in crystals of MnBi alloy whose sizes 
are close to the critical. At room temperature 
such a crystal has a single-domain structure (Fig. 
4a), which is shown by accumulation of the powder 
at the edges of the crystal in zero field. If the 
crystal is cooled to the temperature of liquid ni- 
trogen (—196°C) and then heated to room tem- 
perature, thereafter a multidomain structure is 
observed on its surface. In Fig. 4b can be seen 
the deposition of powder at the walls between do- 
mains and on the edges of the crystal. 

The result obtained can be understood if we 
take into account that the MnBi alloy at room 


0, 


FIG. 4. Picture of the powder deposition on a particle: 
a) in the state of remanent magnetization; b) after a tempera- 
ture cycle (+20, —196, +20 °C). The hexagonal axis makes a 
small angle with the observation plane. 


temperature has a very large anisotropy constant, 
whose value decreases rapidly upon lowering of 
the temperature. The value of the saturation mag- 
netization meanwhile changes very little. From 
this it follows (cf. Sec. 1) that on lowering of the 
temperature, there must be a decrease of the crit- 
ical particle size at which the single-domain struc- 
ture sets in. In consequence of this, the particle 
can become multidomain at a low temperature and 
can retain this structure on heating to room tem- 
perature. Irreversible reorganization of the do- 
main structure on lowering of the temperature 

is also observed in crystals of MnBi alloy with 
multidomain and intermediate magnetic structures. 


4. CONCLUSION 


Study of the magnetic structure of MnBi alloy 
has shown that crystals of size greater than 50 yu 
are multidomain. The process of magnetization 
reversal in them occurs in the same way as in all 
magnetically uniaxial ferromagnetics.°° In par- 
ticles of the same alloy of size 15 to 104, it is 
possible in a number of cases to detect an inter- 
mediate magnetic structure. Magnetization re- 
versal of such crystals, depending on the magni- 
tude of the maximum magnetizing field, can occur 
either by wall motion or by irreversible rotation 
of the magnetization vector. In this case the single- 
domain structure, produced by a large field and 
retained on magnetization reversal, can be de- 
stroyed by commutation of a magnetic field of di- 
minishing amplitude. In small particles of MnBi 
alloy (a few microns and below), a single-domain 
magnetic structure is observed. Such particles at 
room temperature do not break up into domains 
under any changes of the magnetic field. This 
single-domainedness can be destroyed by lower- 
ing the temperature, which causes a decrease 
of the critical size for the transition to single- 
domainedness at low temperatures. Thus the re- 
sults presented in our work show that in mono- 
crystalline particles of MnBi alloy, upon passage 
to small sizes, there occurs an essential change 
of form of their magnetic structure: instead of 
the multidomain structure, there appear an inter- 
mediate and a single-domain magnetic structure. 
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The optical constants of aluminum were measured in the 0.8 —9p range at room temperature 
and at liquid-nitrogen temperature. The static conductivity and density of the same specimens 
were also measured. The data obtained were evaluated by using a theory based on the quantum 
kinetic equations, which takes into account the electron-electron collisions. The concentration 
of the conduction electrons, the electron velocity on the Fermi surface, and the electron colli- 


sion frequency were determined. 


Tk the present investigation, which should be con- 
sidered as a continuation of our research on metal 
optics,!~* we measured the optical constants of alu- 
minum in the spectral region 0.8 —9u at room tem- 
perature and at liquid-nitrogen temperature. 

The present status of the theory, which relates 
the microscopic parameters of the metals with 
their optical constants,*~® calls for accounting for 
the electron-electron collisions and quantum cor- 
rections for the frequency of electron-phonon col- 
lisions. The method for reduction of the experi- 
mental data is detailed in a paper by one of the 
authors.! According to this method, the measure- 
ments of the optical constants must be supplemented 
by measurements of the specific static conductivity 
0) at various temperatures. 

The optical constants were determined at room 
temperature by the polarization method, described 
previously,! and at liquid-nitrogen temperature with 
the apparatus described in reference 8. Measure- 
ments were made on an aluminum layer obtained by 
evaporation in vacuum from a tungsten helix on 
polished glass. The initial aluminum was 99.99% 
pure. The measurements were made on mirrors 
with external reflection within the first few hours 
after sputtering. Specimens for the measurement 
of o) and the density p were sputtered simul- 
taneously with the mirrors.* 

In measuring the quantities o) and p, the 
thickness of the layer was determined by an inter- 
ference method accurate to 1.5 x 1078 em. It has 
been found that by evaporation in vacuum it is easy 
to obtain aluminum layers with o) ~ 1.6 x 10!" egs 


*The density p does not enter into the calculation for- 
mulas. It is needed, however, for evaluating the number of con- 
duction electrons per atom. 
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esu* and p © 2.0 g/cm’. With special choice of 


the distance from the sputterer to the specimen, 
of the temperature, and of the sputtering rate, it : 
is possible to obtain mirrors with oy © 2.2 x 10!" 
egs esu and p & 2.4 g/om>. For bulk metal ory 
= 3.1 x 10!7 egs esu and p = 2.7 g/cm’. 
The measurement of the optical constants of 
the mirrors with different o) and p have shown 
that a reduction in o) and p leads to a reduction 
in kK andto anincrease in n, where n-—ix is 
the complex index of refraction; the change in x is 
small, but the change of n is considerable.t+ 
Table I shows the results obtained for the op- 
tical constants of aluminum mirrors, characterized 
by values op = 2.2x10'' cgsesu and p = 2.4 g/om?. 
The table also lists, for comparison, the data of 
Beattie,’ obtained at room temperature. A com- 
parison of these data shows that our values of n 
are lower than those of Beattie. Apparently this 
discrepancy is explained by the lower value of the 
conductivity of the mirrors used by Beattie (a, 
= 1.5 x 10!" egs esu). A comparison of our values 
of x with those of Beattie? shows that these data 
are in good agreement up to 5y. In the further 
region Beattie’s values of k are somewhat lower, 
and they still can be explained by the lower values 
of the conductivity. Unfortunately we could not 
~~ *The low value of 0d, is not due to the small thickness of 
the aluminum layers. The layers used for the measurements 
were of the order of 0.45, which is 30 times greater than the 
mean free path of the electrons. In all probability, this is due to 
the more finely dispersed structure of the sputtered layers com- 
pared with the ordinary polycrystalline materials. 
TAluminum exhibits an anomalous effect in the region of the 
spectrum we have investigated. In this case n and » must be 


taken to mean their effective values;? we shall leave out the 
subscripts ‘‘eff.’’ 
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TABLE I. Optical constants of aluminum* 
ee eee re ee Se ge ge ee eee ely 


1 
10*-4n/(n* + x?) | 102-4 /(n® + x?) | 2-4%/(n? + x?) 


n x 
Au T=295 8 295 78 
T =295 78 295 295 7 

P.w.| B | P.w.| P.w.| B | Pw. ie : : 
patel i See orl keel ail Mle bn A aad nS I eM LO a, 
0.8 | 1.42} — | 0.83] 6.0} — | 6.0] 42.0 |40.9 164.2 165.5 10.514! 0.504 
O20 4051 ).0.758) 270°. | 7.0] 8.4° 1 6.0 155.8 186.4 10. 804O.507 
1.2 | 0,95) — | 0,63] 9.6] — | 9.6] 4.09] 2.72141:4 141.5 |0°495| 0.500 
1.5 | 1.144] — | 0.78 | 12.4] — | 12:1] 3.09] 2.42/32.8 1329 |0/4921 0.494 
2.0 | 1,75] 2.30] 1,30 | 16.1 | 16,5 | 16.4 | 2.67] 2.00/24.5 124.6 10.490] 0.492 
2.5 | 2.4 | 3.22] 1.7 | 19,8 | 20.3] 19.8] 2.41] 1.72] 19.9 | 20.0 |0.497| 0.500 
3.0 | 3.2 | 4.414] 2.2 | 23.5 | 24.2 | 23.5] 2.98] 1:58146.7 | 16.8 10.5001 0.506 
4,0 | 4.8 | 5,97} 3.2 | 30.0 | 30.3 | 30.4 | 2.08] 1:40| 13:0 | 43°1,/0.520| 0:526 
5.0 | 6,7 | 8.49] 4,4 | 37,6 | 36.8 | 37.8] 1.84] 1.22] 10.3,| 10:4 10.5201 0.520 
6.0 | 9.5 |11.0 | 6.5 | 44,4] 42.4 | 44.9] 1.84] 1.26] 8.6 | 8.7 |o'516| 0522 
7.0 |12.6 |14.6 | 9.4 | 51.0 | 49.0] 52.0] 1.83] 1.34] 7.4 | 7'5 10°5181 0.594 
ROMS CMAs.) a 38.41 5860 | os ear ee |G 4 se gne eames 
ONO | Disdie Bia EH eae | 8123.) AOR ies gel LS toseag 


*The symbols used here are: ) — wavelength of light in microns, P.W. — present 
work, B —data of Beattie.® The temperature is in degrees Kelvin. 


make an analogous comparison with the results 
of Hodgson,’® since it does not contain numerical 
values of n and kK. 

A comparison of the data at room temperature 
and temperature of liquid nitrogen shows, as ex- 
pected, that x remains almost constant with tem- 
perature, whereas n is substantially reduced. 

The reduction of the experimental data, ob- 
tained both at room temperature and at liquid- 
nitrogen temperature, was based on formulas (3) 
and (11) of reference 7 and the method of succes- 
sive approximations. It was found here that the 
third approximation differed from the second by 
less than 1%. 


TABLE II. Microscopic 
characteristics of 
aluminum 
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The results of the reduction of our experimen- 
tal data are listed in Table Il. Here N is the 
concentration of the conduction electrons, Nag the 
concentration of the aluminum atoms, aoe the 
classical frequency of the electron-electron col- 
lisions for hw < kT, v§ the classical frequency 
of the electron-phonon collisions for hw « alae 
vef the frequency of collisions between electrons 
and phonons for the near infrared region, pimp 
the frequency of electron-impurity collisions, and 
v the electron velocity on the Fermi surface. 


According to the results obtained by Gurzhi* 
yet — vet o(T). The function y(T) was also 
calculated by Gurzhi.!! For aluminum, the Debye 
temperature is © = 398°K,'* and therefore y(T) 
= 1.22 when T = 295°K. When T =78°K, the 
value of v@f reaches its practical limit, 1.2 x 1023 
sec!, Since a further reduction in temperature 
does not change vef for aluminum, we did not 
deem it necessary to perform measurements at 
lower temperatures. 

The error in the determination of microscopic 
characteristics of aluminum was 5% for N, 10% 
for Vee 30% for v at room temperature, and 
20% for v at liquid-nitrogen temperature. The 
great error in v is due to the fact that aluminum 
is subject to a weakly pronounced anomalous skin 
effect and the role of surface losses is small com- 
pared with that of volume losses. It must be noted 
that v should be determined from the value of oo 
of the investigated mirrors. If the tabulated values 
are used, the resultant values of v are greatly 
overestimated.* 

Comparison of the results for the microscopic 
parameters of aluminum, obtained at room tem- 
perature and at liquid-nitrogen temperature, shows 
that N and v hardly change with temperature. 
The temperature variation of vj° is much faster 
than the theoretically expected dependence, which 
is proportional to T?. 

As shown by Gurzhi,° the frequency of electron- 
electron collisions for a frequency w is 


vee = vee[] + (hw/2zkT)"), 


*In our earlier investigations’’* we did not measure the o, 
of the sputtered specimens, but used the tabulated values. The 
values of v given in reference 2 are therefore overestimated. 
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and therefore the effective electron-collision fre- 
quency ver = vef + vee + pimp depends on the 
wavelength of the incident light A. For A * 5y 
we have veff ~ 0.9 x 10 sec at T = 295°K 
and Ver © 0.6 x 10'4 sec"! at T = 78°K. 

Using the values obtained for veff and v, we 
can estimate the mean free path of the electron 1 
and the relaxation time T. 

For T =295°K 


P= Overs oo 10° om, t=: 1/v agp SS E10 sec, 
for— Ty=-78° K 


l=~4-10%cem, Calf On AIS OCE 


The depth of the skin layer for aluminum, in 
the wavelength interval used by us, is 6 =A/27K 
~ 2x10 cm for both temperatures. We see 
that 1~ 6, i.e., at both temperatures there is a 
weakly pronounced anomalous skin effect for alu- 
minum.* 

The expressions we employed to relate the 
optical constants of the metal with its microscopic 
parameters hold if the inequalities v/wé « 1, 
Vetf/w<«K1, and w < wy are satisfied, where wy 
is the limit of the internal photoeffect. That the 
first two inequalities are satisfied is readily veri- 
fied. For 7 =5yu we have v/w6 © 0.37 and 
Vert /@ ~ 0.24 at T=295°K; and v/wd & 0.33 
and Veff/w ~ 0.16 at T=78°K. That the third 
inequality is satisfied can be verified from the 
character of the A -dependence of the quantities 

2 


N = 1,79-107*(1 + p°Gy"e (az), 
M = as + p°BD. 
Figures 1 and 2 show the dependence of these 

quantities on A inthe interval 1.2—Q9p (the no- 
tation of reference 7 is used here). It is seen 
from the figures that N is independent of A, and 
that the dependence of M in this interval coincides 
with the calculated curve, obtained when the elec- 
tron-electron collisions are taken into account. 


w-10 


FIG. 1. Plot of N(A): 0 —for T = 295°K, x—for T = 78°K. 


*The values of v and vi™P allow us to estimate the dimen- 
sions of the individual crystals of aluminum, obtained in ther- 
mal evaporation of the metal: L ~ vyi™P ~ 3 x 107° cm. 


FIG. 2. Plot of M(A): 0 —for T = 295°K, x—for T = 78°K. 


We can therefore say that the measurements were 
carried out in the region where the third inequality 
is also satisfied.* 

In the aforementioned paper by Beattie® no ac- 
count was taken of the theory that allows for elec- 
tron-electron collisions in the processing of the 
experimental data. Therefore Beattie reaches the 
erroneous conclusion that aluminum has in the re- 
gion 2 —5y an additional absorption, connected 
with the internal photoeffect. This conclusion has 
led Beattie to determine the microscopic param- 
eters only from the results obtained in the 6 —12y 
region. In this region the correction terms already 
become substantial: at 10 —12,y the correction 
terms reach 20 —30% (the values of v/w6 and 
Voff /w are close to unity). Therefore the accu- 
racy of the corresponding formulas is reduced. Our 
own measurements and their reduction with allow- 
ance for the electron-electron collisions show that 
there are no additional absorption sources in this 
region, with the exception of those indicated above. 

The value of vf© given above was obtained from 
optical measurements. This quantity cannot be de- 
termined with sufficient accuracy from the tem- 
perature dependence of oy, since the condition 
T >@© cannot be realized. 

Although there are no data at present on meas- 
urements of the electronic specific heat and surface 
impedance at radio frequencies, carried out on spe- 
cimens identical with those used in the optical meth- 
ods, there is nevertheless a certain interest in the 
comparison of the results known to us. 

Measurements of the electron specific heat 
yields!’ 


v/VN = (3,7-10°3— 4.1. 107%) cm*/2 sec! 
From optical measurements we obtain 


v/VN =9,8-10° em? sec7!, 


*As can be seen from Table I, M increases sharply in the 


region 0.8—0.9 yp. The corresponding absorption band is prob- 
ably connected with the internal photoeffect. 
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Measurements of the surface impedance in the 
radio-frequency range yield!4 


v/N =4.5-1075 em! sec ?. 
Optical measurements for the same quantity yield 
v/N = 3,7-1075em!4 sec. 


In conclusion, the authors are deeply grateful 


to I. L. Fabelinskii for a discussion of the present 
work. 
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The circular polarization of the internal bremsstrahlung accompanying K -capture in Fe® 
was measured by, scattering in magnetized iron. The technique of the measurements was 
based on the azimuthal dependence of the Compton scattering cross section of gamma quanta 
on polarized electrons. Within the limits of error 100 percent polarization of the brems- 
strahlung quanta was obtained independent of the radiation energy. 


INTRODUCTION 


A consequence of parity nonconservation in beta 
decay is that internal bremsstrahlung accompany - 
ing electron capture must be circularly polarized.!»? 
The degree of circular polarization according to the 
two-component neutrino theory must be 100 percent 
independent of the energy of bremsstrahlung quanta 
(for not too low energies).? It can now be consid- 
ered established that the beta-decay interaction 

has primarily the character of the V-A interac- 
tion.*** The possible admixture of S-T interaction 
would reduce the degree of circular polarization of 
bremsstrahlung. This circumstance makes it pos- 
sible to discover the admixture of S-T components 
in the beta-decay interaction. 

Experiments measuring the circular polariza- 
tion of internal bremsstrahlung accompanying K - 
capture were done with Ge"! and A*’ in references 
5 to 7. In the first case the degree of polarization 
was found to be much less than 100%, which, in the 
opinion of the authors, was connected with the pres- 
ence of admixtures of extraneous-radiation from 
the source. In measurements with A*”, 100% po- 
larization of bremsstrahlung was obtained within 
the limits of error, and for the quantity | C7 |?/ 
(cai, characterizing the admixture of the T in- 
variant, Miskel and Mann® give an upper limit of 
8%. The present work measures the circular po- 
larization of internal bremsstrahlung of Fe 
(To = 2.6 years, transition energy 220 kev). 


EXPERIMENTAL SETUP AND MEASUREMENTS 


a. Polarimeter. The azimuthal dependence of 
the Compton scattering cross section of circularly 
polarized gamma quanta on polarized electrons 
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was used for measuring the circular polarization. 
This method was first proposed by Beard and Rose® 
and used for investigation of circular polarization 
of gamma rays by Beltrametti and Vitale in refer- 
ence 9. It is based on the fact that during scattering 
of circularly polarized gamma quanta on electrons 
whose spins are perpendicular to the direction of 
gamma ray propagation, anisotropy arises in the 
scattering cross section, depending on the direc- 
tion of electron spin orientation. The scattering 
cross section for this case (Kj) 18, where ky is 
the impulse of the primary photon and s is the 
electron spin) is 
o(3, 9) = o— Pp (I — cos 9) sk sin 9 cos 
2 0 

= ak [A, — PA cos 9]. 
Here is the scattering angle, g is the angle 
between the planes (k)k) and (k)8s), oy is the 
usual Klein-Nishina cross section, and P is the 
degree of circular polarization (P >0 for right 
circular polarization and P< 0 for left circular 
polarization’). Maximum relative azimuthal aniso- 
tropy was observed with the optimal angle of scat- 
tering max which was obtained from the maxi- 
mum condition A/Ay.°-!° 


a 
04 
FIG. 1. The depend- 0 
ence on energy of the 
scattering angle for which _ 7 


the azimuthal anisotropy 
is maximal. 
-08 


a, 
Figure 1 shows the dependence of max on ko, 
the energy of the primary radiation in units of mc?. 


CIRCULAR POLARIZATION OF INTERNAL BREMSSTRAHLUNG 43 


Qs 
FIG. 2. The depend- 
‘ ence on energy of the 
: azimuthal anisotropy for 
the optimal scattering 
Qi angle dyax- 
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It is clear from the graph that if the gamma energy 
is Ep >510 kev, the optimal scattering angle 
Jmax < 90°, but if Ey < 510 kev, then max > 90°. 
The dependence of relative anisotropy A/A) for 
the optimal scattering angle on the energy of the 
primary gamma quanta is shown in Figure 2. For 
investigating radiation from Fe the scattering 
angle #~ 100° was chosen. 

b. Source. The Fe source (~ 50 millicuries ) 
was obtained by irradiating in a reactor target ma- 
terial enriched in the isotope Fe™ to 82.8%. Be- 
sides the isotope Fe, the isotopes Fe? and Mn*4 
are formed; the latter is obtained through the reac- 
tion Fe (n, p) Mn®™. Since the yield of internal 
bremsstrahlung in K -capture is very small (for 
Fe® the yield is ~3 x 10~> quantum/decay )!! the 
purity of the source is of particular significance. 
The chemical purification of the source from Mn* 
was done in the chemical laboratory of the Insti- 
tute.* The source (iron oxide) was then placed 
in a Plexiglas container. The measurements were 
begun 15 months after irradiation, which corre- 
sponds to ten Fe? half lives (Ty, = 45 days). The 
experimentally observed spectrum of bremsstrahl- 
ung is shown in Fig. 3 (N is the counting rate in 
arbitrary units). 


N 
/ 
1000 
x 
FIG. 3. Spectrum of in- 
ternal bremsstrahlung of 
500 Fe’. 
x 
eh ite 
100 200 300 
Ep, kev 


*Chemical purification was done by N. I. Mertts, to whom 
the author is grateful. 
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FIG. 4. Schematic diagram 1) permendur scattering disc, 
2) magnetizing coil, 3) Nal(T1) crystals, 4) light pipe. 


c. Experimental Setup. Figure 4 shows sche- 
matically the experimental setup for measuring 
the circular polarization of gamma quanta. A disc 
of permendur which is part of a solid core magnet 
made of Armco iron serves as the scatterer. The 
induction in the permendur was 20000 gauss. The 
scattered gamma quanta were analyzed by two 
scintillation spectrometers with FEU-29 photomul- 
tipliers and NaI(T1) crystals. Using two scintil- 
lation spectrometers made it possible to increase 
the collecting power of the equipment by a factor 
of two. Shielding of the multiplier from the mag- 
netic field of the scatterer was done with a perm- 
alloy shield and a three-layered iron shield around 
the photomultiplier. In addition, a light pipe 10 cm 
long was installed on one photomultiplier. Sources 
of Cs!8" and Hg? were used to check the magnetic 
shielding. For this a narrow discriminator window 
was set on the side of the photopeak, and the de- 
pendence of the counting rate on the direction of 
the current in the magnetizing coil was measured. 
Under these conditions the influence of the mag- 
netic field was less than 0.3%. 

d. Measurements and Results. A single-channel 
discriminator was used to detect a certain region of 
the spectrum of scattered radiation, and the number 
of scattered gamma quanta in both spectrometers 
was measured for opposite directions of the field 
(which was changed every 5 or 10 minutes). More 
than 105 pulses in each spectrometer were accumu- 
lated for the chosen direction of the field in order 
to obtain each point. The following magnitude was 
calculated: n = 2(Ny—N;)/(N;j + N,-—2No), where 
N, is the count in the spectrometer when the mag- 
netic field is directed toward the counter, Ny», is 
the count for the opposite direction of the field, No 
is the count without the scatterer (including back- 
ground and direct gamma radiation through the lead 
shielding). In calculating , in addition to correc- 
tions included in the quantity No, it is necessary 
to correct for scattered radiation caused by Fe, 
Since all the measurements take place in the re- 
gion of soft gamma rays, it is difficult to separate 
scattered gamma radiation of Fe from scattered 
radiation of Fe’. In order to determine the con- 
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Energy region ¢ Calculated 
of primary Experimental | value of 7 for 
gamma quanta, M1 Nz value of 7, % 100% polari- 
kev zation, percent 
85—110 107128 105886 2.6+ 1.0 Qo 
110—140 460148 158206 2.9+0.8 2,97 
FEU-1 140175 119424 117842 3340.9 349 
175—220 195054 192054 4.0 +0.8 3.95 
80—110 129736 128092 2.4+0.7 2,57 
FEU-2 110—140 115960 114215 2.8+0.8 2.98 
130—170 135647 133394 3.6+0.8 3049 
170—215 145955 143076 3.9+0.8 3.94 


tribution of scattering from Fe” to the region of 
energies under consideration, the iron source was 
replaced by a Co®® source whose gamma-ray spec- 
trum is similar to the Fe’? spectrum. In the hard 
part of the spectrum of scattered radiation where 
there are no gamma rays from Fe” it is possible 
to normalize both sources and thus determine the 
contribution of Fe in the region of energies that 
is of interest to us. The results obtained are shown 
in the table and include corrections which are from 
10 to 20% in various parts of the spectrum. 

From the table it can be seen that, within the 
limits of error, the circular polarization does not, 
in accordance with theoretical expectations, depend 
on the energy of the radiation under investigation. 
Averaging all the determinations of P, we obtain 
BS 0-93 20:10: 

The expression for the degree of circular po- 
larization of internal bremsstrahlung accompany- 
ing K-capture according to the two-component 
theory has the following form:? 


P (k) = p(k) 
> (|) 52 
f 


x 
Dl>pel? (Ov P+ LCs 2) + o>)? (Ca P+ 1 Er [2)) 
f 


Rey itera st) aie Cale a Gn|%)) 


where p(k) is a function depending on energy 
and is equal to 1 for not too low energies. 

The transition under investigation, Fe — Mn 
(%" — %"), is a transition of the Gamow-Teller 
type and therefore the last expression reduces to 


Pe (Gal —|Cr |) (Gal = Cr). 


Hence, knowing P, it is possible to determine the 
admixture of the T variant in beta-decay inter- 
action if we consider that this interaction is pri- 


marily axial-vector. From the data the upper 
limit of the admixture |Cr|?/|Ca |? < 6% is 
obtained. 

In conclusion I wish to take this opportunity to 
express my Sincere gratitude to V.S. Shpinel’ for 
his constant interest in this work. 
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By means of powder patterns, the changes of magnetic structure of a cobalt monocrystal 
have been observed in the basal plane upon decrease of the crystal thickness from 515 to 
15y. It has been established that at small thicknesses (< 200 1) the domain width varies 
directly with the square root of the crystal thickness; at larger thicknesses some devia- 


tion from this rule is observed. 
INTRODUCTION 


As is known, the magnetic properties of ferro- 
magnetics in many respects depend on their type of 
magnetic structure. Change of the type of magnetic 
structure of ferromagnetics leads to change of their 
magnetic properties.! The type of magnetic struc- 
ture depends on many factors. In particular, for 
given physical properties of a ferromagnetic its 
type of magnetic structure is related to its geomet- 
rical dimensions. Upon passage to fine powders or 
to thin films, the decrease of size of a ferromag- 
netic leads to a simplification of the type of mag- 
netic structure.?>? In very small particles, after 
attainment of a certain critical dimension, the mag- 
netic structure becomes the simplest of all, trans- 
forming to a single-domain structure. 

Change of the type of magnetic structure with 
change of size of the crystal should occur for two 
reasons: 1) In crystals in which the basic domains 
pass through the whole thickness of the crystal, 
there exists the following definite relation between 
the thickness d of each basic domain and its length 
L (in the direction along which the magnetization is 
oriented): d~ VL.° Therefore with decrease of L, 
the thickness of the domains will also decrease. 

2) The shape and size of the closure domains is 

also related to the size of the basic domains. There- 
fore the structure of the closure domains will 
change systematically with decrease of size of the 
basic domains, especially in cases in which, be- 
cause of the small dimensions of the ferromagnetic, 
the formation of closure domains is hindered. 

The question of the change of magnetic struc- 
ture with change of size of a ferromagnetic has 
been specifically studied only in the case of a tri- 
axial ferromagnetic (silicon iron).? Similar in- 
vestigation of magnetically uniaxially ferromag- 
netics has not been carried out; in the literature 
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there are only fragmentary experimental data,*° 
from which it is possible to conclude that somewhs 
different magnetic structures are observed in thic! 
and in sufficiently thin crystals of certain magne- 
tically uniaxial materials (manganese-bismuth 
alloy, barium ferrite). 

The object of our work was a study by a visual 
method (the powder-pattern method) of the chang 
of magnetic structure of a monocrystal of cobalt o1 
progressive decrease of its thickness. 


EXPERIMENTAL METHOD 


The investigation was carried out on a monocry 
talline specimen in the form of a disk of diameter 
4 mm and initial thickness 0.52 mm. The surface 
of the disk was parallel to the basal plane of the cx 
balt crystal. The magnetic structure was observe 
on this plane by the powder-pattern method. The 
thickness of the disk-specimen was progressively 
decreased from 515 to 90u by mechanical grinding 
followed by electrolytic polishing. Further thinnin 
of the specimen to 15y was accomplished by mean 
of electrolytic etching alone. For electropolishing 
and etching, a 10% solution of chromic anhydride i. 
orthophosphoric acid, of concentration 85%, was 
used. 

For different thicknesses of the cobalt crystal, 
comparison was made of the powder-pattern pic- 
tures in the middle part of the specimen, where th 
thickness of the crystal was also determined by 
means of an optical indicator within an accuracy o 


Ze 


RESULTS OF THE OBSERVATIONS 


Figure 1 shows photographs of powder patterns 
on the basal plane of a cobalt crystal for several 
specimen thicknesses. When the crystal thickness 
L is equal to 515y (Fig. la), there is a compli- 
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FIG. 1. Magnetic structure of a cobalt monocrystal, ob- 
served on the basal plane; crystal thicknesses: a) 515y; 
b) 380 p; c) 210 pw; d) 145 uw; e) 85 pw f) 45 py; g) 30 yu; h) 15 pn. 


cated star-shaped picture of the powder deposition. 
Coarse and fine stars form integral groups, which 
in their turn are grouped in labyrinths and zigzags. 
A similar picture is retained at crystal thickness 
380u (Fig. 1b). At specimen thicknesses 210 to 
85yu (Fig. 1c, d, e), the basic labyrinth structure 
is more clearly visible, and also chains of stars. 
On further thinning of the crystal to 40 to 30u 

(Fig. 1f, g), only a labyrinth structure is observed; 
the labyrinths become less tortuous, and at thick- 
ness 15y the picture of the powder deposit is a 
series of slightly wavy, almost parallel lines 

(Fig. 1h). 

On comparison of the powder-pattern photographs 
shown, it can be noticed that with decrease of the 
thickness of the cobaJt crystal, the surface mag- 
netic structure on the basal plane of the crystal 
becomes not only appreciably simpler, but also 
finer. We may take as a conventional measure of 
the degree of dispersion of the surface structure 
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the value of d’, the mean width of the labyrinths. 
From the photographs shown in Fig. 1 it is clear 
that with thinning of the specimen from 515 to 15y, 
the value of d’ decreases manyfold. 


FIG. 2. Dependence of labyrinth width on thickness of a 
cobalt crystal. 0, experimental data; ---, theoretical curve 
d= 0.43) L,,. 

Figure 2 shows the experimentally obtained de- 
pendence of the mean width d’ of the labyrinths on 
VL (curve 1). The experimental curve is well ap- 
proximated by the di, = 0.43 vLy for thicknesses 
less than 200p. 


DISCUSSION OF THE RESULTS OF THE OBSERVA- 
TIONS 


The observed changes of magnetic structure of a 
cobalt crystal with decrease of its thickness can be 
qualitatively understood on the basis of the follow- 
ing considerations. 

In the initial state, the magnetic structure of a 
cobalt monocrystal consists of two types of domain: 
the basic domains, running through the whole thick- 
ness of the crystal, and auxiliary cone-shaped (or 
wedge-shaped) domains, whose bases are visible in 
the form of “asterisks” on the basal plane of the 


_ erystal. In all domains, both basic and auxiliary, 


the magnetization is oriented along the hexagonal 
axis (that is, perpendicular to the specimen sur- 
face). The wavy form of the walls between the 
basic domains near the surface of the crystal? and 
the presence of a large number of wedge-shaped 
domains, different in form, in depth of penetration, 
and in size of the wedge base,!° are apparently 
responsible for the complicated star-shaped and 
labyrinthine picture of the powder patterns that we 
observe on the basal plane of a crystal of thickness 
400 to 500m (Figs. la and 1b). This surface mag- 
netic structure probably differs appreciably from 
the simpler internal magnetic structure of cobalt. 
By analogy with the changes of the magnetic 
structure observed in transformer irca,* where 
with thinning of the crystal the closure domains 
disappeared and only the basic domains remained, 
it may be assumed that in our case also, with dimi- 
nution of the thickness of the cobalt crystal the 
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wedge-shaped auxiliary domains first decrease in 
size and then disappear, so that at certain thick- 
nesses (30 to 15) the lines of the observed laby - 
rinth structure are the terminations of the walls of 
the basic domains. In addition, according to Good- 
enough’s ideas, on decrease of the crystal thickness 
_ there is a decrease of the amplitude of the wavy 
walls between the basic domains; and at some suf- 
ficiently small thicknesses, a configuration of plane- 
parallel layers will be energetically favorable. 
These principles apparently determine the observed 
simplification of the surface magnetic structure 
with thinning of the cobalt crystal (Fig. 1). 

The presence of a magnetic structure with un- 
closed magnetic flux (complete absence of closure 
domains), of the plane-parallel layer type, was 
first predicted by Kittel!! for very thin plates of 
cobalt of thickness ~ 107° cm. Apparently if we 
take account of the possibility of a decrease of the 
magnetostatic energy of the crystal by disorienta- 
tion of the magnetic vectors near the surface,!? and 
of the presence of wavy walls not perpendicular to 
the surface,’ then in a magnetically uniaxial crys- 
tal a magnetic structure without auxiliary wedge- 
shaped domains will be stable at crystal thick- 
nesses greater than 107° cm. 

As was mentioned above, with decrease of the 
thickness of a cobalt crystal, the value of the mean 
width d’ of the labyrinths also decreases sharply. 
For small thicknesses, as is clear from Fig. 2, 
the relation between the crystal thickness L and 
the labyrinth width d’ can be expressed by the 
quadratic dependence d,, = 0.43 VL,- This pro- 
vides the possibility, for sufficiently small crys- 
tal thicknesses (<200y), of taking the value of 
d’ as the thickness d of the basic domains. For 
larger thicknesses there is no possibility of directly 
relating the values of d and d’ because of the com- 
plexity of the powder deposit picture. 


CONCLUSION 


The results of the investigation made and the 
analysis of them show that on passage to small 
thicknesses, the magnetic structure of a cobalt 
crystal, observed on the basal plane of the crys- 
tal, rapidly changes. This change of structure ex- 
presses itself in the fact that the auxiliary domains 
disappear and the width of the basic domains de- 
creases. For thicknesses less than 200y, the width 
of the basic domains is proportional to the square 
root of the crystal thickness. 
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The paper presents results of the measurements of the Hall effects for 99.998% pure iron, / 
nickel, and cobalt, over a wide temperature range from room temperature down to 4.2°K. / 
It is shown that the existing theories are inadequate for a satisfactory explanation of the / 
experimental data obtained for the temperature dependence of Ry and Rg over a wide 


temperature range. 


I ee papers have been published recently on 
the Hall effect of ferromagnets.!~’ In none of 
these investigations, however, were the Hall effect 
and the electric resistivity measured in materials 
of maximum purity and on the same samples, a fac- 
tor of particular importance at low temperatures. 
The Hall effect in ferromagnets is of interest 
primarily because it differs from the Hall effect 
in nonferromganetic metals by many “anomalies,” 
due to the presence of spontaneous magnetization. 
Let us consider the principal of these anomalies. 
1. While the Hall emf of nonferromagnetic 
metals varies linearly with the intensity of the 
magnetic field H, over a wide range of fields 
(ey = RH, where R is the Hall constant), ex- 
periment shows that in ferromagnets the Hall emf 
depends not only on the intensity of the external 
field, but also on the magnetization I of the spe- 
cimen. The dependence on I is due not to the in- 
duction B alone, but also to an added specific 
dependence on the magnetization. It is usually 
assumed!’® that 


ey = R,B + Rs 4cl, 


where Ry and Rg are the ordinary and sponta- 


neous Hall constants, respectively. 
2. The absolute values of Ry do not differ in 


order of magnitude from the corresponding values 
of the Hall constants of nonferromagnetic metals 
(see the table). The spontaneous constant Rg 
may exceed Ry in absolute value at room temper- 
ature by a factor of two or more (for example, in 
the case of iron, nickel, and the alloys Fe3Al and 
Crie).* 


*It should be noted that our measurements (see below) show 
that in the case of cobalt, in which the sign of Rg, is reversed, 
this constant reaches large values at higher temperatures than, 
for example, in nickel and iron. 
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Nonferro- 
magnetic Ferromagnets 
materials ea 
Re | R, | a 
VV |+-0.82 Fe +0.23 +7,22 
Mn {-+-0,84 Ni —0.46 —6,05 
Cu |—0,5 Co —0.84 +0.6 
NisMn | —0.56 +155 
FesAl 0.0 +470 
| CrTe = ~ —5000 [*] 


*The Hall constants are given in 
units of 10°? v-cm/amp-gauss. 


3. Both Ro and Rg have a clearly pronounced 
temperature dependence, that of Rg being greater. 
It is characteristic that in the region of low tem- 
peratures (T K @f, where Of is the ferromagnetic 
Curie point) the temperature dependence of Ry and 
Rg can also be not monotonic. 

In many theoretical papers the spontaneous Hall 
constant is associated with the electric resistivity. 
Some!® give the relationship Rg ~ p* and others!! 
Rg =ap + bp*. Experimental data‘® show, how- 
ever, that these relations are approximately cor- 
rect, but only near the Curie point. At lower tem- 
peratures (below those of liquid nitrogen) there 
is no linear relation between log Rg and log p 
at all. In the region where a nonmonotonic tem- 
perature variation of Rg is observed, the connec- 
tion between Rg and p becomes in general mean- 
ingless. 

We measured the Hall effect and the specific 
electric resistivity of pure ferromagnets 


Fe (pogoe / p4.9e = 11.45), Ni (posse / Pace = 57.2), 


Co (P2922 / pace = 66.3) 


in the temperature range from 300°K to 4.2°K 
using a potentiometer setup and a method de- 
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scribed previously,!” at the boiling temperatures 
of liquid nitrogen, hydrogen, and helium, as well as 
at intermediate temperatures, in a cryostate of the 
type described in the paper of Borovik-Romanov 
and Kreines.? 

We give the measurement results for each of 
the ferromagnets investigated. 


FIG. 6 


Iron. As can be seen from Figs. 1 —4, which 
show the variation of the specific Hall emf ey 
= Ed/I (d — thickness of specimen, I — current 
in the specimen) with the magnetic induction B 
in the specimen for different temperatures, as 
well as the temperature dependence of Ry and Rg. 
The spontaneous Hall constant Rg = (dey /dB) B=» 
—Rpo, and the ordinary Hall constant Ro 
= (dey /OB) B=H+4Ig are positive over the entire 
interval of temperatures. Rg diminishes sharply 
with decreasing temperature, becomes comparable 
with Ry, at hydrogen temperature, and has an ex- 
tremum at ~ 40°K. 

Nickel. As can be seen from Figs. 3—6, Ry 
and Rg have the same sign (negative), but in all 
other respects nickel is analogous to iron in the 
behavior of the Hall emf and of Ry and Rg. The 
extremal value of Rg is reached at ~ 30°K. 

Cobalt. The temperature dependence of the Hall 
emf of cobalt (Figs. 3, 4, and 7) differs substan- 
tially from the temperature dependence of ey ob- 
served for iron and nickel. At room temperature 
Rg is positive and Ry is negative, the latter having 
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the greater modulus. At the temperature of liquid 
nitrogen Rg becomes negative and does not differ 
much from Ry in magnitude. The extremal value 
of Rg is reached at ~80°K. The overall variation 
of the effect, from room temperature down to liquid 
helium temperature, is considerably less than in 
iron or nickel.* 

An examination of the dependence of Rg on the 
reduced temperature T/@g, shown in Fig. 8, in- 
dicates that the extremum is characteristic of all 
the investigated ferromagnets, and is observed at 
reduced temperatures ranging from 0.04 to 0.06. 


4 v-cm 
‘3? amp-gauss 


FIG. 8 


An analysis of the experimental temperature 
dependence of the ordinary Hall constant Ry 
(see Fig. 3) shows that Ry changes substantially 
with temperature for all the investigated ferromag- 
nets, and that in the case of cobalt this dependence 
is nonmonotonic. 

The question of the temperature dependence of 
Rp was recently investigated theoreticallyt and it 
was shown than an evaluation of the singularities 
in the energy spectrum and in the carrier scatter - 
ing mechanism in ferromagnets (polarization of 
the conduction electrons, scattering by the inho- 
mogeneities of the magnetic moment, etc.) ex- 


*See first footnote of this article. 

tSee paper by S. V. Vonsovskii, Yu. P. Irkhin, E. A. Turov, 
and V. G. Shavrov, 6-th All-Union Conference on Low-Tempera- 
ture Physics, June 1959, Sverdlovsk, and also the paper by 
Irkhin and Petrova, Conference on the Theory of Metals and 
Alloys, June 1959, Kiev. 


plains qualitatively not only the temperature de- 
pendence of Ry(T) at low temperatures, but also 
its nonmonotonic character. 

To gain a better idea of the nature of the Hall 
constant Ry in ferromagnets, a more detailed 
experimental investigation is necessary over an 
even wider temperature range (from infra-low 
up to temperatures above the Curie point), along 
with investigations of single-crystal specimens. 

As first noted by Rudnitskii,!4 the spontaneous 
Hall constant Rg is apparently due to the spin- 
orbit interaction between the current carriers in 
the ferromagnets. However, not one of the exist- 
ing theoretical papers!01!,14—17 offers a satisfac- 
tory explanation of the magnitude and the temper- 
ature dependence of the observed effect. 

The authors are grateful to S. V. Vonsovskii 
for continuous interest and attention to this in- 
vestigation. 
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Experiments have been carried out with a cloud chamber in a magnetic field with the aim 
of detecting a possible production of particles of mass 2Me to 25mMe in a lead target 
placed in the bremsstrahlung beam of the 265 Mev synchrotron of the Physics Institute 
of the Academy of Sciences. It is shown that if particles do exist with masses between 
2me and 25mg¢, spin 4, and a lifetime greater than 10~° sec, then the cross section for 
their production by electromagnetic interactions is smaller than the expected value by 


more than two orders of magnitude. 


INTRODUCTION 


ee question of the existence of light particles of 
mass equal to several electron masses has been in- 
vestigated previously in a number of papers. To ex- 
plain the anomalous scattering of 8 particles in 
the neighborhood of radioactive sources, Skobel’- 
tsyn'~? proposed the existence of “heavy electrons” 
of masses (3 to 7)mg.t In other papers‘ on the 
investigation of penetrating particles in extensive 
showers in cosmic rays, hypotheses were also in- 
troduced on the possible existence of particles of 
masses (5 to 10)mg. Although the results of the 
majority of investigations in the field of cosmic 
rays left no place for such particles, nevertheless 
it appeared to us to be useful to set up special ex- 
periments, which would enable us to give a definite 
answer to this question. Since quantum electrody- 
namics does not place any restrictions on the exist- 
ence of particles of spin y, and with masses inter - 
mediate between the mass of the electron and the 
mass of the meson, then, if such particles do exist, 
they must be produced as the result of a pair- 
production process with an effective cross section 
that is inversely proportional to the square of the 
particle mass. Thus, one might expect that in the 
case that particles of mass wu do exist, their yield 
from a target placed in the bremsstrahlung beam 

of a synchrotron should be, roughly speaking, smal- 
ler by a factor of | yw? than the yield of electron 
pairs. 

As the particle detector we utilized a cloud cham - 
ber in a magnetic field, and we identified the par- 
ticles by their energy losses after passage through 
lead absorbers. 


*Deceased. 
tHere and later me stands for the electron mass. 


ol 


y-ray beam 


Schematic diagram of the experiment: 1) lead target, 
2) cloud chamber, 3) system of diaphragms, 4) plates in the 
cloud chamber, 5) magnet pole. 


DESCRIPTION OF THE EXPERIMENTAL 
ARRANGEMENT 


A schematic diagram of the experiment is shown 
in the figure. Negative particles produced in the 
lead target 1 of 1 mm thickness by a bremsstrahlung 
beam from the 265-Mev synchrotron of the Physics 
Institute of the Academy of Sciences were deflected 
by a magnetic field through approximately 180° and 
were introduced through a “window” sealed by an 
organic film of 70 thickness into the cloud cham- 
ber 2 of 30 cm diameter and 8 cm depth, filled to a 
total pressure of 1.6 atmos by a mixture of helium 
and argon in the ratio of 50:50%. The system of 
diaphragms 3 placed in the path of the particles, 
and an appropriate choice of the position of the tar- 
get 1 enabled us to select for recording those par- 
ticles which were produced with a momentum of 
(93 + 3) Mev/c and emitted at an angle of 3 to 5° 
to the axis of the bremsstrahlung beam from the 
synchrotron. In order to identify the particles two 
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TABLE I. Number of particles that have penetrated the first plate 


with moment 


a exceeding (pc) 


Expected total number of electrons and particles of mass j. 
ic Observed 

Ale number of} ,, Me; ize Me; me; Mes Mes lia Me; aiken 

particles é 2me 3m, 5me 8 10m, | 15m, | 20mg | 2m, | 30me 
70.6 2 ileal) latehl 795 | 449 167 107 38.01 20,5), 10.5 6.5 
67.4 4 4.9] 773 902 | 469 174 112 41.9) 23.9 43.9 9.9 
64,2 12 12:5] 972 |. 1004 | 493 119 50 Slats Pubs yl st) 
61.0 28 26 1148 | 1083 | 517 198 134 63 44.6| 34.6] 30.6 
57.8 44 42 13412 | 1147 | 544 215 450 79 60.6} 50.6| 46.6 
54.6 78 12 1497 | 1246 | 580 246 184 | 109 91 81 77 
51.4 141 aaa 1688 | 1332 286 220 | 148 130 120 116 
48.4 228 164 1865 | 1420 | 684 339 274 | 202 183 173 169 
44.9 337 230 2054 405 340 | 268 249 239 235 
41,7 459 314 2243 | 1631 | 840 489 424 | 352 333 323 319 
38,9 615 443 2497 617 854 | 482 462 452 448 
30,3 | 780 590 2742 | 1957 | 1418 | 765 701 | 628 609 599 | 595 


lead plates (4) each 9.9 mm thick were placed inside EXPERIMENTAL RESULTS 


the cloud chamber at a distance of 10 cm from each 
other. The cloud chamber was illuminated by a 
flash lamp of type IFP-1500 and was photographed 
by a stereoscopic camera with low-distortion ob- 
jectives of type Gelios-42 specially designed for 
taking pictures through a thick glass. 

The method of synchronizing the cloud chamber 
and the synchrotron’® allowed the particles to be 
introduced into the working volume of the cloud 
chamber after the expansion in the cloud chamber 
was completed. This eliminated the distortion of 
tracks associated with the movement of gas during 
the expansion period which is particularly notice- 
able in a cloud chamber which has plates situated 
within the working volume. The false curvature of 
the tracks in our chamber did not exceed 0.1 m™!. 
The cloud chamber was placed in a magnetic field 
H = (10.7 + 0.1) x 10° Gauss. 


A total of 20,500 tracks of negative particles of 
momentum 93 Mev/c incident on the first lead 
plate was recorded in the cloud chamber. The mo- 
menta were measured in the case of those negative 
particles which passed through the plate and which 
were not accompanied by positrons (which could 
be produced as a result of a cascade process in 
the plate). The numbers of particles which passed 
through the first plate and retained a momentum 
greater than (pc)], are given in Table I (col- 
umn 2). 

A small number of particles which had passed 
through both lead plates were also recorded. The 
momenta of these particles after they had emerged 
from the second plate are given in Table II together 
with their momenta on leaving the first plate. 


TABLE II. Momenta of particles that have penetrated both lead 


plates 
Momentum after the Momentum after the ||Momentum after the Momentum after the 
first plate (pc)y, second plate (pc)yq, first plate (pc)y, second plate (pc), 
Mev Mev | Mev Mev 
| 
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DISCUSSION OF RESULTS 


To estimate the expected number of particles of 
mass yp incident on the first plate we integrated 
over the bremsstrahlung spectrum (taken approxi- 
mately in the form 1/E) the effective cross sec- 
tion for the production of electron pairs, in which 
in place of Me we utilized various values of the 
mass pp from 2me to 30m,. The expected num- 
bers Ny of particles of mass wu obtained as a re- 
sult of such an estimate, on the assumption that 


there exist both electrons and particles with the 
given value of the mass, are the following ones (the 
total number of particles recorded before the first 
plate is equal to 20.5 x 10°): 


rs 1 2 3 Gy ON iby 0) iy 
N= 20,5-108 3.8-108 1.7.108 580 180 110 38 19 9 5 


We then calculated the probability W(bi-1, yo) . 
that the particle on passing through the first lead 
plate will lose just by radiation alone such an 
amount of energy that E/E) = exp(—yy) (where 


: 
: 
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TABLE III. Number of particles that have penetrated both lead 
plates and which have a momentum in excess of (pc )r after 
the first plate, and in excess of 19.3 Mev after the second 


plate 
a ee 
on Expected number of particles of mass pw equal to: Ob a 
pe 3 serve 
I : 3 number of 
2 3 # 8 10 | 15 | 20 | 25 | 30 particies 
65.7 Osas £80 830 450 170 107 37 19 9 5 0 
63 ORS Ma n650) 860 460 170 107 37 19 9 5 4 
64 Oars al 2740) $05 470 170 407 37 19 9 ie) 2 
57.8 atileyah 7G) 930 470 470 107 37 19 9 5 i 
54.6 hg 790 950 470 170 107 58 LOR | Seo 5 D 


Ey is the initial, and E is the final energy of the 
particle). According to Heitler,® this probability 
is given by the following formula 


W (bl —1, yo) = (OL —1, y)!/T (oN), 


where (bl-1, yo)! is the incomplete I function; 
b=a@N (for lead in the case uy = me b = 2.6 em, 
a 20.0); G= were / 137; N is the number of atoms 
per em?; l is the thickness of the plate in centime- 
ters (in view of the inclination of the plate towards 
the bottom of the chamber and the angle of inci- 
dence of particles on the plate, we obtain in our 
case 1=1.13 cm). The quantity (bl), for par- 


ticles of mass yw was chosen in the form 


(62), = (bl) m, /'8?. 


Table I lists, together with the observed number 
of particles which have passed through the first 
plate with momentum greater than (pc)y], also 
the expected numbers of electrons that have passed 
through the plate, and also the total expected num - 
bers of electrons and particles of mass p(y = 2Me, 
3mg...). It is seen from the table that the observed 
number of particles which have passed through the 
first plate with small radiation energy losses 
(6.6 Mev <AEyaqg < 22.5 Mev)* agrees with the 
expected number of electrons. In the case of higher 
radiation energy losses (AEyagq > 22.5 Mev) the 
observed number of particles that has passed 
through the first plate becomes greater than the ex- 
pected number of electrons, with this difference in- 
creasing as the radiation losses increase. This dif- 
ference may be due to the recording of cascade elec- 
trons which could occur in the case when the cas- 
cade positron did not leave the plate. It is evident 
that the number of such “false” events will in- 
crease as the final particle momentum diminishes. 

It can further be seen from Table I that if par- 
ticles of mass from 2me to 25me did exist, then 
the numbers of recorded particles, particularly in 
the range of high momenta after the first plate, 


~ *(pe)y = 54.6 Mev. 


would have been considerably greater than the ob- 
served values. 

Even more convincing is the comparison of the 
observed number of particles which have passed 
through both plates and which have retained after 
the second plate a momentum greater than 19.3 Mev 
with the expected numbers of particles of various 
masses. The results of such a comparison are 
given in Table III for different values of the mo- 
menta after the first plate. It can be seen from 
the table that the number of observed particles 
which have passed through both plates is in satis- 
factory agreement with the expected number of 
electrons and contradicts the assumption of the 
existence of particles with masses in the range 
from 2Me to 25mMe. 


CONC LUSION 


Thus, the results of the experiment show that if 
there do exist particles of masses between 2Me 
and 25mg and of spin %, and having a mean life- 
time in excess of several 107° sec, then the effec - 
tive cross sections for their production in electro- 
magnetic interactions do not exceed the values 
shown in Table IV. 


TABLE IV 
Particle Expected Observed 
mass in cross sec- cross sec- 
units of tion ® in tion Don, 
mec? cm in cm? 
2 ONG 210528 <3-10-?? 
3 4.2-10-%8 <a (cd 
5) Lao 4@) 2 —<GromlOnes 
8 O-10 528 ceffoiQee 
10 3.8- 10-26 <1 A058 
15 denaze <a oes 
20 | Qislbredl()="e cae (ORL 
20 6.1-10-? <a (aed 
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We consider one possible experimental demonstration of the existence of additional waves in 
a crystal, predicted theoretically in references 1 — 3, in the exciton region of light absorption. 
We have used the experimental data‘ on the absorption of light in an anthracene single crystal 
at a temperature of 20°K, which show deviations from the Lambert-Burger law. We give an 
interpretation of the observed non-exponential dependence of the absorption of light in a crys- 
tal plate on its thickness. We show the existence of two identically polarized waves with dif- 


ferent refractive indices and absorption coefficients in an anthracene crystal. 


1. THEORY 


Ir has been shown earlier!~? that a monochromatic 
wave incident on a crystal from the vacuum can 
produce in the exciton absorption region several 
waves (usually two), which propagate with differ- 
ent velocities. These waves possess the same po- 
larization and we are, therefore, not dealing with 
double refraction. One of these waves has proper- 
ties which approximate those of the light wave oc- 
curring in normal crystal optics, but the others 
are essentially anomalous and their amplitudes 
tend to zero as one moves in the spectrum away 
either on the red or on the violet side from the 
exciton absorption region. One must therefore 
look experimentally for anomalous waves near 

the exciton absorption region. In the papers men- 
tioned it was also noted that the anomalous waves 
appear more pronouncedly when the crystal is at 

a low temperature. 

We suggested in reference 2 a number of 
methods of observing experimentally the exist- 
ence of the anomalous waves. In the present 
paper we shall suggest still one more method, 
which enables us to use already existing experi- 
mental data to determine the parameters of both 
waves ocurring in the crystal. This method re- 
duces to an investigation of the dependence of the 
intensity of the light transmitted through a plane 
parallel crystal plate on the plate thickness. One 
assumes usually that the intensity should decrease 
exponentially with the plate thickness. If, however, 
a more complicated dependence is observed in the 
case of small thicknesses, it is explained by the 
interference of waves which are multiply reflected 


ays) 


from both surfaces of the plate. Such an interfer- 
ence undoubtedly occurs in many cases. In the 
following, however, we shall be dealing only with 
cases of strong absorption of the light in the plate, 
when we can neglect the intensity of the beam that 
is twice reflected and which passes thrice through 
the plate as compared with the intensity of the 
beam that passes once through the plate. In those 
cases the usual crystal optics predicts a simple ex- 
ponential decrease in the intensity with thickness 
and cannot explain the more complicated depend- 
ence observed experimentally by Brodin and 
Prikhot’ko.* It will be shown in the following 

that this more complicated dependence is naturally 
explained by the generalized crystal optics devel- 
oped in references 1 —3. 

We shall assume that a monochromatic wave of 
frequency w is normally incident from the vacuum 
onto the plate and that this wave gives rise to two 
waves in the plate, with complex wave vectors 
k, = k? + ik’ and k_ = ko + ik’, respectively. 
One can then show that both waves will move in 
the plate and will emerge into the vacuum also 
normally, while the electrical field strength when 
they emerge from the plate into the vacuum can 
be written in the form 


Poy pie wee 
tR 4 + aa e Je~éet, (1) 


Ee — [a2 


where JI is the plate thickness. Different compo- 
nents of the vector E can, of course, have differ- 
ent complex arguments so that (1) can also de- 
scribe an elliptically polarized wave. We have 
assumed that the amplitudes of the waves a, and 

a_ take into account the reflection of the light from 
the entrance and exit surfaces (multiple reflections 
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of the waves are neglected). The light intensity J 
when emerging from the plate will then be propor- 
tional to |E|* so that 


J~|EP=|a,pe “+ ja pee” 


ao i(aeuas\len * > cos [(e Fk)! a] - (2) 


We have introduced here the notation (a,, a*) 
=|(a,, ak) | et%. 

In the case where the + and — waves corre- 
spond to the normal double refraction, the ampli- 
tudes a, and a_ must be strictly mutually per- 
pendicular, i.e., (a,°a*)=0. The last term in 
(2) drops out in that case and the dependence of 
the intensity of the outgoing light on the plate thick- 
ness J must be strictly monotonic. It is repre- 
sented by the dotted lines in Fig. 1. If, however, 
the + and — waves are of a different nature, so 
that a, and a_ are not necessarily perpendicular, 
the intensity J may, owing to the third term in 
(2), depend on the thickness 7 in an oscillatory 
manner, represented by the full curves of Fig. 1. 
If the wave with the smaller absorption coefficient 
has an appreciably larger amplitude, it will domi- 
nate over the second wave for all 1. One can then 
in general neglect the latter and obtain in all cases 
a simple exponential dependence of the intensity 
on l. The more interesting case is the other one, 
when the wave with the larger amplitude has the 
larger absorption amplitude. We have thus de- 
picted in Fig. 1 the case |a_|>|a,|, ki >kj. 

In that case the — wave dominates for small /; 
the dependence of In J on I is described by a 
straight line of slope 2k’. In the limiting case 
of large 1, on the other hand, the + wave domi- 
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nates; the dependence of In J on J is also de- 
scribed by a straight line, but with a smaller slope, 
which is equal to 2k’. It is thus convenient to de- 
termine the absorption coefficients of the two 
waves in the limiting cases of small and large 
thicknesses l. 

In the region of intermediate thicknesses both 
terms on the right hand side of (1) may be approxi- 
mately equal, and the third term in (2) will then 
also be of the same order as the first two. A 
sinusoidal oscillation must then take place in the 
dependence of J on I. The cases when the am- 
plitude of these oscillations is a maximum are 
depicted in Fig. 1; this takes place when the vec- 
tors a, and a_ are parallel (or antiparallel). 
The maximum possible deviation of the peaks of 
the oscillations from the dotted curve is equal to 
In 2 above and infinite below the curve. Such de- 
viations are, however, realized only if the cosine 
takes on the values +1 and —1 respectively just 
for those 7 for which the absolute magnitudes of 
the two terms on the right hand side of (1) are 
exactly equal. 

We have plotted Fig. 1 not in J and In |E/?, 
but in dimensionless relative magnitudes, so as 
to reduce the number of parameters of the family 
of curves. 

One can determine the change in the phase of 
the wave when it passes through a plane parallel 
plate, as a function of 7, using a normal interfer- 
ence method. For the limiting cases of small and 
large J this function must be linear, as can be 
seen from Eq. (1). The slopes of these lines en- 
able us to determine k? and ka We can deter- 
mine k? —k® also from the period of the oscilla- 
tions in the dependence of J on J. The oscilla- 


FIG. 1. The dependence of the absolute 


square of the amplitude of the electrical 


field of the transmitted wave on the crystal 
plate thickness; (k{ - k°2)/kj = 10; k2/k(=3. 
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tions themselves are convincing proof of the fact 
that the two waves under consideration do not rep- 
resent double refraction. 

The results and conclusions enumerated in the 
foregoing can be obtained merely from the depend- 
ence of the transparency of the plane parallel plate 
and of the phase shift on the plate thickness. One 
can obtain additional information about the nature 
of the two waves from the frequency dependence 
of the parameters of these waves. If the above- 
mentioned waves are identical with the ones pre- 
dicted, in references 1 —3, the frequency depend- 
ence of their parameters considered in reference 
2 must be valid. We shall not repeat here the dis- 
persion of the refractive index, which was evalu- 
ated there, but only introduce the frequency de- 
pendence of the amplitudes a, and a_. The re- 
sults following below are only valid in the case 
when there is an isolated exciton absorption band. 

Reference 2 was devoted on the whole to an iso- 
tropically polarized medium and was applicable to 
cubic crystals, since we considered waves the 
wavelength of which was appreciably larger than 
the crystal constant. The results of that paper 
are, however, also applicable to some crystals 
of different symmetry, but only for selected di- 
rections of propagation and polarization of the 
light waves. The expressions for the refractive 
indices of the + and — waves and the formulae 
for the transparency of a plane parallel plate 
[Eqs. (60) and (61)] can, for instance, be obtained 
for a wider class of crystals. These results and 
all conclusions derived from them remain valid if 
the electrical field strength vector of the wave is 
parallel to one of the principal axes of the tensor 
a determined by Eq. (14) of reference 1. In those 
cases where this direction is defined by the sym- 
metry of the crystal itself (as, for instance, for 
rhombic, tetragonal, or cubic crystals) it is fre- 
quency independent. The fact that the electrical 
field strength is parallel to the principal axis of 
the tensor a means that the latter can be re- 
placed by a constant factor and after that the cal- 
culations take on the same form as in the case of 
an isotropic medium. We:shall restrict ourselves 
to just such cases in the following. 

The transparency of a plane parallel plate is 
determined by Eqs. (60) and (61) of reference 1. 
These formulae take automatically into account 
multiple reflection from both surfaces of the plate. 
We shall simplify these formulae using the above 
assumptions about the large absorption of the light 
in the plate and the possibility to neglect mul- 
tiple reflection. From this assumption it follows 


that 


Jems | <1, cot kyle —i, sinkyl~(i/2)e*s!. (3) 


As a result of this Eq. (60) of reference 1 takes 
the form of Eq. (1) of the present paper with 
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Here A is the electrical field strength amplitude 
of the incident wave in the vacuum, n, and n_ 
are the complex refractive indices of the + and — 
waves, and q has the same meaning as in refer- 
ence 2: 
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where M is the effective mass of the “transversely 
polarized” exciton in the direction of propagation 
of the beam, 6 is the energy of exciting this ex- 
citon in the limit where its quasi-momentum tends 
to zero, and 9 the asymptotic value of the square 
of the refractive index when one goes away from 
the exciton absorption region either to the red or 
to the violet. 

It follows from Eq. (4) that a, and a_ are 
parallel. Then 
‘a n 


=| e—!% — —_ q— (6) 
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If the lifetime of the exciton is sufficiently large 
and if we can neglect the small imaginary correc- 
tion to G) (see reference 3 for details) we can 
take the frequency dependence of n, and n_ ap- 
proximately from reference 2. If M>0O one can 
see from Fig. 1 of reference 2 that in the whole 
exciton absorption region n, is real and n_ purely 
imaginary and q real and negative. In Eq. (6) we 


have then Q@) =-—7/2. In the frequency region 
where |n,|* >» we get approximately q ~ n2/n2 
and g=|a_/a,|~|n,/n_|; g is a steeply in- 


creasing function of w. The equality g=1 oc- 
curs when w ®¥ w)=6)/h. Hence g>1 in the 
frequency region w > Ww, and just in that region 
one must expect a well defined oscillatory be- 
havior ofelnyd vs. 0) if (kite-koe 

Let us now consider the case M <0. The fre- 
quency dependence of n, and n_ is given in Fig. 
2 of reference 2. Here one must consider sepa- 
rately three frequency regions. In the first (red) 
region n, and n_ are both real and positive, 
q >0, and the right hand side of Eq. (6) is negative 
so that ay =7. g>1, but decreases with increas- 
ing frequency w and becomes equal to 1 at the 
violet limit of this region when n, =n_. In the 
first region the oscillations must thus appear dis- 
tinctly when k’ >k,. In the second region (in- 
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termediate frequencies) we have according to 
reference 2 n_ = —n*¥. It follows from this that 
lq|=1, g=1. If we introduce the quantities k’ 
and k’ such that k, =k’ + ik’, then k_ =—k? 
+ ik’. Equation (2) then takes the form 
|E |? = 4a, |?e-2*' cos? (Rl + a, / 2). (7) 


In that case a) is a function of w. The oscilla- 
tions must thus be observable for all 7, and ona 
plot such as Fig. 1 one will not observe the straight 
sections at large and small J. We must, however, 
note that the dependence (7) was obtained assuming 
the lifetime of the exciton to be infinite. Taking 
the finite lifetime into account leads to some devia- 
tions from Eq. (7). 

In the third frequency region (violet) n, and 
n_ are purely imaginary and both must be taken 
with the plus sign. q> 0 so that the right hand 
side of Eq. (6) is real and negative. Thus a) =T7. 
Moreover, g is a decreasing function of the fre- 
quency. g=1 at the red end of the third region, 
where n, =n_. Thus g <1 in the third region. 
Therefore |a_|<|a,| and since k’ is still 
greater than k4, the + wave will dominate over 
the — wave. The l-dependence of J must thus 
be expressed by a simple exponential formula with 
a damping coefficient k‘. 

We note in conclusion that-Eqs. (3) to (6) are 
applicable for an exciton absorption band isolated 
in a wide frequency interval, while the qualitative 
analysis given in the foregoing is valid only for 
|n, |? > 9, i.e., in a narrow frequency interval 
near the maximum of the band and only for large 
exciton lifetimes (which are, for instance, realized 
at low temperatures ). 


2. EXPERIMENTAL RESULTS 


We chose for the object of our experimental in- 
vestigation an anthracene crystal at 20°K. The 
long-wave band of light absorption in the electronic 
phototransition region was studied. The maximum 
of this band lies approximately at 25300 cm~!. This 
absorption is real, since it is very intensive in very 
pure crystals. The polarization of the absorption 
and the corresponding luminescence along the crys- 
tal axes® are some arguments in favor of the idea 
that this band corresponds to the excitation of a 
fast moving exciton (with a small effective mass). 

Single-crystal layers of anthracene were grown 
by the method of sublimation from a pure prepa- 
ration. The most perfect among them, plane par- 
allel and with smooth surfaces, were chosen for 
the measurements. They were put in optical con- 
tact on plane parallel plates of quartz. Because of 
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the strong absorption we chose thin crystals (0.1 
—0.4u). The crystal was placed in a cryostat 
filled with liquid hydrogen for cooling. 

The surfaces of the crystal coincided with the 
crystallographic (a,b) plane. The light was per- 
pendicularly incident upon this surface and the elec- 
tric field strength vector was parallel to the mono- 
clinic b axis. The direction of b was the second- 
order crystal axis and coincided therefore with a 
principal axis of the polarization (and also with a 
principal axis of the a tensor, mentioned in the 
first section of this paper). The directions of the 
incidence of the light and of the polarization were 
thus just such that the equations of reference 2 
were applicable. It is of particular importance to 
stress that the normal double refraction cannot 
occur in this case. 

Brodin and Prikhot’ko® measured the dispersion 
and absorption in an anthracene plate of well de- 
fined thickness. The results of their measurements 
were evaluated using the formulae of the normal 
erystal optics. Similar investigations were per- 
formed on stilbene toluene, and 1,2-benzene-anthra- 
cene. In all four crystals essential deviations were 
noted from the general Kramers-Kronig dispersion 
relations’ between the refractive index and the ab- 
sorption coefficient.2 These deviations increased 
when the crystals were cooled, but in anthracene 
they were already observed at room temperatures. 
They could not be explained in the framework of 
the usual crystal optics. 

A little later* the absorption of light in an an- 


*thracene crystal was measured in more detail and 


in that case crystals of different thicknesses were 
used. The results were again evaluated by the 
usual method. The imaginary part of the refractive 
index was evaluated using the equation 


x = In (J, /J) /2ol. (8) 


The values for kx obtained from crystals of dif- 
ferent thicknesses are not reproducible. The 
Lambert-Bouguer law is this violated. It is impos- 
sible to explain this violation by interference phe- 
nomena, since one can neglect multiple reflection 
because of the strong absorption. Indeed, within 
the absorption band, even away from the maximum 
and for very thin plates, the intensity of the beam 
that passes thrice through the plate is some tenths 
of a per cent of the intensity of the beam passing 
once through the plate (see the third section of 
this paper). 

The authors decided to evaluate the experimen- . 
tally obtained results on the absorption, using the 
generalized theory of exciton absorption,'!~? ag ex- 
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plained in the first section of the present paper. 

It was first necessary to consider the dependence 
upon the plate thickness 7 of the intensity of the 
light J which had passed through the crystal. The 
observed dependence of log(J/J)) on 1 for the 
frequencies 1/) = 25100 and 25425 em“! is given. 
in Fig. 2. The points on the curves are given with 
their probable experimental errors in the ordinate 
and abscissa directions. An analysis of the errors 


A 4=25100 cm? 
0 1=25425 cm™ 
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FIG. 2. The dependence of the optical thickness of anthra- 


cene crystals on thickness at T = 20°K (the electrical field 
is parallel to the b axis). 


is given in the third section of the paper. The 
magnitude of Jp was measured experimentally in 
relative units, which means the presence of an un- 
known constant term in the quantity log (J/Jq); 
the curves in Fig. 2 may thus possibly be shifted 
vertically, retaining their form. The accuracy 
and the number of points is for the time being 
still insufficiently large. The curves in the figure 
are therefore tentative. All the same, it seems 
to us that one can reach the following conclusions 
from these curves: 

a) The Lambert-Bouguer law is violated since it 
is impossible to fit all the points on one straight 
line. It is impossible to reduce this violation to a 
consequence of interference, or to a consequence 
of the spatial inhomogeneity ofsthe crystal (if the 
crystal is deformed in an inhomogeneous manner, 
the dependence on J of In(J/J)) must remain 
monotonic). It is therefore not clear that this 
violation can be explained in the framework of the 
usual theory. 

b) The position of the points indicates an oscil- 
latory dependence rather than a scatter. This fol- 
lows from the fact that the amplitudes of the oscil- 
lations here and there exceed by far the errors 
of the measurements. Apart from this, the oscil- 
lations show a systematic character which may be 
observed in both curves. We have thus obtained 
qualitatively and approximately an l -dependence 
such as was predicted theoretically (see Fig. 1) 


and there is evidence of the existence of two waves 
in the crystal with different refractive indices and 
absorption coefficients. The oscillations show that 
these waves are not double refraction. Double re- 
fraction is also excluded by the above mentioned 
choice of the polarization of the incident wave. 

c) According to the first section, the ampli- 
tudes of the two waves must be parallel and then 
the amplitude of the deviation of the curve from 
the average behavior (see the dotted curve in 
Fig. 1) on the positive side cannot exceed log 2. 

It can be seen from Fig. 2 that this is approxi- 
mately observed. The deviations from the aver- 
age behavior on the negative side can according to 
the theory have any value. 

The experimental data confirm thus qualitatively 
the generalized theory of exciton absorption.!~? We 
shall perform shortly more extensive measurements 
for a larger number of thicknesses. We hope that 
they will enable us to determine quantitatively the 
parameters of both waves and their frequency de- 
pendence. 


3. DESCRIPTION OF THE EXPERIMENTAL 
SET-UP AND ANALYSIS OF THE ACCURACY 
OF THE MEASUREMENTS 


To measure the optical thickness of crystals we 
used photoelectric apparatus together with a spec- 
trometer of average dispersion. A block diagram 
of the optical part of the apparatus is shown in 


Fig. 3. 
Gg a (ot 


FIG. 3. Block diagram of the optical part of the photoelec- 
tric set-up for measuring optical thicknesses. 


Two light beams, a direct beam and a compari- 
son beam, emerge from the light source, a hydro- 
gen lamp (H.L.). The first of these is incident 
upon the crystal C after which it passes through 
a polarizer P and is focused upon a slit S. The 
comparison beam is also led to the slit by means 
of the mirrors M,, Mz, and Mz; and reflection 
from a prism. The triangular reflecting prism 
vibrates with a frequency of 70 cps, letting the 
direct and comparison beams pass alternately on 
to the spectrometer slit. A photomultiplier serves 
as receiver for the light. The intensity of the di- 
rect beam was measured by a null method, by com- 
paring it with the intensity of the comparison beam. 
To compare the intensities we used a variable- 
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aperture diaphragm D placed along the path of 
the comparison beam. 

There was no need to measure the intensity of 
the light reflected from the crystal, since the 
theoretical formulae [in particular, (2) and (4)] 
express the intensity of the transmitted light, but 
with account of the reflection of the light from the 
crystal. The experimental curves of Fig. 2 repre- 
sent therefore only the intensity of the transmitted 
light for a comparison with the theory. 

Let us now go over to an analysis of the errors 
of the measurements. 

1. The accuracy of the comparison of the in- 
tensities of the two beams. The equality of the in- 
tensities of the beams is determined by the zero 
position of the galvanometer pointer. The accu- 
racy of the fixing of this position for a given level 
of noise depends on the absolute intensities of the 
beams. In the most unfavorable case of low inten- 
sities, the relative error in the measurement of 
log (J/Jo) does not exceed 6%, if we disregard 
the appreciable systematic error connected with 
the possible inequality of the time during which 
the basic beam and the comparison beam pass 
into the spectrograph slit. This systematic error 
may introduce a constant additive to log (J/Jy), 
independent of J, and leads thus to a vertical shift 
of the curves of Fig. 2 without changing their form. 
This systematic error will be eliminated in a fol- 
lowing paper. 

2. The influence of the apparatus function of 
the spectrometer. The half-width of the spectrom- 
eter apparatus function was approximately equal 
to 1A. Its influence can therefore be only appre- 
ciable at the very steep fall at the red end at the 
left absorption maximum. As we have chosen 
points which are situated at least 10 A from the 
above mentioned red absorption edge for the con- 
struction of the /-dependence of log(J/Jo), we 
can neglect the influence of the apparatus func- 
tion. 

The crystal thicknesses were measured in two 
ways: by birefringence using a Berek compensator 
and a microscope, and by using a Jamin interfer- 
ometer. The maximum error in the thickness 
measurement was less than 4%. 

There remains the task of estimating the influ- 
ence of the interference effect due to a possible 
multiple reflection of the light at the crystal sur- 
faces. Its role changes along the spectrum and 
depends strongly on the reflection and attenuation 
coefficients. One can see from Fig. 2 that the 
majority of the experimental points correspond 
to values of log(J/J)) equal to —0.6 or less. 
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Let us therefore consider the case log (J/Jo) 

= —(.6 which is far from being very favorable 
from the point of view of the possibility of neg- 
lecting multiple reflection. When the coefficient 
for reflection of light from the vacuum -anthracene 
surface is equal to 0.3 and the reflection coefficient 
from the anthracene-quartz surface equal to 0.1, 
it turns out that for a beam twice reflected and 
thrice passing through the crystal the intensity 

is 0.003 times the intensity of the beam passing 
once through. We can therefore neglect the mul- 
tiply reflected beams. 

The authors express their gratitude to A. F. 
Prikhot’ko for his assistance with this experiment 
and for discussing the results. 

Note added in proof (December 14, 1959). 

A source of appreciable errors may be a break in 
the light polarized along the a axis of the crystal 
because of the imperfection of the polarizer and 
the inaccuracy of its adjustment relative to the 
crystal. When emerging from the crystal the am- 
plitude of the a-component may turn out to be 
comparable to the amplitude of the b -component 
as the first is absorbed much less than the second. 
To exclude the influence of the a-component we 
have now introduced measurements with two par- 
allel polarizers, placed before and after the crystal. 
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New experiments for the production of element 102 and the investigation of its nuclear prop- 
erties are described. Pu”! and Pu’® targets were bombarded with accelerated O'° ions. 
Nuclear emulsions were used to record the radioactive decay of element-102 atoms. Alpha 
decay of the new isotope (most probably 102759) was observed, having a half-life between 

2 and 40 sec and energy of 8.9 + 0.4 Mev. Careful analysis of possible background sources 
indicated that the background level is much lower than the observed effect. 


INTRODUCTION 


Transurantum elements have hitherto been 
produced principally by subjecting uranium and 
plutonium to prolonged bombardment in nuclear 
reactors. The atomic number of the target nuclei 
was gradually increased through successive neu- 
tron captures followed by beta decay; elements up 
to fermium (Z =100) were produced in this man- 
ner. 
still heavier elements in the same way because 
larger values of Z are accompanied by a rapid 
reduction of nuclear lifetimes with respect to 
alpha decay and spontaneous fission, with the 
consequent sharply reduced probability for the 
formation of beta-active intermediate products, 

as a result of whose decay the nuclear charge 
would be increased.! 

Further progress became possible with the de- 
velopment of techniques for accelerating multiply- 
charged ions. These ions can be used to increase 
the charge of the initial elements by several units 
at a time, thus avoiding the previously inevitable 
accumulation of intermediate products. However, 
even when multiply-charged ions are used the 
synthesis of new transuranium elements is an 
extremely difficult experimental task. The fun- 
damental difficulty lies in the fact that the reac- 
tions leading to the production of a new element 
have extremely small cross sections. Fissility 
increases with the atomic number of the trans- 
uranium elements. An excited compound nucleus 
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resulting from the fusion of an accelerated heavy 
ion with the target nucleus disintegrates princi- 
pally through a fission process; decay through 
neutron emission, thus generating atoms of a new 
element, occurs in only a negligible fraction of 
the events. The experimenter therefore has only 
a small number of atoms available to use in iden- 
tifying the new element and in determining its 
properties. The short lifetimes of these newly- 
formed isotopes are a second source of difficulty. 
Rapid decay hampers and sometimes entirely pre- 
vents the identification of a new element through 
ordinary chemical procedures. 

In 1957 and 1958 several laboratories attempted 
to produce element 102 by using multiply-charged 
ions. An internationai group of Swedish, American 
and British scientists reported the synthesis of 
the element during the summer of 1957.2, Among 
the reaction products of a curium target irradi- 
ated with C!? ions accelerated in the Stockholm 
cyclotron an alpha-active isotope was detected 
which emitted 8.5-Mev alpha particles and pos- 
sessed a half-life of ~10 min. The total number 
of alpha particles detected with this energy was 
only 20. The investigators believed that they had 
produced element 102 with mass number 253 or 
251; however at the University of California Radi- 
ation Laboratory these results were not reproduced, 
in spite of maintenance of identical conditions with 
much stronger ion beams.° 

The 150-cm cyclotron of the U.S.S.R. Academy 
of Sciences Institute of Atomic Energy was used in 
our work on the synthesis of element 102, the first 
results being obtained in the autumn of 1957. Tar- 
gets made of Pu’! (100 g/cm?) and of Pu??? 

(300 pg/em”) were irradiated with o!* ions ac- 
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celerated to ~100 Mev. Since it was assumed 
that the half-lives of isotopes of element 102 which 
might be produced through the reaction of o'* ions 
with plutonium would be very short, we worked out 
a special physical technique instead of a chemical 
procedure for identifying the new element. 

In the experiments with the Put target eighteen 
8.5-Mev alpha particles were detected. When Pu?” 


was bombarded 8 energetic particles were observed. 


The effect was thus smaller by a factor of 7 when 
converted to identical target thickness and identical 
bombarding period. After a number of control ex- 
periments we concluded that these alpha particles 
must be associated with the decay of an isotope of 
element 102, with probable mass number 251 — 253, 
produced when Pu24! was bombarded with O!° ions. 
A short account of these experiments has already 
been published.’ 

In May, 1958 a group of workers at the Univer- 
sity of California published a report of experiments 
on the production of another isotope of element 1022 
After Cm”4* was bombarded with C™ ions the 
American investigators used a radiochemical 
technique to separate Fm", which under the 
given conditions could have resulted from the 
alpha decay of 102? having a half-life of 3 sec. 

The present paper reports further experiments 
performed at the Institute of Atomic Energy from 
April to September, 1958. We aimed to determine 
more precisely the nuclear properties of the pro- 
duced element~-102 isotope and to study the back- 
ground more thoroughly. * 


EXPERIMENTAL PROCEDURE 
1. Ion Acceleration 


In the present experiments, as previously, the 
targets were bombarded in the internal beam of 
the 150-cm cyclotron. Quintuply-charged 0! ions 
were produced directly in a special ion source® 
and were accelerated to 100 Mev. The ion source 
had been perfected through an improved design of 
the discharge chamber and enhanced cooling and 
stability. The power used in the gaseous discharge 
had been raised to 100 kw. Table I shows the prop- 
erties of the ion beams which resulted from these 
improvements. 

Since the cyclotron had been designed for work 
with protons, deuterons and helium ions (m/e =1 
or 2) its employment for the acceleration of 
quintuply-charged O'* ions (m/e = 3.2) required 
a highly strengthened current in the magnet coils 
~*A brief account of this work was given in a supplement 


to the report of G. N. Flerov at the Second International Con- 
ference on the Peaceful Uses of Atomic Energy in Geneva. 


TABLE I. Properties of Heavy- 


Ion Beams 
Ions harge|Intensity,| Energy, 
jamp Mev 
| 

cP, C18 4 20 94 
N14, Nb Hy) 2 110 
5 3 102 

Oe 6 OA, 130, 


(in order to attain the required magnetic field 
strength) accompanied by forced cooling. The 
required magnetic field configuration was obtained 


by means of additional shims. We know that simul- 


taneously with quintuply-charged ions, singly- 
charged ions are accelerated at a multiple of the 
frequency. As a result of the stripping mechan- 
ism, the ion beam at the terminal radius contains, 
in addition to monoenergetic particles, quintuply- 


charged ions with a continuous energy distribution, 


produced in the cyclotron out of singly-charged 
ions. We succeeded in producing a beam in which 
the monoenergetic component was predominant, 
having an energy spread of not more than 4%." 


2. Recoil Technique 


The procedure used to separate nuclei of ele- 
ment 102 from the target material was based on 


the collection of recoil nuclei. When a heavy bom- 


barding particle strikes a target nucleus, the re- 
sulting compound nucleus acquires such high mo- 


mentum that it may be knocked out of a fairly thick 


target. Ejected nuclei are caught by a suitable 
technique and are transferred to an emission de- 
tector. In this way a small number of the new 
atoms, which are usually highly radioactive, can 
be separated from the target material. Another 
advantage of this procedure is that it permits re- 
peated bombardment of the same target. 

The range of the recoil nuclei must be known 
before a target of optimum thickness can be pre- 
pared. In special experiments performed for this 
purpose thin gold foils with vacuum-deposited 
layers of aluminum or copper were bombarded 
with N‘* ions of known energy. The radon nuclei 
produced in the reaction Au!” (N!4, xn) were 
ejected from the gold and some of them entered 
a catcher after passing through the aluminum or 
copper layer. The intensity ratio of alpha-active 
products in the catcher and in the aluminum and 
copper layers of different thicknesses indicated 
the mean ranges for recoil nuclei in these ele- 
ments. The range for atoms of element 102 pro- 
duced when Pu*4! was bombarded with O!® ions 
was estimated by using the experimental results 
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for the range of radon atoms in conjunction with 
Firsov’s formula 


A» (Ay + Ao) (Z1 + Zo) 
= p fle 1 
R=0.5 a; fe 


E, (1) 


where R is the atomic range in pg/em’; Z,, Aj . 
and Z», A, are the atomic number and mass num- 
ber of the recoil atom and medium, respectively; 
E is the kinetic energy of the recoil atom in kev. 

Equation (1) was derived for the ranges of 
atoms with initial velocity 10’—108 cm/sec, 
taking into account the way in which slowing-down 
at such velocities is affected by the interaction 
between electron shells of the colliding atoms.® 
Consideration of the electronic effect showed that 
in this instance description of the atomic collision 
required a potential that is inversely proportional 
to the square of the atomic separation. 

While developing a technique for catching re- 
coil nuclei we performed in 1954 qualitative ex- 
periments investigating the ranges of radioactive 
nuclei produced in (n, 2n) and (n, p) reactions 
when various elements were bombarded with 14- 
Mev neutrons. The results indicated that the given 
formula satisfactorily describes the manner in 
which the ranges of the recoil nuclei depend on 
di Zi; Ai, Zo and A>. 

In Table II the experimental mean ranges of 
nuclei produced in various reactions are compared 
with the ranges calculated by Eq. (1). In computing 


the energies of reaction products it was assumed 
that a compound nucleus is formed, the momentum 
of the bombarding particle being transferred to the 
nucleus as a whole. For the recoil effect associated 
with the ejection of neutrons and protons from the 
compound nucleus angular isotropy of the emitted 
particles was assumed. Our data for the range of 
radon nuclei are in agreement with reference 9. 
When the target is made of PuO, and the oxygen- 
ion energy is ~100 Mev a calculation indicates 
500 — 600 ug/cm? for the recoil range. 


3. Apparatus for Bombarding Targets and 
Registering Alpha Decay of Reaction 


Products 


Figure 1 shows the experimental setup. An 
oxygen-ion beam 1 impinged on a plutonium layer 
2. Nuclei of element 102 with high momentum 
were emitted by the target and entered a thin 
(~2u) aluminum catcher foil 6. The ion collector 
5 behind the catcher of recoil nuclei was connected 
to the current integrator, which monitored the beam 
intensity during bombardments and measured the 
total ion flux traversing the target. The catcher 
was shifted at regular intervals by means of a 
kapron thread to a position 2m from the target and 
close to photographic plate 8, which served to reg- 
ister alpha decay. All apparatus was located within 
a brass vacuum tube communicating with the cyclo- 


TABLE II. Experimental Ranges of Recoil Nuclei Compared with 
Calculations Based on Eq. (1) 


* R ’ R ’ 
Recoil nucleus paeh te Reaction E, kev ovate fone 
Mg? Al | Al” (n, p) 550 | 300430 280 
Al?8 SiO, Si? (1, P) 500 330 + 30 185 
Cue Cu Cu®3 (n, 2p) 250 65 + 10 85 
ips Gcltete oP aoe Anima ee 
Sp120 n, n 3 
Rn205— 207 Al Aut? (N14, 4—6n)} 6000 240 + 50 380 
Rn205— 207 Cu Aut97(N14, 4 — 6n) 6000 330 + 50 490 


FIG. 1. Experimental setup: 
l—ion beam, 2—plutonium 
layer, 3—backing, 4—shield- 
ing layer, 5—ion collector, 

6, 7—catcher of recoil nuclei, 
8 — photographic plate. 


tron chamber. An electric motor located outside 
of the vacuum system was used to pull the kapron 
thread through a special vacuum seal. For the 


purpose of estimating nuclear half-lives, the time 
during which the catcher remained under the target 
and close to the photographic plate, and also the 
time required to transfer it from its position in 
line with the target, were varied over a broad 
range. The minimum time required for transfer 
was 2 sec. An electronic time relay was used to 
govern the operation of the apparatus. 


4, Preparation of Plutonium Targets 


The targets had to satisfy two basic require- 


ments: 1) sufficiently stable layers of active ma- 
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terial to withstand prolonged bombardment by an 
intense oxygen-ion beam; 2) sufficiently thin plu- 
tonium layers for the most efficient utilization of 
the recoil method. 

The plutonium was deposited electrolytically or 
by means of tetraethylene glycol on thin nickel and 
niobium foils (1—2,p). Nickel foils were produced 
by thermal dissociation of nickel tetracarbonyl on 
a hot surface; niobium foils were rolled from very 
pure metal.* 

A thin copper film (~50yg/em?) was vacuum- 
deposited on the plutonium layers to prevent dam- 
age of the latter. The plutonium - coated foil was 
clamped in a special brass holder between two 
well-cooled brass grids with apertures 1 mm in 
diameter. Satisfactory target stability was indi- 
cated by the fact that the target used in the largest 
number of runs was irradiated ~ 500 hours by a 
current of 0.5 vamp with inappreciable damage to 
the plutonium layers. (Granules of ~ 0.001 ug 
would easily have been detected on the photogrphic 
plates. ) 

Uniformity of the plutonium layers and their 
total thickness were controlled by special appa- 
ratus,!? consisting of a miniature proportional 
counter and the target in question separated in a 
chamber by a distance of 15 cm. This chamber 
was filled with methane, which served as the work- 
ing gas of the counter and as the absorber of alpha 
particles emitted by the target. By varying the gas 
pressure alpha particles of different energies were 
admitted to the counter and the target thickness 
was determined from range straggling. The thick- 
ness of the targets was determined to within ~ 70 
ug/cem? of PuO,. Figure 2 shows the distributions 
of alpha-particle ranges, which characterize the 
uniformity and thickness of the target layers. The 
amount of plutonium in a target varied from 100 
to 200 wg/em? (for 5x 10 mm? targets), but the 
presence of inactive material and the copper film 
resulted in a total equivalent target thickness of 
700 — 900 pg/cm? of Pud,. 


5. Nuclear Emulsion for Registering Alpha 
Particles 


We used the special nuclear emulsion NIKFI-T1,!! 
which provides a high degree of discrimination be- 
tween alpha-particle and proton tracks but is in- 
sensitive to beta rays. We used plates without 
gelatin shielding, in order to provide more pre- 
cise energy determinations for alpha particles 
entering the emulsion from the surface. A special 


*A more detailed description of the technique used in pre- 
paring the plutonium targets will be given in a separate paper. 
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FIG. 2. Integral curves of alpha-particle range in methane 
for different plutonium targets: 1— Pu’, total thickness ~ 
250 pg/cm? (of PuO,); 2—Pu’, total thickness ~ 750 pe/cm’; 
3—Pu!, total thickness ~ 900 pg/cm?. 


technique further improved the discrimination of 
proton and alpha-particle tracks by means of the 
partial regression of latent images in water vapor. 
Processing in water vapor also attenuated the fog 
of beta and gamma rays. 

It should be noted that although the catchers 
were very thin (~ 2 aluminum foil) the beta-ray 
background resulting from activation of the catchers 
by oxygen ions was so high that NIKFI-Ya or Ilford- 
E1 emulsions could not be used. 

A background resulting from radioactive con- 
tamination and cosmic rays accumulates in an 
emulsion during storage of the plates. For the 
purpose of removing this background the plates 
were treated with water vapor a few hours before 
experimental use until the latent images completely 
disappeared. The plates were kept in a vacuum 
before being subjected to bombardment in order 
to eliminate the danger of radioactive contamina- 
tion from the air. 

Since the plates were only 2m distant from the 
targets it was necessary to attenuate the fast neu- 
tron flux which might produce an undesirable back- 
ground of recoil protons and alpha particles from 
an (n, a) reaction. A shield consisting of 20 cm 
of copper and 10 cm of paraffin was therefore 
placed between the cyclotron chamber and the 
photographic plate. The background resulting 
from fast neutrons was then negligibly small. 

The photographic plates were of considerably 
larger area than the catchers of recoil nuclei. 
Scanning of the areas which could not be reached 
by alpha particles from the catcher permitted 
direct determination of the background from the 
(n, @) reaction and from ThC’ under the experi- 
mental conditions. 


INVESTIGATION OF PLUTONIUM TARGET 
CONTAMINATION BY BISMUTH AND 
LIGHTER ELEMENTS 


In discussing experiments for the production 
of element 102 by bombarding plutonium with ac- 
celerated O!* ions we have stated! that bismuth 
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and lead impurities in the target might to some 
extent produce an imitative effect. This possibil- 
ity was based on the fact that the bombardment 
with oxygen ions could produce “supershell” iso- 
topes of astatine, radon, francium, and radium with 
lifetimes of a few seconds or minutes, the decay 
of which would yield alpha particles with energies 
> 8.5 Mev. 

As a control, special experiments were per- 
formed to study the alpha-active reaction prod- 
ucts produced when oxygen ions impinge on mer- 
cury, thallium, lead, and bismuth, using the same 
technique and conditions as in the experiments for 
the production of element 102. 


1. Bombardment of Mercury and Thallium with 
Oxygen Ions 


Targets consisting of a natural mixture of mer- 
cury isotopes were made by using tetraethylene 
glycol to deposit thin layers (~ 100 yg/cm?) on 
niobium foil. Thallium layers of the same thick- 


ness were deposited on nickel foil by vacuum evap- 


oration. The targets were bombarded with 98-Mev 
O'% ions. The stationary time of the catcher in the 
beam and next to the photographic plate was 8 sec, 
while the transfer time was 3 sec. No alpha par- 
ticles with energies greater than 8 Mev were de- 
tected, but only a group with 6.8 + 0.2 Mev in the 
case of mercury and 6.5 + 0.2 Mev in the case of 
thallium (Fig. 3). These elements therefore are 
not subject to the effect in question. Moreover, 
the alpha-particle groups were so intense that 
their presence makes it easy to detect even small 
traces of mercury or thallium in plutonium. It was 
also determined that the working plutonium targets 
contained less than 0.01 pg/cm? of these elements, 
which therefore did not hinder the analysis of the 
data obtained when plutonium was bombarded with 
oxygen ions. 


2. Bombardment of Bismuth with Oxygen Ions 


The bismuth layer was deposited on a nickel 
backing by means of tetraethylene glycol and was 
bombarded under the same conditions as the mer- 
cury and thallium. The resulting alpha-particle 
spectrum shown in Fig. 3 reveals two intense 
groups, with peaks at 6.0 + 0.2 Mev and 7.5 + 0.2 
Mev. The number of detected alpha particles with 
~9 Mev was smaller by a factor of about 1000 than 
the number with ~7.5 Mev. From the ratio of 
these groups in the spectra resulting when pluto- 
nium was bombarded with oxygen we can deter- 
mine the fraction of alpha particles with ~9 Mev 
that is associated with bismuth impurities. In 


Number of alpha particles 


Alpha-particle range in emulsion, py 


FIG. 3. Spectra of alpha particles from the bombardment 
of mercury, thallium, and bismuth with O*° ions. 


the spectra obtained during the autumn of 1957 
the 7.5-Mev alpha-particle group is at most 30 
times as intense as the 9-Mev group, thus indi- 
cating that bismuth impurities in the plutonium 
target could not have produced a substantial 
background. 


3. Bombardment of Lead with Oxygen Ions 


The first experiments with lead indicated that 
when this element contaminates plutonium targets 
it may be the principal source of the background. 
Figure 4 shows the energy spectrum of alpha par- 
ticles produced when a natural lead target was bom- 
barded with 98-Mev oxygen ions. The reaction 
products are seen to include isotopes that emit 
alpha particles with ~ 9 Mev and have a half-life 
of 35 + 10 sec. 

A relatively large cross section was found for the 
production of an isotope emitting 9-Mev alpha par- 
ticles. It was estimated that 1 ug of lead in a plu- 
tonium target could imitate the previously observed 
effect’ attributed to the decay of element 102. 

A sensitive activation method was developed 
for the precise determination of lead impurities 
in plutonium targets. When lead is bombarded 
with carbon or oxygen ions, reactions with large 
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cross sections result in the production of Rn?! 


which is precisely characterized by a half-life of 
16 hours and by its equilibrium with Po2!!, which 
emits 7.43-Mev alpha particles. The plutonium 
targets were bombarded with carbon and oxygen 
ions and the Rn?!! yield, measured by an ioniza- 
tion chamber, was used to estimate the amount 
of lead that was present. The technique was sen- 
sitive enough to detect as little as 0.01 ug of lead. 
Since lead may be concentrated either deep 
within or on the surface of a plutonium target it 
was necessary to determine how the ratio of re- 
coil Rn?!! yield to that of the isotope associated 
with Eq = 9 Mev was dependent on target thick- 
ness. Lead targets of different thicknesses were 
irradiated. Table III gives the ratios of 9-Mev 
alpha activity to Rn?! yield for the lead targets 
(with the yield ratio for a 215 ug/cm? target taken 
as unity). The ratio is seen to depend strongly on 
target thickness. In addition to determining the 
amount of lead impurities in the plutonium we 
must therefore know its distribution over the 
target thickness. For this purpose we compared 
the relative Rn’! yields when plutonium targets 
were bombarded with oxygen and carbon ions. 
The same isotope Rn?!! is produced by both kinds 
of ions, but since the C!? ion transfers consider- 


TABLE III. 


Target thickness, ug/cm? 


1.00] 1.28 
1.00} 1.15 


Yield ratio of 9-Mev alpha ac+ 
tivity and Rn!" (from Pb + 0°) 


Ratio of Rn’ yields for the re- 
actions Pb+0** and Pb+C’? 


FIG. 4. Spectrum of alpha particles 
from the bombardment of lead with O*° 
ions. The 9-Mev and 12-Mev alpha-par- 
ticle groups are shown by means of 
broken lines, which represent the com- 
bined results of several experiments. 


ably less momentum than the oxygen ion to the 
nucleus the yield for the (Pb + C’) reaction de- 
pends much more strongly on target thickness. 
Table III also shows the relative yields of Rn?!! 
entering the catcher for the reactions (Pb + O'*) 
and (Pb + C!”), with the ratio for a 215ug/cm? 
lead target taken as unity. 

By bombarding plutonium targets with oxygen 
and carbon ions we were thus able to compute their 
lead content and distribution and thus to determine 
how much of the 9-Mev alpha-particle background 
was attributable to lead impurities. 

It must be mentioned that when lead was bom- 
barded with oxygen ions additional products were 
detected which decayed with the emission of 12- 
Mev alpha particles.!2, This emission was used as 
an additional control, but because of its low inten- 
sity it provides a much less accurate method of 
determining the lead content than the measurement 
of the Rn?!! yield. 


BOMBARDMENT OF Pu24! AND Pu??? wITH 
OXYGEN IONS: RESULTS AND DISCUSSION 


In most of the experiments with Pu”*!, target 
No. 1 containing 180 g/cm? of plutonium was 
used. This target was bombarded 40 times, in 
each instance for a period of 3 hours, with the 
catcher in the beam and near the photographic 


plate for 8 sec and a transfer time of 3 sec (Fig. 1). 


As in the earlier work,’ alpha particles with ranges 
in the interval 45 —51y of emuision were detected. 
The total number of such particles was 90. 


Table IV gives the results of an activation anal- ~ 


ysis of the targets for lead impurities, for both 
target No.1 and target No.2 made of Pu*4!, which 
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TABLE Iv. 


Target 


Yield ratio of 9-Mev alpha ac- 
tivity and Rn?" from 0?°- 
bombarded targets 


Ratio of Rn?" yields from tar- 
gets bombarded with O'° 
and C’”? ions 


will be discussed below. To make comparison with 
Table UI easy the values for a 215 wg/cm? lead tar- 
get are taken as unity. The comparison of the tables 
shows that the lead contamination of plutonium tar- 
get No.1 can account for only a fraction of the 9- 
Mev activity. Comparison of the Rn?!! yields from 
bombardmentwith O! and C! ions indicates that 
the lead impurities were close to the target surface. 
Even if it is assumed that the lead is uniformly dis- 
tributed throughout the target the lead can account 
for at most 40% of the total number of detected 
9-Mev alpha particles. 

Approximately the same result, although with 
considerably lower accuracy, is obtained by using 
the characteristic 12-Mev alpha rays produced in 
lead by oxygen ions. For a lead target the ratio 
of 9-Mev to 12-Mev alpha particles is 4.0 + 0.5. 

In the experiments with the Pu’4! target No.1 
this ratio was 8.0 + 2.0; this agrees with the fact 
that 25 —45% of the 9-Mev alpha particles are 
attributable to lead impurities. 

Scanning of the plate areas that could not be 
reached by alpha particles from the catcher in- 
dicated that the background from the (n, @) re- 
action and ThC’ contamination did not exceed 5%. 
The total background unassociated with the pro- 
duction of element 102 was thus not greater than 
half of the observed effect. 

Following further purification of the plutonium 
to remove lead, target No. 2 containing ~ 100 yg/ 
em? of Pu?! was prepared; the amount of lead was 
thus considerably smaller than in the first target 
(Table IV). Figure 5 shows the region of the 
alpha-particle spectrum above 7.5 Mev resulting 
from 10 three-hour bombardments of the second 
target with the recording apparatus functioning 
exactly as previously. A total of 20 particles 
was found with ranges in the interval 45 —51 yu 
of emulsion, but an activation analysis showed 
that only 4 of these could be attributed to lead 
impurities. 

Alpha particles with ranges 45 —5ly have a 
mean energy of 8.8 Mev. It mustbe remembered, 
however, that the synthesized nuclei are ejected 
from the target with considerable energy (~6 
Mev) and penetrate the catcher to a considerable 
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depth. Alpha particles emerging from the catcher 
have thus lost a portion of their energy, especially 
when emerging at small angles to the surface. 

The correction required to account for this effect 
was determined experimentally by measuring the 
ranges of alpha particles from Po?!! produced by 
oxygen-ion bombardment of lead. When this cor- 
rection is taken into account the alpha-particle 
group of present interest has the energy 8.9 + 0.4 
Mev. 

The repetition of experiments using oxygen ions 
and the additional control experiments thus con- 
firm the earlier conclusion‘ that element 102 is 
produced when Pu4! is bombarded with oxygen 
ions. 

In order to determine the half-life of the ele- 
ment-102 isotope we performed a series of 39 
three-hour bombardments in which the transfer 
time of the catcher from the target to the photo- 
graphic plate was 10, 100, and 250 sec, respec- 
tively, with equal lengths of time in the beam and 
adjacent to the plate. Unfortunately the first tar- 
get was used; the lead impurities hindered exact 
determination of the half-life for the activity of 
interest. It can be stated, however, that all ac- 
tivity with ranges 45 — 51, and therefore the 
isotope of element 102, decayed with a half-life 
< 40 sec. 

In experiments to determine the lower limit 
of the half-life the exposure period of the catcher 
was shortened to 3 sec while the transfer time was 
1.5—2 sec. The results indicate that the half-life 
cannot be shorter than 2 sec. 

In order to establish the mass number of the 
new isotope we attempted to determine the de- 
pendence of the cross section for its production 
on the bombarding energy, using 85-, 93-, and 
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98-Mev oxygen ions. In each instance the effect 
was too small to provide an exact excitation curve 
for the alpha activity of interest. It was estab- 
lished that the cross section increases consider- 
ably from 85-Mev to 93-Mev but is somewhat re- 
duced above 93 Mev. In consideration of the cross 
sections for the (0!%, 4n) and (O18, 5n) reactions 


13,14 the foregoing results may be re- 
241 


in uranium, 
garded as an indication that the reaction Pu 
(oO! 4n) probably took place in our experiments, 
producing element 1027°3, although we cannot ex- 
clude the possibility that element 102754 was pro- 
duced through a Cor. 3n) reaction. It was shown 
by the experiments on lighter nuclei (V, Nb) de- 
scribed in reference 15 that this latter reaction 
possesses considerably greater probability than 
would follow from the simple theory of nucleon 
evaporation from a compound nucleus. 

The cross section for the production of element 
102 can be determined only tentatively since a num- 
ber of imprecisely determined factors are involved. 
If we assume that the given isotope is subject only 
to alpha decay the cross section is of the order 
5 x 10-** em?, which is considerably smaller than 
the cross section obtained by the American inves- 
tigators for the reaction Cm" (C's 4n) ho2e°*. 

Pu2%? was also bombarded with oxygen ions. In 
similar experiments during the autumn of 19574 
alpha particles with energies > 8.5 Mev were also 
detected, although their yield for an identical 
amount of target material was about one-seventh 
as large as in the case of Pu**!. In 20 three-hour 
bombardments, corresponding to three times as 
much ion current to the target as in the previous 
work, we detected only one 8.8-Mev alpha particle. 
What had been observed previously when Pu2*? 
was bombarded was evidently entirely a back- 
ground effect. 

It must be remembered that when multiply- 
charged ions interact with heavy nuclei, protons or 
alpha particles may be emitted as well as neutrons. 
Therefore, when plutonium is bombarded with oxygen 
ions, mendelevium ( Z=101) or fermium ( Z=100) 
can be produced. According to the systematics of 
alpha-active nuclei, alpha particles with energies 
greater than 8.5 Mev can be emitted by isotopes of 
these elements that are lighter than Mv" and 
Fm**, However, when Pu‘! is irradiated with 
oO! ions these isotopes can be produced only in 
reactions involving the emission of seven or more 
nucleons; this is energetically impossible when 
98-Mev oxygen ions are used. 

Of course, departures from the systematics 
might occur in the direction of increasing the 
alpha-decay energy of Mv and Fm isotopes, i.e., 


Mv2>! or Fm" could emit alpha particles having 
energies greater than 8.5 Mev. There is consid- 
erably greater probability that these isotopes will 
be produced when 0! interacts with Pu?** than 
with Pu24!. The fact that more rather than fewer 
alpha particles with higher energy (~ 8.9 Mev ) 
result with Pu24! than with Pu2*? leads us to infer 
that this emission cannot result from the decay of 
mendelevium or fermium isotopes. 

At the Eighth Mendeleev Congress (in Moscow, 
March, 1959) A. Ghiorso reported preliminary re- 
sults from the bombardment of Cm”“4 with c!3 ions 
at the University of California. An isotope was 
produced having a half-life of 10 — 20 sec and emit- 
ting alpha particles with 8.8 + 0.1 Mev, which the 
American workers attributed to the decay of 102s 

It is the pleasant duty of the authors to thank 
Academician I. V. Kurchatov for his extreme in- 
terest in the present work. We are grateful for 
the constant assistance rendered by Yu. B. Gerlit, 
L. I. Guseva, and K. V. Filippova of the Institute 
for Geochemistry and Analytic Chemistry and by 
Yu. V. Lobanov, V. L. Mikheev, V. P. Perelygin, 
A. P. Pleve, and G. M. Ter-Akopyan of the Joint 
Institute for Nuclear Research, as well as for the 
valuable aid in matters of technique which was 
rendered by K. S. Bogomolov and A. A. Sirotin- 
skaya of the Motion Picture and Photography Re- 
search Institute, by D.G. Alkhazov of the Lenin- 
grad Institute of Physics and Technology and by 
S. P. Kalinin of the Institute of Atomic Energy. 
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Energy and angular distributions of protons from irradiation of gold with bremsstrahlung 
having E.max = 22.5 Mev were obtained. The results are compared with calculations 
based on the statistical theory and on the theory of a direct photoeffect. 


PROTON yields from irradiation of heavy elements 
(Z > 70) with bremsstrahlung having Eymax ~ 23 
Mev are 2 or 3 orders of magnitude greater than 
the yields predicted by the statistical theory of nu- 
clear reactions.! The spectra of the photoprotons 
also contradict this theory. Energy distributions 
computed from Courant’s theory of a direct photo- 
effect for nuclei like Bi2%, Ta!81 and Pb? have 
a shape which is in good agreement with the ex- 
perimental data of Toms and Stephens.” However 
the yields are 3.3 —13 times less than the meas- 
ured yields. 

The published data of Dawson? on the energy 
distribution of photoprotons from gold do not agree 
with either the statistical theory or the direct 
photoeffect proposed by Courant. His distributions 
could not be badly distorted by the contribution of 
deuterons. According to an estimate made in ref- 
erence 4, this contribution amounted to about 12%. 
However, the maximum energy of the photon spec- 
trum in reference 3 was set way above the region 
of the giant resonance — it was equal to 70 Mev. 
Protons with energies up to 17 Mev were recorded. 
This could lead to a sizeable contribution-:of more 
complex photodisintegrations with emission of 
protons and, consequently, would make more diffi- 
cult the analysis of the experimental results. 

In the present work, we have measured the en- 
ergy and angular distribution of photoprotons from 
irradiation of gold with bremsstrahlung having 
E, max = 22.5 Mev. The results are compared 
with the statistical theory and with Courant’s 
theory of a direct photoeffect, and also with com- 
putations using a theory of direct resonance emis- 
sion of nucleons, which takes into account the shell 
structure of the nucleus.® 


KXPERIMENTAL ARRANGEMENT 


The apparatus and the experimental setup have 
been described in reference 4. The source of y 
radiation was the synchrotron of the Physico- 
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technical Institute. A 58 mg/cm? gold foil, placed 
at an angle of 30° to the gamma beam, was irradi- 
ated. An area of 1.7 x 1.5 cm? was subjected to 
the y radiation. NIKFI-Ya2 nuclear emulsions, 
with a thickness of 200, recorded the protons at 
angles of 20, 40, 50, 60, 70, 80, 90, 100, 110, 120, 
140, and 160° with respect to the axis of the beam. 
The mean angle of entry of particles into the emul- 
sions was 8°. The distance from the center of each 
photoplate to the center of the target was 8.5 cm. 
The multiplate chamber was shielded with a 10 

cm layer of paraffin and a layer of lead of the 
same thickness. 

For the measurements on the photoplates, we 
selected particle tracks longer than 60, which 
started from the emulsion surface and were at 
angles which satisfied the geometrical conditions 
of the experiment. It was not possible to distin- 
guish singly-charged particles in the emulsion. 
However the yield of photodeuterons from Au!" 
is an order of magnitude less than the yield of 
photoprotons. The yield of tritons is still smaller. 
Because of this, all the selected tracks could be 
assumed to be proton tracks. The proton energies 
were determined from their measured range in 
emulsion and the known range-energy curve. Cor- 
rections were made for energy loss in the effective 
half-thickness of the target. 

Deuterons with a range > 60u, coming from 
(y, d) reactions and recorded as protons, gave a 
background amounting to ~12%.* In addition, the 
interaction of the scattered radiation with the 
chamber wall material produced a background 
of protons. These were mainly protons with en- 
ergies < 4.5 Mev. In the energy range of 7 —17 
Mev, they amounted to about 3%. The background 
from a particles of acceptable range was < 1%. 


RESULTS AND DISCUSSION 


The complete energy distribution of the photo- 
protons over the range 7 —17 Mev is shown in the 
histogram of Fig. 1. 
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FIG. 1. Proton energy distribution. 1—energy spectrum 
from the theory of direct resonance emission of nucleons; 
2— energy spectrum from Courant’s theory of a direct photo- 
effect; 3— energy spectrum from statistical theory. 


The failure of the evaporation model to explain 
the energy distributions and yields of photoprotons 
from heavy elements led to the assumption that in 
this case the (y, p) reaction goes mainly via a 
direct photoeffect. In Fig. 1, the solid curve shows 
the energy distribution of photoprotons computed 
from the theory of direct resonance emission of 
nucleons, according to the paper of Wilkinson.° 
In computing this curve we used the scheme of 
single-particle levels suggested by Klinkenberg.® 
The nuclear radius was taken equal to 1.3 x 107 
A’ om. 

The penetrabilities of the barriers for protons 
of various angular momenta and energies were 
computed by the WKB method. The depth V of 
the potential well was treated as a parameter. 

To get agreement between computed and experi- 
mental spectra required a value of V equal to 
~53 Mev. Small changes of well depth had little 
effect on the location of the maximum, which was 
at 10.9 Mev. The table lists the proton transitions 


Proton transitions | Proton yield, % 
2dz,, > 2fs), 0,9 
2ds), ma 3p), 56.9 
2d), a! 3Po/, 4.9 
2ds), ai: 2fs/, 0. 4 
2ds), => 3s), 37.4 
181), >. 2hs), 0.4 
400 


in Au!®? which give significant contributions to 
the emission of direct resonance photoprotons. 
The column on the right gives the relative yields 
of direct resonance photoprotons from these tran- 
sitions. We see that most of the protons from 


direct resonance photoemission come from d—p 
transitions. Curve 1 is normalized so that the 
area under it in the energy interval 10.2 —17 Mev 
is equal to the area under the experimental histo- 
gram over the same energy interval. Such a nor- 
malization assumes that all protons with energy 

> 10.2 Mev are due to the direct resonance photo- 
process. As we see from the figure, the shape of 
the theoretical spectrum is quite close to the ex- 
perimental shape. 

The ratios computed by Wilkinson of the cross 
sections for emission of direct resonance protons 
to the total cross sections for absorption of brems- 
strahlung with Emax = 23 Mev in heavy nuclei 
are in good agreement with experiment.’ For gold 
this ratio was equal to approximately 0.14%. If we 
use the data of reference 7, in which they found es- 
sentially the total integral cross section for absorp- 
tion of y quanta with this same maximum energy, 
the integral cross section for the (y, p) reaction 
on Au!®” will be equal to ~ 6.1 x 10727 Mev-cm?. 
In accordance with this number, we have added an 
absolute scale of ordinates at the right of Fig. 1. 

The dashed curve 2 shows the spectra of pro- 
tons from the direct photoeffect, obtained using 
Courant’s theory.® The shape of the energy distri- 
bution was computed from the formula?? 

Emax 

I(e) =f) \ N, (E) EE, 

Bpte 
where I(e€) is the relative number of protons with 
energy €; f(€) is the penetrability of the potential 
barrier; By = 5.72 Mev is the binding energy of 
the proton in Au!*’;! Emax is the maximum energy 
of the bremsstrahlung; N,(E) is the number of 
photons of energy E in the spectrum. 

Using the formulas given in reference 8, we 
computed the absolute cross section for emission 
of protons with an arbitrarily chosen energy 
(11.3 Mev). The depth of the potential well and 
the order of filling of the single-particle levels by 
protons was assumed to be the same as in the com- 
putation using Wilkinson’s theory. From the shape 
of the spectrum and the value at this reference 
point, the energy distribution was drawn on an ab- 
solute scale. The maximum of the spectrum was 
found to be close to the experimental value. How- 
ever the area under the curve gives an integral 
cross section of 1.15 x 1072" Mev-cm%, i.e., ap- 
proximately five times smaller than Wilkinson’s 
theory. 

As a result of collisions with other nucleons in 
the nucleus, protons which have absorbed a y 
quantum are lost to the direct photoprocess. This 
loss from the direct photoprocess can be taken 
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into account approximately by introducing into 
Courant’s formula for the total cross section an 
“escape” coefficient equal to 3A/4R. Here A is 
the mean free path of nucleons in nuclear matter 
and R is the nuclear radius. For proton energies 
corresponding to our experiment, A is ~ 3.5 

x 10713 em.!9 For Au!®", the coefficient is 0.35. 
If we take account of this probability of “escape” 
of protons from the nucleus without collision with 
other nucleons, the integral cross section from 
Courant’s theory becomes 15 times less than that 
predicted by the theory of direct resonance emis- 
sion of nucleons. 

It should be mentioned that the experimental 
yields of protons from the (y, p) reaction 
(Ey max = 23 Mev) on Bi2, Ta!®l, and Pb? are, 
respectively 3.3, 8, and 13 times greater than the 
yields computed from Courant’s theory.” 

The dashed curve 3 shows the proton energy 
distribution computed according to statistical 
theory, using the formula? 

E max 
I (s) = 6c (s)e7#/7 \ N,(E) sy, 2 (E) dE, 
Byte 
where oc(¢€) is the cross section for capture of 
a proton with energy e¢ by the residual nucleus;® 
dyn() is the cross section for the (y, n) 
reaction on gold for quantum energy E;’ T is the 
temperature of the residual nucleus in Mev. 

The curve was normalized so that the area 
under it in the range 7—17 Mev was equal to the 
difference between the area under the experimental 
curve and the area under the curve corresponding 
to Wilkinson’s theory. The best agreement with 
the experimental spectrum was obtained for T 
= 0.54 Mev. Such a value of T does not contra- 
dict existing data on nuclear temperatures for 
heavy elements. The maximum of the distribution 
was around 6.5 Mev. Curve 3 shows that the pos- 
sible contribution from protons caused by an evapo- 
ration process is small. It can amount to several 
percent of the total yield of the (y, p) reaction. 

In view of the overlap of the energy regions of pro- 
tons from the direct photoeffect and from evapora- 
tion, it does not appear possible to give a more 
exact value for this contribution. 

According to the theory of the direct photo- 
effect,°*® the angular distribution from transitions 
of the type 1—J1-1 has the form 


delet tine, 
dsp g— 1 a sin’6, 
where / is the initial orbital angular momentum 
of the proton. Computation of the energy spectrum 


according to the theory of direct resonance emis- 
sion of nucleons showed that 99% of the protons in 


direct photoemission are caused by d—p transi- 
tions. For such transitions, 


do» 3,—~ | + O17 sin? 9. 


In other words, an almost isotropic distribution 
is predicted. In Fig. 2 we show the angular distri- 
bution for 197 protons with energies 9 —15 Mev. 
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The maximum error in determination of solid 
angles is < 15%. Only the statistical errors are 
shown on the graph. The observed angular distri- 
bution is close to isotropic, and is not in contra- 
diction with expected shape for d—p transitions. 

It is interesting to note that the angular distri- 
bution of protons with energies 8 —11 Mev, ob- 
tained by Dawson,? was also almost isotropic. 

The computations show that the theory of direct 
resonance emission of nucleons agrees best with 
our experiment. 

The author thanks A. P. Komar and G. M. 
Shklyarevskil for valuable comments and help with 
the work, and also the accelerator group for unin- 
terrupted and stable operation of the synchrotron. 

Note added in proof (December 15, 1959). 
After the paper was sent to press, the absolute in- 
tensity of the synchrotron beam for Eymax = 22.5 
Mev was measured. It was then possible to com- 
pute the yield of protons with energies up to 17 Mev 
from the (y, p) reaction on Au!®", and this value 
was found to be Y = (1.6 + 0.9) x 107° protons/ 
mole-Mev. This value is in good agreement with 
the results of Dawson,° and in poorer agreement 
with the value obtained by Weinstock and Halpern.! 
The yield of photoprotons from gold, computed by 
Wilkinson? according to the theory of direct reso- 
nance emission of nucleons, is in satisfactory 
agreement with our value. 
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Extensive air showers having from 5 x 10° to 10: particles were investigated. Data are pre- 
sented on the absolute shower intensity, the value spectrum exponent, and on the lateral dis- 
tributions of the electron-photon component and of the » mesons of these showers. Data on 
the electron-photon component indicate either that there is no equilibrium between the electron- 
photon and the nuclear components in ultra-high-energy showers in the lower layers of the at- 
mosphere, or that the lateral distribution of the electrons on the periphery of the shower is de- 
termined not only by the Coulomb scattering, but also by the particle angular divergence in the 


elementary nuclear-cascade events. 


INTRODUCTION 


An investigation of ultra-high-energy showers 

is of particular interest in the determination of the 
origin of cosmic rays and in the study of the proc- 
esses that lead to the development of such showers 
in the atmosphere. There are at present relatively 
few papers devoted to a study of ultra-high-energy 
showers. These pertain to the work done by Soviet 
scientists in 1952-1957 at sea level! and on moun- 
tains,” to the work of Cranshaw, Galbraith, et al.,°~° 
and the work of Clark et al.,’ reported in 1957-1958 
and performed at sea level. 

The type of the muon lateral distribution func- 
tion was determined, not very accurately, with a 
small hodoscopic array,’ and the lateral distribution 
function of all the charged particles was obtained in 
that experiment from the “separation curve.” Cran- 
shaw’s group® © investigated in detail showers of the 
same energy as in reference 1, but the number of 
particles in each registered shower was not deter- 
mined, and the data on both the shower particle 
spectrum and the lateral distribution function were 
averaged over showers that produced a definite 
charged-particle density within a circle of a speci- 
fied radius. The use of luminescent counters has 
enabled Clark et al.’ to investigate extensive atmos- 
pheric showers most accurately, but they merely 
verified whether the registered flux densities of 
all the charged particles satisfied certain lateral 
distribution functions (with a parameter value s 
= 1.4, see reference 8). 

The present investigation was devoted to a study 
of showers with 10° to 10° particles. The work was 
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performed with part of a large array built at the 
Moscow State University for an all-out investiga- 
tion of extensive atmospheric showers at sea level. 
We note that the use of part of the array described 
in the present paper jointly with part of the array 
described earlier (see, for example, reference 9) 
yielded many new data on the energy characteris- 
tics of electron- photon and muon components.'° 


DESCRIPTION OF THE EXPERIMENT 


The apparatus was mounted on ten laboratory 
carts. Seven of the carts were located at the center 
and at the corners of a hexagon inscribed in a circle 
150m in radius, while the remaining three were 
located on one straight line (Fig. 1) at distances up 
to 800m. The carts had light covers made of can- 
vas and glass wool, and the total amount of matter 
above the counters used to register the shower 
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FIG. 1. General plan of the installation. The numbers indi- 
cate the cart numbers, K — part of the apparatus described in 
reference 9. 
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particles did not exceed 1.5 g/cm’. Charged- 
particle and penetrating-particle detectors were 
placed in each cart. The charged-particle detectors 
were self-quenching Geiger-Miiller counters of 330 
and 100 cm? area. In each cart there were 100 
counters of the former type and 24 of the latter. 
The penetrating-particle detector comprised 24 
counters (each of 330 cm? area) arranged in one 
row and surrounded by an absorber made of iron 
and lead. Figure 2 shows a section through the de- 
tector. Each counter of the apparatus was included 
in a GK-7 hodoscopie cell. 
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FIG. 2. Section through the penetrating-particle detector. 


The apparatus was controlled upon simultaneous 
operation of four groups of counters, each of 3960 
cm? area (12 counters of 330 cm? area connected in 
parallel). Each counter in the control groups was 
also connected to a corresponding hodoscopic cell. 
Two control counter groups were mounted on cart 
No.9, and two on cart No.10. The control pulses 
were transmitted to the hodoscopic cell through a 
high-frequency cable and delay lines, one in each 
cart. The delay time was chosen such that, during 
the registration of a shower with a vertical axis, the 
control pulse shouldarrive inthe middle ofthe reso- 
lution-time interval ofthe hodoscopic cells. The min- 
imum resolving times of the hodoscopic cells were 13 
psec incarts 1—3 and 9psec incarts 4—10; the re- 
sultant mean values were 20 and 15 usec respectively 

The apparatus made it possible to locate the 
axis and the number of particles of the registered 
shower, provided the axis was within the limits of 
the apparatus and the shower had a sufficient num- 
ber of particles. The density distributions re- 
corded by our apparatus were such that in most 
cases when the shower axis fell within the hexagon 
its position could be located accurate to half the 
distance between measurement points without using 
any particular type of lateral distribution function. 
To place the axis position more accurately it was 
assumed that the lateral distribution function for 
the investigated showers was the same at distances 
r up to 250 or 300m from the axis as for showers 
with N <5 x 10° particles:'!* 


OUT i= eae!) 5 r<96m, 
if 
of) Ss r > 96m, (1) 
*The results given in this reference confirm that the lateral 


distribution function for the charged particles of the investi- 
gated showers is ~1?°° at r > 100 m. 


where p(r) is the particle density at a distance 
r from the axis. 

To find the axis and the number of particles in 
the shower we used the readings of the carts ar- 
ranged in a hexagon. From the known formulas 

pie (pes Aegean 

mata © V(njm) (n—m) 

we determined the most probable density p at the 
cart location, when m out of the n counters of 
area o inthe cart operated. The ratio of the par- 
ticle density at two measurement points and the 
distance between these points were used to plot 
the geometric locus of the axis for a specified 
lateral distribution function. Since the determined 
density was subject to an error, two curves were 
plotted for each specified density ratio k, corre- 
sponding to k+ Ak and k—Ak; the region between 
these two curves was taken to be the region of most 
probable axis location. We could choose for our 
apparatus at least three independent pairs of den- 
sity registration points and find the intersection 
of the three regions corresponding to these three. 
independent pairs. The center of the new region 
thus obtained was taken to be the shower axis. 

The average number of shower particles N was 
determined, after finding the shower axis, from the 
formula 


— 4 ut 
N=- IN, Ne=e(r) e (rd: 


1 

where 
(ri) = rie LD NOR. ee OG) en), 
 (r:) = 72 /0.60, r; > 96 m, 


and p(rj) is the density reading of the i-th point, 
located at a distance r from the axis. 

The error in the determination of the axis was 
25m when the axis fell within a circle of 150m 
radius centered at cart 8; the error in the deter- 
mination of the number of particles was not more 
than 20% for each individual shower. 

A total of 1000 showers was recorded by the 
apparatus after 1420 hrs of observation. To de- 
termine the absolute intensity in the lateral dis- 
tribution functions, we selected for further data 
reduction those showers in which not less than 30 
counters of 330 cm? area were operated in each 
of three carts. This criterion led to a separation, 
with 100% probability, of showers with more than 
0.7 x 10' particles and with an axis within the hex- 
agon. Approximately 300 such showers were se- 
lected. It must be noted that in 15% of the 300 
showers we could not find the axis position, al- 
though the showers had a clearly pronounced 
charged-particle flux-density gradient within 


76 A. T. ABROSIMOV ‘et al; 


the limits of our apparatus. In approximately 
one-third of these showers we could assume, with 
equal probability, that the shower axis passed 
either inside or outside the location of our appa- 
ratus, and in two-thirds of these showers the dis- 
tribution of the densities was in sharp contradic- 
tion to the lateral distribution function selected 
by us. We estimated the number of shower par- 
ticles for the first shower group under the as- 
sumption that the axis was located within a circle 
of 150m radius. It was found that these showers 
always had less than 1 x 10’ particles. All these 
showers were excluded from further considera- 
tion.* 

The probability of registering showers in our 
apparatus was nearly 100% for N=1 x 10’. Direct 
numerical integration has shown that the probabil- 
ity of registering showers with our apparatus within 
a circle of 150m radius (with allowance for the de- 
pendence of the registration on the angle of inclina- 
tion of the showers) coincides within 2 — 3% with 
the registration probability calculated under the 
assumption that the shower axes are vertical. 

We have calculated the vertical shower inten- 
sity I) (= N) with more than N particles per unit 
time, unit area, and unit solid angle, using the fol- 
lowing formula 


vt 21 
Pde fy 


C(N) dN 


I,(>N)= . 
o ( ) Vw N, x, y) dxdy 


where T is the time of registration, S is the 
area of registration, equal to the area of a circle 
of 150m radius, C(N)dN is the number of show- 
ers registered with particles ranging from N to 
N+dN, W(N, x, y) is the probability of register - 
ing a shower with a vertical axis passing through 
the point (x, y), and v is the exponent of angular 
distribution of the showers, taken from reference 
12s 

After 1484 hours of operation we registered, in 
an area 7 x 104 m?’, 75 showers with N= 10! and 
8 showers with N= 3x10‘, which yields the fol- 
lowing absolute intensities: 


I (> 10%) = (1.36 £0.2)-10- m~*hr7! sr7! 
1 (> 83-10%) = (1.24 £0.43)-1077 m=2hr7! sr7!. 


On the pasis of these data we recalculated the value 
spectrum exponent y, using the formula 


*For the remaining 2/3 of the showers we have also esti- 
mated the number of particles in the shower, under the assump- 
tion that the axis falls within the hexagon and the function is 
close to that selected by us. If the indicated estimates are true 
and the axes actually lie within the hexagon, then the absolute 
intensity given in the article may be undervalued by 15%. 


= In (Ni) /7 (N21 /10 (M1 / Ne) 


and obtained y = 2.0 + 0.35. 

The results obtained in our apparatus are also 
used to determine the value spectrum exponent by 
the method of area variation. Since the control 
groups of counters represented 12 counters in 
parallel, each connected in a hodoscopic cell, we 
could calculate the number of four-fold coinci- 
dences of the counter groups with areas 3960 and 
1320 cm?. From this we could calculate the value 
spectrum exponent on the basis of y’ using the 
formula 


x’ = In [C (93) / C(s2)] /1n (61 / 22), 


where C(oc) is the number of four-fold coinci- 
dences of counter groups with area o. For 1000 
four-fold coincidences of groups of 3960 em? 
counters, 112 four-fold coincidences of 1320 em? 
counters were registered and we obtained y’ = 2.0 
+ 0.10. The value spectrum calculated by us indi- 
cates that this exponent belongs to the shower in- 
terval (0.3 —1.2) x 10" particles. 

To construct the lateral distribution functions 
we used the 200 densest showers with N = 5 x 10%, 
the axes of which were not farther than 200m from 
the center of the hexagon. These showers were 
used to plot the averaged lateral distribution func- 
tions of electrons and muons. The averaging was 
for four shower groups over the number of par- 
ticles and over the distance intervals. 

The intervals of averaging over N were 0.5 
x10°—1.x 10", T <0" — 3 x0" 8310 ee 
and 7 x 10'— 10°. The intervals of averaging over 
r were: 100—130, 130—160, 160 —200, 200 —250, 
250 — 320, 320 —400, 400 —500, 500 —640, 640 — 
800, and 800 —1000 meters. The averaging over 
N was under the assumption that the flux particle 
densities were proportional to the number of par- 
ticles in the shower. 

The determined average densities were referred 
to the center of the interval r andtoa showerwith 
N = 2’Nj/n particles, where n is the number of 
showers entering within the interval over which the 
averaging over r is carried out; N; is the number 
of particles in the i-th shower from this interval. 

The average value of N for different distances 
had a spread not greater than 20%. This spread was 
taken into account by suitable normalization in the 
construction of the lateral distribution function of the 
electroncomponent and of the penetrating particles.* 


*In the construction of the lateral distribution function for 
the muons it was assumed that the number of muons is propor- 
tional in first approximation to the number of shower particles 
N; if the actual dependence, ~N°:”* (reference 6), is taken into 
account, an insignificant error results. 
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TABLE I. Values for the exponent n for the electron component 


Distances from 
the axis, m 


0.7-407 407 WF 
| 1,7-40 | 46-40? | 11-408 | N = 2-107 


80-350 | 2.66+0.14] 2.640.1 |2.6940.24! 
350-1000 |3.35+4+0.8 | 2.6+0.6 | — Poa 


TABLE II. Values of the exponent n for mesons 


Distances N 
from the 


axis, m 407 Te : 10 a 
, 0.7-10 | 1,7-10? | 4,6-407 | 41.4-408 | N = 2-407 


350—1000 | 2.0+0.4 


Random coincidences were accounted for at 
large distances from the shower axis. The maxi- 
mal correction, corresponding to a distance of 
900m and showers with N = 0.7 x 10! particles 
amounted to 25% of the registered particle den- 
sity. In plotting the muon lateral distribution 1 
functions it was assumed that the contribution 
of the nuclear-active particles was negligible at 
these distances.’ Each firing of the counter in the 
detector under the lead was assumed to be due to 
a muon. Corrections were introduced for 6 -elec- 
trons. The number of firings of two neighboring 
counters at distances more than 300m from the 
axis was determined experimentally. The number 
of such events was 10% of the total operating count- ey 
ers under lead at these distances. It was assumed 
then that 10% of firings under lead were due to 6- 
electrons. This percentage agrees with estimates 
of the number of 6 -electrons obtained for analo- Ale 
gous detectors in other investigations.'! ae 

We plotted the radial distribution functions for 
the electron and meson components of the shower. 
The electron density was determined as a differ - 
ence between all the charged particles and the 5 
mesons with equilibrium electrons, and it was { 
assumed that the equilibrium electrons amount to } 
30% of the number of muons. The lateral distribu- { 
tions obtained for the electronic and mesonic com- : sae 
ponents were approximated with an r” law. 

Tables I and II give the values of n for showers. ; : 
with different numbers of particles for different a 29 Shoes it 
distances from the axis. It is seen from the tables FIG. 4. Lateral distribution of nuons for showers with N 
that the lateral distribution functions are independ- = 2x10". 
ent of the number of shower particles within the DISCUSSION OF THE RESULTS 
limits of statistical error. We have therefore av- 
eraged further and obtained the lateral distribution 
functions for showers with N = 2x10", as shown 
in Figs. 3, 4, and 5. The exponent n for the aver- 
age functions is listed in Tables I and II. 


Zz 26 3 logr 
FIG. 3. Lateral distribution of charged particles for N =2 
x 10’. 


The results on the absolute intensities of show- 
ers agree, within the limits of errors, with analo- 
gous data given in references 5 and 7. According 
to reference 7, I (= 1x10") = (1.95 + 0.6) 
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FIG. 5. Lateral distribution of the electron component for 
showers with N = 2 x 10’. Curves — theoretical lateral-distribu- 
tion functions for different values of s. The experimental and 
theoretical curves were normalized to the total number of par- 
ticles in a shower at a distance from 10 to 1000 m, and the ex- 
perimental points for distances less than 100 m were extra- 
polated in accordance with formula (1). 


x 107?m~hr-'sr7!. According to reference 5, 
Ease 410') (1,252 0:3) X10 °m “hrs sr’. 

It was found in reference 3 that the integral value 
spectrum exponent experiences a sharp change in 
the region N ~ 10°. Our data obtained for showers 
with more than 3 x 10° particles confirm these re- 
sults. 

We have compared our experimental lateral dis- 
tribution functions for electrons with the results 
calculated by the electromagnetic cascade theory® 
(Fig. 5). The form of the lateral distribution func- 
tion is determined by the values of the constants 
used in the cascade theory formulas, viz: the radi- 
ation unit length t) and the critical energy B. In 
many foreign investigations, including those of 
Nishimura and Kamata,® from which we took our 
theoretical curve for comparison, these constants 
were ty) =37.7 g/cm’, and B = 84.2 Mev. But 
there is more justification for assuming B* = 72 
Mev and ty = 3,0! g/cem?,!4 Then, considering 
that the shapes of the theoretical curves are de- 
termined only by the parameter s, we should as- 
sign to the curves with parameter s, given by 
Nishimura and Kamata® a parameter s*=s 
x (0.9 + 0.033s)~!. This follows from the defini- 
tion® 


$= 3f/[¢-+21n (E,/«,)]. 


We have plotted the electron lateral distribution 
functions, taking for rpg the following value:'® 


ry = E,X#T /B* (op — 0.07) 273 = 80 m, 


where B* = 72 Mev, Xj is the length of one t- 
unit in meters at the level of observation, p is 
the pressure in the atmosphere, T is the average 
absolute temperature during the time of measure- 
ments (T = 290°K), and Eg is the scattering 
constant, assumed by us to be 19 Mev in accordance 
with reference 16. As can be seen from the com- 
parison of the theoretical and experimental curves 
(Fig. 5), the electron lateral distribution function 
fits a theoretical curve with a single s. 

Nishimura and Kamata have proved!" that if 7° 
mesons are formed only in the axis of the nuclear- 
cascade shower, and the photons have the same di- 
rection as the shower axis, then the structural elec- 
tron function can be represented by the structural 
function of a single electron-photon cascade of age 
s, which is determined by the value of the free ab- 
sorption path A of the particles in the shower. In 
this case, on the basis of the values of 7 measured 
by Cranshaw et al.,° one would expect the experi- 
mental data for our showers to coincide with the 
theoretical curves at a parameter s =>1.17. The 
equality occurs when the electron component and 
the nuclear avalanche are balanced. We can there- 
fore conclude from our experimental results that 
in ultra-high-energy showers there is either no 
equilibrium between the electron-photon and nu- 
clear components in the lower layers of the atmos- 
phere, or else the electron lateral distribution is 
determined not by Coulomb scattering alone, but 
also by the angular divergence of the particles 
during the acts of the nuclear-cascade process. 

In conclusion the authors express their grati- 
tude to S. N. Vernov for the great help in the work, 
and also to K. I. Solov’ev and Yu. I. Lozin who 
helped in the performance of the measurements. 
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In this paper it is shown that the first-order coordinate conditions actually used by Einstein 
and Infeld in the problem of the motion of masses coincide with the harmonic ones and define 

a coordinate system in this order of approximation up to a Lorentz transformation. The dif- 
ference between the Einstein-Infeld and the harmonic coordinate systems is characterized by 
the order of smallness of admissible non-Lorentz transformations [Eq. (10)]. These differ- 
ences may be found explicitly. They are so small that they cannot affect the form of the equa- 
tions of motion in the first post-Newtonian approximation. On the basis of the results obtained 
a criticism is given of the general attitude of Einstein and Infeld to the problem of coordinates. 


1. INTRODUCTION 


‘Tue equations of motion for a system of masses 
in Einstein’s gravitation theory are derived on the 
assumption that the system is of an insular nature 
and that at infinity space is Euclidean. Thus, in 
this problem the specific case is considered when 
there exists a coordinate system, known as har- 
monic, which is uniquely defined up to a Lorentz 
transformation (the existence of such a system 
follows from the uniqueness theorem for the wave 
equation). Because of this in the present problem 
the question of the coordinate system may be eas- 
ily investigated to the end. Nevertheless this 
problem is discussed incorrectly in the papers 

of Einstein and Infeld. The aim of the present 
note is to establish in an explicit form the rela- 
tionship between the coordinate systems which 
are actually used in the papers of Einstein and 
Infeld and the harmonic coordinate system. This 
will shed light also on the general principles of 
the problem under discussion which have been 
incorrectly dealt with by these authors. 


2. COORDINATE CONDITIONS IN THE ZERO- 
ORDER AND THE FIRST-ORDER APPROXI- 
MATIONS 


In the present author’s 1939 paper! and in all 
his later papers the harmonic coordinate system 
is adopted in which the quantities gHY = V—g guv 
satisfy the following equations 


dgh 
me (1) 
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The time is adopted for the zero coordinate 
Xp: Xj =t. The following general approximate 
expressions have been obtained for the quantities 
gl? 
g° = l/e+ 4U/c? + 4S/c%, 
go! = 4U,/c? + 4Si/c*, 


gi* = — Che + 4Sx/c?. (2) 


Expressions (2) lead to the following equations 
gee =O (/e*). gh == O(c). 

g!* + Coie = O (l/c), (3) 
which we shall call the zero-order coordinate con- 
ditions. In the zero-order approximation [when the 
right hand sides of (3) are neglected] relation (1) is 
satisfied because the main terms in the diagonal 
elements of g4’ are constant and terms of order 
1/e are absent in 9% and ik. 

The same zero-order coordinate conditions have 
been adopted in the papers by Einstein and Infeld.3~* 
The notation in their papers differs somewhat from 
ours. They have adopted xy = ct, and the poten- 
tials gyp are expressed in terms of the auxiliary 
quantities y,y» by means of the formula 


ivi CnSpy (1 r= = CaX cen) == Ypvs (4) 


where e9 =1; e, =e, =e3=-—1. For the quanti- 
ties yyy expansions in powers of the small param- 
eter A (for which one may take 1/c) are used, 
viz: 


wo = oo =f Moo ae ook anal 
6 
We = MY oF Sa ae Di Oe) 
3 5 


RA 
Vik =! Vir 


6 
BSS iea is Oo.n 
4 6 


(5) 
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The index below the letter y denotes that this ex- 
pression is the coefficient of the corresponding 
power of i. 

In connection with the radiation conditions on 
the potentials, and also in connection with the re- 
quirement of uniform convergence, doubts arise 
with respect to the justification of the use by Ein- 
stein and Infeld of infinite series of the form (5). 
However, we are interested only in the first terms 
of these series; therefore we shall here leave this 
question aside. 

From a comparison of formulas (4) and (2) it 
follows after some calculation that 

4U 4S —6U2 


Too = c2 c4 ? 
4U,  4S;—8UU, 
Oi = C3 O° ’ 
2U2 48 sp 
Th Se ork — : (6) 


It may be easily seen that if 7 = 1/c, then the 
conditions for the zero-order approximation (3) 
are algebraically equivalent to the requirement that 
the first terms of the series for Yuv Should be of 
the form (5), i.e., that the series for yoo, yoj, and 
Yik Should begin with terms of order Ne ie and: 
v4 respectively. This may be written in the form 


Yoo = 0, Yo = 9, {ir = 0. (7) 
0 1 2 


Thus, conditions (3) and (7) are equivalent. 
These conditions follow from an investigation of 
the approximate expressions for the components 
of the mass tensor in coordinates close to Carte- 
sian ones. They were obtained in this way both 
in our paper,! and also in the papers by Einstein 
and his collaborators.*»° 

It should be noted that although Einstein, Infeld 
and other authors admit that formulas (3) or (7) 
are essential for the derivation of the equations 
of motion, they deny that these formulas represent 
coordinate conditions. But it is possible to show 
(cf. Sec. 3) that conditions (3) define (in the ap- 
proximation under consideration) the coordinate 
system up to a Lorentz transformation. 

The coefficients U, Uj; in expressions (2) for 
g°? and gt enter into the formulation of the co- 
ordinate conditions in the next approximation. The 
quantity U is the Newtonian potential, while the 
quantities Uj; are the components of the vector 
potential, and the following equation holds 

au, 
a wage (8) 

In the given coordinate system the quantities U 
and Uj are uniquely determined by physical con- 
siderations (from a consideration of density and 
mass flux). Since the coordinate system is fixed 


in the zero-order approximation* we can likewise 
regard the quantities U and Uj as being fixed. 
But then we can make the coordinate conditions 
(3) more precise by writing them in the following 
form 


git + cd, =O i (9) 


We shall refer to these conditions [together with 
relation (8)] as the first-order coordinate conditions. 
We shall see later that these conditions fix the co- 
ordinate system (already in the next approximation ) 
up to a Lorentz transformation, so that only a trans- 
formation of the following form 


t’ = t+ a/cs: x; = x; + at/ct. (10) 


remains a non-Lorentz one. 

Our first-order coordinate conditions are also 
equivalent to those of Einstein. Condition (8) is 
explicitly given by Einstein and Infeld® (although 
in somewhat different notation) in the following 
form 


10 Noi 
(325028) ay 
where the subscript A? denotes that the coefficient 
of A? in the corresponding expression should be 
taken. 

As regards the method of fixing U and Uj 
(i.e., Yoo and Yo; in the notation used by the two 
authors quoted earlier), this is explicitly dealt with 
on p. 227 of their article® [formulas (10.6) and 
(10.8)]. There it isdirectly stated that the values of 
the potentials U and Uj (in our notation) charac- 
terize the problem. 

Thus, not only in the zero-order but also in the 
first-order approximation, the conditions of Ein- 
stein and Infeld are equivalent to our conditions 
which follow from the requirement that the coordi- 
nates be harmonic. 


3. ADMISSIBLE TRANSFORMATIONS OF COOR- 
DINATES 


We now examine the extent to which the zero- 
order and the first-order conditions restrict the 
coordinate system. 

We carry out the following infinitesimal trans- 


- formation of coordinates 


*Without restricting generality we may take the remaining 


arbitrary Lorentz transformation to be equal to the identity 
transformation. 
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L_ = Iq + HP (Lo%1X2%s). (12) 


By considering gH’ as functions of their arguments 
we easily obtain* 


ony On r) es 
gh oh a gag, hat), (13) 
and, if the initial system was harmonic, then 
DS 0 ft vet va. Van & 
bgt = = — (g*4" + gy — gn). (14) 


In the course of the following argument we shall 
ascribe to the quantities 7’ a definite order of 
magnitude with respect to 1/c. 

On taking for gH’ approximate expressions 
which satisfy the zero-order condition we obtain 
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We examine the consequences for dg” arising 
from the zero-order coordinate conditions. It is 
evident that all 6g4’ must be of order not smaller 
than 1/c®. On the other hand, even if the quantities 
n@ should not contain powers of c in the denomi- 
nator, the terms which we have denoted by O (n/c?) 
will be of order not smaller than 1/c3. By neg- 
lecting them and by setting 6g4”’ =0, we obtain 
for the quantities n® a system of equations which 
characterizes an infinitesimal Lorentz transfor- 
mation. 

In particular, if we do not consider translations 
and spatial rotations, we have 


4 ; 
a = sale (x:V2); x = _— V;t. (16) 


Thus, the zero-order conditions (3) fix the co- 
ordinate system up to a Lorentz transformation in 
which 7 are quantities of zero order? with re- 
spect to 1/c. 

Having established this, we may without restric- 
tion of generality assume that the Lorentz transfor- 
mation given above reduces to the identity trans- 
formation, and we may proceed to investigate the 
case when the quantities 71 are of order 1/c? or 
higher. By repeating the preceding arguments we 
may easily see that as a result of the first order 
conditions (9) the same system of equations is ob- 
tained for the quantities 7%, and we again obtain 
a Lorentz transformation in which the quantities 


*Cf., for example, our book,” fermulas (48.20) and (48.21). 

tFrom this it follows, in particular, that coordinate condi- 
tions (3) are sufficient to enable us to write Newton’s equa- 
tions of motion (cf. reference 6). 


V;_ may now be of order g?/c*, where q is some 
velocity of zero order with respect to c. (Without 
a restriction of generality we may regard this 
Lorentz transformation as also being reduced to 
the identity transformation. ) 

We have thus proved that the first-order con- 
ditions adopted by Einstein and Infeld firstly coin- 
cide with ours and, secondly, define the coordinate 
system uniquely up to a Lorentz transformation. 

The admissible non-Lorentz part of the trans- 
formation which does not violate the first-order 
conditions is equal to 


4? = a/c, = 0c" (17) 


where a? and a! are of zero order with respect 
to 1/c. It is quite evident that the difference be- 
tween the two coordinate systems: the harmonic 
one (t, xj) and the non-harmonic one (t’, Xi), 
where 


t=t+ar/c, x;=x;+a'/c4, (18) 


cannot yet affect the equations of motion in the 
first post-Newtonian approximation. 

Thus the fact that the Einstein-Infeld equations 
coincide with the equations of motion in harmonic 
coordinates is to be explained not by saying that 
these equations allegedly do not depend on the co- 
ordinate conditions, but simply by the fact that the 
Einstein-Infeld coordinate system does not differ 
from the harmonic one in the approximation under 
discussion. 


4. CONNECTION BETWEEN DIFFERENT COOR- 
DINATE SYSTEMS IN THE SECOND-ORDER 
APPROXIMATION 


In order to show in the clearest possible way 
that the Einstein-Infeld coordinate system differs 
from the harmonic system only by small terms of 
the form (17), we shall obtain explicit expressions 
for these terms. 

To do this it is necessary to examine the second- 
order conditions adopted in the papers of Einstein 
and Infeld and to compare them with the harmonic 
ones. 

The second-order harmonic conditions will be 
obtained if in Eq. (1) we collect terms of order 
1/c®> for 4 =0 and terms of order 1/c® for 
lu =1. We then have 

os , OS; ou, 
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As regards the Einstein-Infeld conditions, we 
shall write them in two different forms. However, 
in actual calculations only the second form is utilized. 
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The first variant can be written in the following 
form 


é OX 00 Tor) 
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19% Op 
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and the second variant in the form 


e OX00 28 
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OY ip 
Erp mg, ee ( ‘) = 0. (21) 
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Here the subscripts A‘ and A° denote that the co- 
efficients of A* and A*® should be taken in the cor- 
responding expressions. 

If we denote the Einstein and Infeld coordinates 
by (t’, xj), then in order to distinguish them from 
the harmonic coordinates (t, xj), we ought to in- 
sert primes on the independent variables in formu- 
las (20) and (21). However, in the present approxi- 
mation the distinction between the two sets of co- 
ordinates is not significant and the primes may 
be omitted. 

We assume that in the Einstein-Infeld coordi- 
nates the quantities S, Sj and Sj, in formulas 
(2) have the values S’, Sj, Si, (while we retain 
the notation S, Sj and Sj, for the same quantities 
in the harmonic coordinates). As regards U and 
Uj, in virtue of the first-order coordinate condi- 
tions the values of these quantities in the two co- 
ordinate systems coincide. In accordance with 
(6) we now have 
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4U,  4S;—8UU, 
Yoi = C2 c y, 
2U2 . 4S, 
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On substituting these expressions into (20), we 
obtain for the first variant* 


as’ 98; _ 3. aU), 9 UU) aU, , Siz 4 A (U2) 
Bator. © OF ‘ nS io oh SOS goals Sea ED 
(23) 


In the second variant the term 98Uj/at is ab- 
sent in the left hand side of the second equation 
of (23). On setting 


8S = S’—S; SS) = S)-— Sy; SSin = Sir —Siz (24) 


and on utilizing the harmonic relations (19), we 
obtain ; 


(25) 
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in both variants and then 


*], Fikhtengol’ts has assisted me in the derivation of some 
of these formulas. 
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Keeping in mind the fact that in formula (12) for 
the transformation of coordinates the quantities 


mo = a/e*, ni aise (28) 


are so small that their squares may be neglected, 
we may treat this transformation as an infinitesi- 
mal one and calculate the differences (24) with the 
aid of the formulas 


48S = 083g, 48S; =c8dg%, 48Sy = cP8gik, (29) 


where 6g’ have the values (15). On substituting 
into these equations expressions (17) for 7’ in 
terms of a’, we obtain 
da’ . da’ Bad 
Sa - 48S; = BE ay 
dats Oat dak 
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On introducing these expressions into the Einstein- 
Infeld coordinate conditions we obtain 
8 (U2) d(UU;) 


and then in the case of the first variant 
pa HOE 
— Aa =2 ix, (32) 
and in the case of the second variant 
— a (U2) ou; 


Thus, in the transformation formulas (10) the quan- 
tities a’ are determined from the Poisson equa- 
tions so that if we wish, we can write explicit ex- 
pressions for them. If we, moreover, require that 
at infinity the coordinates should go over into Gali- 
lean coordinates, then in the expression for a” the 
only undetermined terms will be linear terms cor- 
responding to a Lorentz transformation. 


5. CONCLUSION 


The general aspect of the problem which we have 
just discussed of the relation between different co- 
ordinate conditions consists of the fact that we have 
here an obvious illustration of the danger associ- 
ated with an incorrect application of the concept 
of relativity, and particularly of the term “general 
relativity,” which does not have an exact meaning, 
but which often produces some sort of a hypnotic 
effect. 

Einstein and Infeld, and later also some other 
scientists, have put forward the paradoxical (and 
incorrect) assertion, that allegedly the equations 
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of motion are not connected with the coordinate 
conditions or that they are not connected with 
harmonic coordinate conditions. 

This incorrect assertion is repeated in prac- 
tically every article. Thus, in the 1940 paper* it 
is stated: “We do not make any assumptions in 
advance with respect to the coordinate system be- 
yond the fact that it is Galilean at infinity.” In 
Sec. 13 of the 1949 paper’ a similar assertion is 
repeated (in somewhat more careful form), while 
in fact zero-order and first-order coordinate con- 
ditions are used. In the 1954 paper® Infeld, in ar- 
guing against me, shows in fact that the form of 
the Newtonian equations of motion depends only 
on the zero-order coordinate conditions, but as- 
serts that allegedly “the coordinate conditions 
have no relation whatsoever to the equations of 
motion not only in the Newtonian, but also in the 
next post-Newtonian approximation.” This asser- 
tion is incorrect even if we say that the zero-order 
coordinate conditions are not “coordinate condi- 
tions,” but a “method,” as is done by Infeld. The 
same assertion is repeated in Infeld’s 1957 paper.’ 

Starting with the first-order approximation 
[ Eqs. (8) and (9)] Einstein and Infeld begin to use 
the term “coordinate conditions.” But they do not 
notice that Eqs. (8) and (9), which they are in fact 
using, define the coordinate system up to transfor- 
mations of the form (10), and that to this degree 
of accuracy the coordinate system is harmonic. 
Moreover, formulas (10) show that the second- 
order coordinate conditions certainly do not affect 
the form of the equations of motion in the first 
post-Newtonian approximation, so that the compu- 
tations made by various authors in this connection 
are superfluous. Nevertheless, the whole attention 
of Einstein, Infeld and other authors is concen- 
trated on the effect of the second-order coordinate 
conditions, and when after lengthy calculations it 
turns out that there is no such effect, the authors 
see in this a confirmation of the idea of “general 
relativity.” But in actual fact the absence of such 
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an effect is a trivial fact, which follows in an ob- 
vious way from the elementary formulas (10). 

We must assert that in the papers of Einstein 
and Infeld quoted earlier a point of view predomi- 
nates which compels them: 

a) to deny the existence of coordinate conditions 
while in fact they have been introduced; 

b) to ascribe particular significance to coordi- 
nate conditions which cannot affect the form of the 
equations of motion; 

c) to deny that actually in the approximation 
needed for the formulation of the equations of 
motion the harmonic, and not any other, coordinate 
system is used, and, finally, 

d) to deny even the fact that the harmonic coor- 
dinate system is defined uniquely up to a Lorentz 
transformation. 

It seems to us that there is no doubt that this 
incorrect point of view is inspired by an incorrect 
concept of the idea of relativity. We hope that as 
a result of clarifying this problem our work will 
turn out to be useful not only because it will make 
unnecessary many complicated calculations, but 
also from the point of view of general principles. 
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An investigation is made of the heating of the electron gas in a plasma in a constant electric 


field, taking into account inelastic electron collisions. 


It is shown that the electron tempera- 


ture may be in a steady state only for small values of the intensity of the electric field E< Ej; 
in the case E = Ex this condition is no longer stable. An investigation is made of the depend- 
ence of the field E, on the degree of ionization of the plasma. A comparison is made with 
the results of experimental papers.?*!? An explanation is given of the two modes of heating 
observed in those papers; good quantitative agreement with their results is obtained. 


Cane some peculiarities were pointed 
out in the behavior of the electron temperature 

in a strongly ionized plasma, arising as a result 

of the fact that the frequency of electron-ion col- 
lision falls off sharply as the electron velocity in- 
creases. It turned out that in a constant electric 
field the electron temperature may be in a station- 
ary state only for low values of the intensity of the 
electric field E< ines, For E= Ee! no stationary 
state exists anymore; in this case the electron tem- 
perature increases continuously with time.* The 
whole investigation is carried out in reference 1 

on the assumption that only elastic electron colli- 
sions occur. However, it is well known that in- 
elastic collisions usually also play a significant, 
and even a dominant, role. The object of the pres- 
ent article is to take them into account. 

We consider an infinite plasma in an atomic gas 
situated in a spatially homogeneous constant electric 
field. When the following conditions are satisfied 

dT e/dt <veTe, Q(Te) <2 kT crete, Q(Te) <ZkTe%e (1) 


the main part of the electron distribution function 
which depends only on the absolute value of the 
velocity is Maxwellian;f in this case the electron 


*In an alternating electric field this effect depends signifi- 


cantly on its frequency w; thus, for > a, = 0.2v4, no insta- 
bility of the electronic apparatus occurs at all. A magnetic 
field directed at right angles to the electric field also has a 
similar effect; for example, no instability arises’ if eH/mc = 
@y, 2 O,- 

tIf the first of conditions (1) is not satisfied, i.e., if the 
losses are small and the field E 2 VkTe mv esr ve/e [cf. (2)], the 
velocity distribution of the electrons becomes sharply directed 
(this case in a fully ionized plasma was investigated by 
Dreicer?). If the second of conditions (1) is not satisfied this 
also leads to the appearance of a pronounced directed part in 
the distribution function. When the third condition is not satis- 
fied, the distribution function remains symmetric, but its shape 
may be significantly altered (cf., for example, reference 3). 
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temperature Te is determined by the following 
equation 


aT, 2eE  K, 


2 
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Here, as usual, k is the Boltzmann constant, 

e and m are the charge and the mass of the 
electron, E is the intensity of the electric field, 
Ve is the electron-electron collision frequency. 
Veff = Veffi + Veffn, Where veff;j is the effective 
electron-ion collision frequency and Veffyn is the 
electron-neutral particle collision frequency; the 
expressions for veff(Te) are given, for example, 
in the book by Al’pert, Ginzburg, and Feinberg,* 
and also in reference 5. Kg is a numerical co- 
efficient whose value depends on the ratio between 
Veffi and Veffn; it varies from 1.95 (for veffn 
K veffi) to 1.05 —1.13 (for veffn > Vathiones 
Finally, Q(Te) is the energy lost by the electrons 
per unit time in collisions with heavy particles: 


Pye Sve) eee 
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x(a ZpNip ) == Dv =a A: ae 2 kT) (3) 


The first term in this expression describes the en- 
ergy losses by the electron in elastic collisions with 
heavy particles (6g] = 2m/M), the second term de- 
scribes bremsstrahlung losses, the third term de- 
scribes excitation losses, the fourth term describes 
ionization losses (here ej] is the energy of the /-th 
level, vz is the frequency of its excitation; simi- 
larly ¢j and vj are the ionization energy and fre- 
quency ).* 


*Equation (2) was utilized, in particular, in references 6 
and 7 for numerical calculations of plasma heating in the 


stellarator. 
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The stationary electron temperature is deter- 
mined, naturally, by the relation 


Q (Te) a e°?E°K,/mvete (Tey (4) 


Moreover, it is necessary that the energy given to 
the electrons by the field should increase with in- 
creasing Te more slowly than the energy loss by 
collisions. However, it may be easily seen that 
these conditions are by no means always satisfied. 
Indeed, the energy given to the electrons by the 
field increases, as is well known, in the case of a 
sufficiently high degree of plasma ionization, pro- 
portionally to vee (since Veffi ~ sm Only 
the energy lost by the electron through excitation 
and ionization increases equally rapidly. However, 
at temperatures of the order of ¢€;/k the rate of 
growth of vj(Te) and vz(Te) is reduced, while 
at higher temperatures even a decrease of vj (Tg) 
and vj(Te) begins (cf. reference 8). The role 
played by the remaining terms, which describe 
the energy lost by the electrons in elastic colli- 
sions and by bremsstrahlung, is not very signifi- 
cant under these conditions. Consequently, the 
electron temperature may be stationary only for 
Te < «j/k and at low values of the intensity of 
the electric field. 


FIG. 1. The dependence 
of Teoh on E/E, ina 
strongly ionized helium 
plasma. 


We now calculate the stationary electron tem- 
perature in a helium plasma.* We assume ini- 
tially that the plasma is strongly ionized (vege; 
>> Veffyn), and we take into account in Q(T.) 
only the main part of the electron energy losses 
— the losses due to excitation and ionization of 
helium atoms, i.e., we neglect initially the effect 
of losses due to bremsstrahlung, due to excitation 
and to further ionization of singly ionized helium, 
and we neglect losses in elastic collisions (they 
all lead only to a small correction, cf. below). As 


*For the calculation of v.(T.), vi(Te) use was made of 
effective excitation and ionization cross sections in helium 
given in reference 8. It should be noted that the corresponding 
experimental data are not sufficiently complete; moreover, 
the measured cross sections differ noticeably from values cal- 
culated theoretically. As a result of this, the accuracy in the 
calculation of electron temperature apparently does not exceed 
20%. 


may be easily seen, in this case the stationary 
temperature Te depends on only one parameter. 
It is shown in Fig. 1; along the vertical axis we 
have plotted the ratio Te/Tek, where Tek 

~ 1.03 ¢;/k is the maximum stationary electron 
temperature; along the horizontal axis we have 
plotted the ratio (E/E,)*, where 
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is the critical field (inv/em ). Here ¢€j is the 
ionization energy, D is the Debye radius, v; («/k) 
is the frequency of ionization at Te = «j/k, di 
=Nj/Nno is the degree of plasma ionization, Tj 

is the ion temperature (in electron volts), Nyo 

= 3.52 x 1048 Py is the total gas density (po is the 
initial pressure ).* 

It is seen from the diagram that the electron 
temperature can be stationary (solid curve) only 
in fields lower than the critical field; however, if 
EK = Ex, then there exists no stationary state. In 
this case the electrons have no time to.lose the en- 
ergy communicated to them by the field, and their 
temperature increases continuously with time.t 

The value of the critical field (5) depends sig- 
nificantly on the degree of plasma ionization qj. 
Moreover, if qj < 0.5, then E, increases with 
increasing qj, while if qj > 0.5, then E, de- 
creases. The critical field reaches the maximum 
value 


Ep max Do ION. ViLem: 


when qj = 0.5. Naturally, in the case when the 
electric field intensity is greater than Ex max, 

a Stationary condition cannot occur irrespectively 
of the degree of plasma ionization (since E 

> Ekmax = Ex). However, if E is less than 

Ek max, 4 Stationary state may be realized, if qj 
takes on some value in the interval 


0.5(1—V 1 — (E/Ex max)”) < qi < 0.5 
x (1+ V1 —(E/Ex max)*). (6) 


*The same expression (5) for the critical field E, will also 
be obtained in the case of any other atomic gas: only the con- 
stant in front of the square root will be altered (it depends on 
the ratio between the excitation and ionization losses in any 
given gas). 

tWhen sufficiently high values of T, are attained the first 
of conditions (1) is violated, and the electron velocity distribu- 
tion becomes sharply directed (cf. footnote + on p. 85). We also 
note that the electron temperature may likewise increase with - 
time in the case of fields E < E,; for this it is necessary that 
at the time the field is switched on T_ should exceed T 

. . . G ek’ 
with the point T,/T., lying above the dotted curve in Fig. 1. 
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In this case, as thedegree of plasma ionization qi 
increases, the electron temperature in the station- 
ary state diminishes for qj; < 0.5 [since for di 

< 0.5 the ratio E/ Ex diminishes as qj increases, 
and consequently Te (E/ E,) also diminishes (cf., 
Fig. 1)], while it increases when qj > 0.5. The 
minimum value of Tg in the stationary state is 
given by Te min = Te (E/Exmax). From formula 
(6) it may also be seen that in the case of fields 

E < Exmax » the electron temperature likewise be- 
comes nonstationary both in the case of high and 
low degrees of plasma ionization. 

In the case of low degrees of plasma ionization, 
however, we cannot neglect collisions with neutral 
particles as was done earlier. Therefore, a suit- 
able calculation was carried out taking into account 
Veffn, and we also took into account terms de- 
scribing the energy lost by the electrons in elastic 
collisions, by bremsstrahlung, and by excitation 
and ionization of singly ionized helium, which were 
all neglected previously. The dependence of the 
electron temperature on the degree of plasma 
ionization for different values of (E/E; max)? 
obtained as a result of this calculation is given 
in Fig. 2. It may be seen from the diagram that 
the instability of electron temperature arises only 
for high degrees of ionization; in the case of small 
qj no such instability occurs. Consequently, it is 
very important to take into account collisions be- 
tween electrons and neutral particles at low de- 
grees of ionization, as should be the case. 
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FIG. 2. The depend- 
ence of T/T S. on q;- 
The numbers labelling 
the curves correspond to 
different values of 
(E/E 
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We now investigate qualitatively the process of 
plasma heating in a constant electric field E which 
is smaller than Ex max oF is of the same order of 
magnitude. In doing this we assume that at the in- 
stant of switching on the heating field the electron 
temperature is lower than Tox, and the degree of 
plasma ionization is not great. Then in the initial 
period of heating the electron temperature will in- 
crease up to the corresponding stationary value 
[as is shown by the dotted line in Fig. 2 for the 
case (E/Ex max)” = 0-6]. We now take into ac- 


count the fact that the degree of plasma ionization 
also increases with time. This means that the 
electron temperature will subsequently vary in ac- 
cordance with the stationary state curve, but only 
up to the point where qj; reaches its critical value, 
at which point instability occurs. After this the 
electron temperature again begins to grow sharply 
(dotted line in Fig. 2). Consequently, in the case 
of plasma heating in the field E S Exymax a 
“plateau” having a characteristic maximum and 
minimum may appear in the curve which shows 

the variation with time of the electron tempera- 
ture (or of the electron current); this “plateau” 
corresponds to the region of the stationary state. 
As may be clearly seen in Fig. 2, the extent of 

the “plateau” decreases as the intensity of the 
heating field increases. When (E/E, max)’ > 1.5 
it disappears completely; in this case the electron 
temperature grows continuously with time. 

Thus, when plasma is heated in a constant elec- 
tric field two modes of heating may occur, depend- 
ing on the value of the field: with a “plateau” and 
without a “plateau.” The field Eg, which sepa- 
rates these two modes is equal to (in v/em) 


Es V1.5 Ex max 4.3+ 107 Nag. (7) 


The ohmic heating of a helium plasma has been 
investigated experimentally in the case of the 
stellarator.*»!9 In the experimental paper? charac- 
teristic curves are given which show the variation 
with time of the current in the stellarator for vari- 
ous values of the heating field. We note first the 
good qualitative agreement with the special features 
of plasma heating described earlier. From the 
curves shown in the figure given above we may 
easily determine the field which separates the 
two modes of heating: 


Es = (0.083 + 0.006) v/cm. (8) 


Formula (7) gives for this case (Np = 1.76 x 10'°) 
Eg = 0.076 v/cm; it is seen that the agreement of 
the theoretical value with the experimental one (8) 
is sufficiently good. 

Further, in reference 9 the dependence of the 
maximum current at the current “plateau” (Imax) 
on the electric field intensity has also been meas- 
ured; these results are shown in Fig. 3, where 
along the horizontal axis we have plotted the ratio 
of E/Eg, while along the vertical axis we have 
plotted the ratio Imax(E)/Im (for E= Eg the 
maximum and the minimum values of the current, 
naturally, coincide: Imax (Es) =Imin (Es) =Im)- 
The solid and the dotted curves in the same dia- 
gram indicate the possible limits of variation of 
the current at the current plateau obtained as a 
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FIG. 3. The dependence of 
lial (solid curve) and 
| soe (dotted curve) on E/E,; 
o, A, X are the experimental 
results’ of measuring I. (E)/I,,- 


EE 


06 / 


result of a theoretical calculation according to 
the following formula 


T(E) /1 (Es) = (E/Ep)vere (Te (Ep)] /¥ ete (Te (E)I; 


it may be seen from the diagram that they are in 
good agreement with experiment.* 

One might also note a number of qualitative 
remarks made by the authors of the experimental 
papers?! which are also in agreement with the re- 
sults of the present investigation. In particular, the 
fact that there exists a current “plateau” for a long 
time (up to 3 millisec) shows that during all this 
period there exists a considerable number of neu- 
tral particles in the plasma (cf. Fig. 2), which is 
in accord with experimental observations on the 
luminosity of neutral helium. 


*The slope of the curve I ax(@)/1,,» Shown in Fig. 3, may 
vary somewhat depending on the initial degree of plasma ioni- 
zation, and also on the initial electron temperature, etc. The 
minimum value of the current depends on these parameters to 
a smaller extent. 


Consequently, on adding neutral gas to the dis- 
charge it is possible to maintain the current and 
the electron temperature at constant values for 
long periods of time. By lowering the electric 
field in a heated and singly ionized gas it is pos- 
sible, in principle, to achieve similar stationary 
conditions in the domain of second (or higher ) 
ionization, i.e., at a higher stationary electron 
temperature. 

The author is grateful to V. L. Ginzburg for 
his interest in this work. 
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The relative probability of excitation of vibrational levels in the a decay of even-even nuclei 
is calculated. An expression for the intensity of excitation of the daughter nucleus by a par- 
ticles of the main (allowed) group is derived in the quasi-classical perturbation theory ap- 
proximation. The results obtained are applied to an analysis of the experimental data on the 


fine structure of a decay. 


Cogent progress has been made re- 
cently in the interpretation of the fine structure 

of the @ decay spectra of deformed nuclei.!~? 
These papers are based ‘on the physical fact, first 
noted by Hill and Wheeler, *® that the spatial aniso- 
tropy of the potential barrier in nuclei with a non- 
spherical surface leads to an anisotropy in the an- 
gular distribution of the q@ particles: the intensity 
of the current in the direction a (see Fig. 1) will 
be greater than in the direction b owing to the 
greater penetrability of the Coulomb barrier. In- 
deed, the particles emitted in the direction a tra- 
verse a smaller width of barrier than the particles 
emitted in the direction b (r* in Fig. 1 is the 
radius corresponding to the turning point). In 
other words, the wave function describing the a@ 
decay will contain not only the s_ wave but also 
waves with higher angular momentum. We there- 
fore have a mixture of excited states of the daughter 
nucleus with angular momenta different from that 
of the initial nucleus. We shall assume that the 
wave function at the nuclear surface is constant 
and identical for all fine structure lines belonging 
to the same rotational band. This is justified qual- 
itatively by the small absorption length of the a 
particles in the nucleus. The emission of the a 
particles by the nucleus may be thought of as a 
local surface process which is not affected by the 
deformation of the nucleus. 

Besides this effect connected with the nonspher- 
icity of the nuclear shape (i.e., with the anisotropy 
of the nuclear potential), there will always be 
some interaction between the a particles and the 
anisotropic component of the Coulomb field of the 
nucleus. This interaction leads to an additional 
possibility of energy and momentum exchange be- 
tween the a particles and the nucleus even after 


*A similar remark was made earlier by Migdal.’ 
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the qa particle has passed beyond the range of the 
nuclear interaction. This mechanism was first 
noted by Preston, !° who also calculated its effect. 

A close analogy exists between the Coulomb 
excitation in q@ decay and the Coulomb excitation 
of nuclei by passing charged particles. The differ- 
ence between the two is that the excitation in a 
decay occurs mainly while the a particle is still 
beneath the barrier, whereas in the usual excita- 
tion the region of classical motion, r>r*, is the 
more important. Coulomb excitation also occurs 
in undeformed nuclei; its probability gives the 
lower limit for the intensity of excitation of the 
weak lines of the spectrum in an intensive allowed 
decay. The first of the above-mentioned mechan- 
isms comes into play not only for nuclei with rigid 
deformation, but also for spherical nuclei in the 
discussion of the levels connected with deforma- 
tions of the surface, as, for example, the vibra- 
tional levels of the surface oscillations. 

The surface effect for spherical nuclei can be 
calculated rather simply by taking account of the 
fact that in this case the spatial anisotropy of the 
Coulomb field of the daughter nucleus can be neg- 
lected in first approximation. The probiem then 
consists in the determination of the wave function 
describing the decay on the sphere S (Fig. 1). In 
the region outside the sphere S the radial and 
angular coordinates separate, and the amplitudes 
of the partial waves at infinity are easily deter- 
mined in the usual way. To find the wave function 
on the sphere S we may use the so-called adia- 
batic approximation. This consists in assuming 
that the nuclear surface is rigid during the time 
the a particle passes through the region of 
greatest interaction, i.e., in our case, through the 
region between the surface of the nucleus and the 
sphere S. A precise choice of the radius of this 
sphere is not important as long as it is sufficiently 
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close to the mean radius of the nucleus so that the 
change in velocity and the bending of the a particle 
trajectory can be neglected in the dashed region of 
Hig 1: 

For the applicability of the adiabatic approxi- 
mation in this sense it is necessary that the time 
it takes for the a particle to traverse a distance 
of the order of the deformation of the nucleus be 
small compared with the period of oscillation of 
the surface, i.e., we must require 


aRw/v(R) <1, (1) 


where v(r) is the velocity of the a particles 
and aR and w are the amplitude and the fre- 
quency of the surface oscillations. Substituting in 
(1) the value 


a~ V h/2B,0 = V to/2Cy, 


where By and Cy are the mass parameter and 
the deformability for surface oscillations of the 
type A, we find the following relation, which is 
equivalent to the inequality (1): 


(kwKR/2|@(R)|) Viro/2C,<0,1 <1, 


where ¢(r) is the kinetic energy of the a par- 
ticle, K = V2m|&@(R)|/fi (fw © 0.5 Mev, | €(R) | 
=~ 15—20 Mev, KR ® 20). 

Fixing the shape of the nuclear surface for the 
moment, we find for the wave function of the a 
particle on the surface S the following expression 
in the quasi-classical approximation: 


y(n) . = const-exp i ( K (r) dr} . 
R(n) 
=~ const-exp {KR 2 ar. ¥ u(t), (2) 


where n is the direction of the @ particle. The 


surface of the nucleus is given by the equation 


R(Q)=R[1 + Yarw¥ru (2) |, 
a 
where YAu is a spherical harmonic. 


Formula (2) does not.take account of the bend- 
ing of the trajectory of the a particle, since this 


effect leads at worst to corrections of the next 
highest order in a. We now introduce the phonon 
creation and annihilation operators in expression 


(2) by replacing ay by 
V 4/2B, (bm. + (— 1%), 


where Day and DXu are the operators of annihi- 
lation and creation of phonons, respectively: 


bry by, = fray +1, OF Daw = Ny, 
where ny, is the occupation number. The func- 


tion (2) has now become an operator acting on 
functions of the occupation numbers Ny? 


oe = const-exp {KR V = h/2Byo 


= [Enu¥ nn (n) + OEY%,, (n)] } (3) 


Since the commutator of the operators Dy baApY Ap 
Ee 
and on is a c-number (it is equal to 


(2A1+1)/4m), we can write the function (3) in 
the form 


n) lex const -exp (c/2) exp {KR V 2/2B,0 2 by, Y3,, (n) } 


xexp {KR Vi/2B,0 >) bY (n) (4) 


where 


c= VY (24+ 1)/4n(KRV h/2B,o)? 
is the commutator of the operator KRVh/2B,w x 
Zr bun with its conjugate operator. 


The wave function (4) must be expanded in terms 
of the pomma TZ cd (to unity) states of the daughter 
nucleus Xi y, with a given number of phonons n 
and total angular momentum j, uw. In the case of 
an even-even nucleus the amplitude of such a state 
of the daughter nucleus is given by the matrix ele- 
ment of the operator (4) between the state 62) and 
the vacuum state: ae 


<n; j,u|¢(n)|0; 0,0> =const- > 
(oF Yao m))" 
at Oa eM) V5, (Ms (5) 


7 (KRY hj 2By0)" PE Cnay te 


0; 0, O>= const-(KR V h/2B,0 )” 


where we used the following expression for the 
function ae 


(n) — 
Xiu i Dai era oF, ates b 


Vz. 


X19; 0,0>. (6) 


The Q’:. are numerical coefficients, 


VIBRATIONAL LEVELS AND COULOMB EXCITATION IN ALPHA DECAY 91 


Qi = bj M1 88 (See 
0» Av jr Pus AvsAY, V5 Che? eels 


c 
and the Cahbe are Clebsch-Gordan coefficients. 
In (5) we have 


» Ce oe as (n).. ules 


Vy. 


,, (1) = AbnY? (n). 


al? a 
The coefficients A}’ , just like the coefficients 
jusn 

Crp ,--Avy» Can be written as linear combinations 
of Clebsch-Gordan coefficients. For the important 
values n=0, 1, 2 the coefficients iS Ui are equal 
to 

Ako = 89, Abt = 8), Al? = (2h + 1) [8x (2) + 1)]-VC 


AOA" 


(7) 


Taking this into account, we find for the wave func- 
tion describing the decay of a nucleus with spin 
zero 


¢ =const- >} Ain (KR V h/2B,0)" G; (r) (Ri) > xY" (n), 


n=0, 1,2 (8) 
where Gj (r) are radial wave functions describing 
the motion of an a particle with angular momen- 
tum Z=j and corresponding energy in a spherically 
symmetric Coulomb field. 

According to (8) the amplitudes of the partial 
waves at infinity are equal to the amplitudes at 
the surface S multiplied by the corresponding 
penetration factors for the Coulomb and centrifu- 
gal barriers. The probability for q@ decay with 
the excitation of a vibrational state with the num- 
ber of phonons n and angular momentum j, uw 
is proportional to 


(2) + 1) | Ak" (KRV h/2B,o)"G;(r— 00) ?. (9) 


The ratio of the intensity of a@ decay with exci- 
tation of one phonon (j =A) over the intensity of 
a decay to the ground state is equal to 


Se CESS 
gO = (2] + 1)(KR Vi 2B.0) to (10) 


and the relative intensity of the excitation of the 
two-phonon vibrational state is 


2k = / era (= 
ee), — CAEN (KRY BOBO Choo pS py (11) 


P(&, 1) denotes the penetrability of the Coulomb 
barrier for particles with energy @ and orbital 
angular momentum 12: 


24 |ae(r|ar| 
R 


rm exp {— 20 (1 + 1)/b} exp {— 2«V by 6R / 2Ze*), (12) 


P (6, 1) = exp{— 


where b = 2Ze?/R Gp, k= V2m6, R/f, and y(x) 
is a tabulated function (see, for example, the re- 
view article!!). The quantity f/ 2B,w entering 
in (10) and (11) can be expressed in terms of the 
reduced probability of the radiative transition for 
a one-phonon excitation:!? 


B(Ed; j=0->j =) = (2+ 1)(G ZR) H/2B,0. (13) 


We note that this formula, which expresses the 
relation between the radiative transition probabil- 
ity and the amplitude of the nuclear surface oscil- 
lations, contains the model assumption of irrota- 
tional flow of nuclear matter. The degeneracy of 
the two-phonon state with respect to the angular 
momentum number existing in the pure harmonic 
model can be removed by the residual interaction. 
If, however, the splitting of this level is small in 
comparison with the resolution of the apparatus, 
it is meaningful to speak only of the summed in- 
tensity of the q@ decay to the second excited vi- 
brational state. This quantity is obtained by sum- 
ming (12) over j, where we use the normalization 
of the Clebsch-Gordan coefficients 20; (Clo, y2=1: 

00 


a (KRY fv 2B,.0)) oy 


(GA) (2) eae 
BA ma P (6p, 1=0)? 


where P( 6”, 1) is the average penetrability of 
the Coulomb barrier for the a particles belong- 
ing to the given group of states. 

The lowest lying excited states with even parity 
of the Pb?°* nucleus ( j=2, E ~ 0.8 Mev) and of 
the even isotopes of Po and Rn are possible ex- 
amples of vibrational levels in the region of a 
active nuclei. In the table we list the results of 
the calculations for these nuclei, using formulas 
(10) to (14). The table also gives the relevant ex- 
perimental data and the values of the effective 
radii R= (rpAl/3 + 2.5) x 107!3 cm _ used in the 
calculations (these vaiues of R are taken from 
the review article?!). Ry in (13) was taken to be 
equal to rpA/? x 10°48 em. The values of e 
in the table were calculated with the help of (14), 
since it is not excluded that the second excited 
state of the nuclei is in reality a vibrational state 
which is threefold degenerate with respect to the 
spin or a group of close lying levels. This possi- 
bility is not in disagreement with the experimental 
data. 

As is seen from the data of the table, there is 
rather close agreement between the calculated and 
the experimental values of the quantities B(E2; 
0—-2) or &), although the calculated value of 
B(E2) lies somewhat below that obtained from 
Coulomb excitation. This discrepancy is particu- 
larly great in the case of Pb?"6 [ B (E2) a decay 


92 Vi M: S'TRU TENGE 

OR 
Daughter nucleus Pb2e Po24 Rn2!? Rn*# 

2 5.3 7.43 6.5 4.78 

ae Hes 0.80 0.64 0.32 0.187 

Ei 0.65 0.447 

40-18R, cm 1.42A94.2.5/1.58A'/24 2.5] 1.884 4+ 2.5 | 1.544% 4 2.5 

Q) ' 4,2-10-5 2-10-3 4.40-2 5.7-10-2 

(2) experi-~ 8-10-5 40-4 

40-48B (E2), cm | ment 0.414 0.60 unknown unknown 

KRV i/2B,0 Iculated 0.29 0.33 0.50 0.63 

10- Uh (En cn fue 0.022 0.44 1.00 1.20 

z (2) exp 540-5 5.5-10-5 


= ¥B(E2)couyl]- The disagreement even becomes 
slightly worse if the Coulomb excitation in q@ de- 
cay is taken into account (see below). A possible 
explanation of this disagreement is that in @ de- 
cay only the part of the quadrupole moment con- 
nected with the deformation of the nuclear surface 
comes into play. In radiative transitions and Cou- 
lomb excitation, on the other hand, the total quad- 
rupole moment of the nucleus enters into the cal- 
culation, including also the quadrupole moment of 
the nucleons in the unfilled shell. Formula (13) 
involves only the quadrupole moment of the core. 

We note that the intensity of the @ decay of 
the even isotopes of Ra to the ground, first, and 
second excited states of Rn with even parity also 
agrees with the assumption that these levels have 
rotational character. The parameter of quadrupole 
deformation, a, is here assumed to be equal to 
0.07 — 0.09,4 which is in qualitative agreement with 
the magnitude of the moments of inertia of these 
nuclei. The smallness of the ratio of the energy 
of the second excited level over the energy of the 
first excited level (2.0 —2.4) may in this case 
be explained by the circumstance that the rotation 
of the nucleus is not adiabaticfor a small moment 
of inertia of the nucleus.* 

Let us now turn to the discussion of the Cou- 
lomb excitation in q@ decay. For simplicity we 
consider spherical nuclei, in which case the non- 
spherical Coulomb field outside the nucleus can 
be neglected (with the exception of the transition 
field). In the case of a spherical nucleus the wave 
function describing the a decay of the nucleus 
into states with spin I, M=0 (the result is, of 
course, independent of the choice of the projection 
of the angular momentum) can be written in the 
form 


*A different possible explanation of the smallness of the 
ratio of the second excited level to the energy of the first ex- 
cited level 2+ for these nuclei has to do with the asymmetry 
of their surface shapes (private communication by A. S. 
Davydov). This possibility is not considered here. 


bro= = ray; (r) 2 GirenMtal tn (n) 


ie > ri; (r) 3 Cininljul on (n), ro 
lj bec 


where Xju and Xju are wave functions describing 
the internal state of the daughter nucleus in the in- 
tensive principal q@ decay and the state of the nu- 
cleus excited by the emitted a particle via the 
Coulomb interaction, respectively. 
The Schrodinger equation satisfied by (15) has 

the form 
(H (xX) — 


oA, + Vo (rt) + Va(X, 1) —E) dy, 0(X, r) = 0, 


(16) 


where H(X) is the Hamiltonian of the daughter 
nucleus, and X denotes the internal coordinates 
of the nucleus. Here 


2Ze? 
- Sey 


__ 226? 2 


L(rein Yx0(ti/ rd Yay); 


the summation. goes over all protons in the nucleus. 
We can obtain an teen for the functions bz by 
multiplying (16) by ie Raed and integrating the 
resulting expression over the nuclear variables 
and the angular coordinates of the a particle. 
Since we assume that the effect of the transition 
field is weak, we can neglect the term containing 
the product of V, and bjzj. The resulting equation 
for bjzj has the form 


h2 
(—7 AP +¥,— es = Cian = Dy (ary/1) 
a 


x > CRntiru \ anY tm (n) <S ju | us | ju = Y en (n), 


m’'’ 
()) a dae waa £(l+ 1) 

Ar dr” dr fee (17) 
where the primes on the indices refer to the prin- 
cipal q@ decay. 

An analogous equation can be written down for 
the functions ae It is clear, however, that it is 
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sufficient for the calculation of the bjj in first ap- 
proximation to know the co a only in the zeroth 
approximation. This means that we can neglect 
the inverse transitions from the secondary group 
to the principal group. In this approximation the 


functions aj’j’ coincide with the functions G in- 
troduced earlier. 


We write the transition field <ju|V,(X, r)|j’n’> 


in the form 


<ielVi(N, 7) i'v’> 
2e2 


4n ‘ r apart 
qRLGe 2 eT Our * Ci | Mm Ov) 17D You, (18) 


where S(Av) is the operator for the electric 
multipole transition (A, v): 


M (Xv) = DPV iw (te/ 7). 


The matrix element of the operator M(Av) can 
be conveniently expressed in terms of the reduced 
matrix element <j|| ®(A) || j’>, which is defined 
by 
Civ | Ov) | je = (— 

(19) 


The reduced matrix element is related to the re- 
duced transition probability B(EA; j’ —j) in the 
following way: 


B(E ji) = DI <iv| 8 0) |/'v'> |? 
=| GIRO P gy: (20) 


Substituting (19) in the right hand side of equation 
(17), we obtain, after summing over the spin pro- 
jections, the following equation for the byj (2): 


a, ae ites 
ee 


SG ye (Vey lyon 1) 


aAl’j’ 
x ChnoB" 0s i > i) OW GFW) lary (DQ / 71, (21) 
where the W(abcd|ef) are Racah coefficients. 


The phase of BiV/2 (EA) in (21) is taken to be 
that of the matrix element <j|]m (A) ||j’>. The 


- angular momenta entering in equation (21) must 


satisfy the “triangular relations” (jj’A), (UIA), 
(jZ1), and (j/l'I). These inequalities connecting 
the magnitudes of the angular momenta have the 
usual physical interpretation (see Fig. 2). 

In place of the functions bj; we introduce new 
functions C1j (r), which are connected with the 
bj; by the relation 


by; (r) = Sj (r) exp {A7S7j ()}; (22) 


1 Chie (2) + 1) OH. 


where 


r 


= \ |e (Lar, 
R 


ASy; (re 


Kj is the wave vector of the a particle [see 
Eq. (12)]. Substituting (22) in (21), we obtain for 
the function 7; the equation 


pul (r) (dr + + (dp, (dr) by (rt) = Fe Dal fe 


xa (r) exp {44S (r)} BY (ds j’ > 7) R~ 


of 


DP, (r) =| ky (r) |. (23) 


FIG. 2 


In (23) we have omitted the term containing the 
second derivative of the function £]jp which is 
smaller than the other terms by the factor KR, 
and 


= {4m (20 +1) / (20+ 1I)Y? CW (jj'll’ [M). 
The solution of (23) can be written in the form 
Cui (r) = Shy + (2me? RV p,, (9) ps AlpB Os | Saya 


(R/ ry dr’ PR) Ley (1 exp ("Sy (r')} avy (0). 
(24) 


pt 


Here Fj is the value of the amplitude on the nu- 
clear AU ENOS. In our approximation this term 
corresponds to the nuclear excitation. In the par- 
ticular case of vibrational levels it corresponds 
to the above-mentioned “surface” excitation. In 
this instance ¢f. coincides with the amplitude of 
the “surface” excitation on the sphere S. 

For the functions aj; we may use the quasi- 
classical approximation, 

ary (1) = a7 [Ppp (0) Si (O}, (25) 

where aye je is the amplitude of the function aj; 
on the surface of the nucleus. For r>r* the 
function bjj has the form 


ie exp 


by; (r) = (2me? /KV p,; (1) 
x) At BYR ayy (r’) exp (i *Si; (1)} 
Fi 
x \\ (4y" d (=) exp ke (Sui (0) = Su (7) = (Sez (7’) 
R i 
met A+ 
= Sep MN boy Pop C+) (BPM a(R) 


x exp fe Sy 0) = Ser Nf Loy) Pee (MF. (28) 


94 Ve; 


To obtain the intensity of the line (1, }) we must 
multiply the square of (26) by Pj (r) and take the 
limit of the resulting expressionas r—-«. The 
intensity of the line corresponding to a level with 
angular momentum j is obtained by summing 
over 1. The ratio of the intensities is conveniently 
written in the form 
Evi oir = (4me?R | WO"x) B(d; i’ > j)R™ 


x{ BW Atrary () it Je) P| [lar 7) 
We ’ 


where J, and Jy are, respectively, integrals over 
the barrier region and over the region of classical 
motion. 

The action function S7j in (26) is now expanded 
into a sum over the angular momenta and energies 
of the excited nucleus. The integral J, can then 
be written in the form 

Vo-1 
sly = dy(1 + y’) 
0 
au, v7 (Y) = eur y + dir (Y/(L + 9?) tan y), 
oy = (0+ 1) —UU +1) /*d, div = xb AG / 22. 
A convenient form of the integral J, is 


ioe) 


vad R* O40 0-2 (7) exp (= toy (9) dr, 


— 


Pexp (— 91; 7 (y)}, 


ie : 


Oa (@;— Gj) /h. 


In the denominators of the integrands of the in- 
tegrals J; and Jy we neglected the dependence 
of pz, on J and j. Integrals analogous to J, 
have been computed in the theory of the Coulomb 
excitation by charged particles.!*»!2_ The only dif- 
ference is that the time integration in J, goes 
from 0 to ~, andnot from —- to + as in the 
usual case, i.e., we integrate only over one half of 
the trajectory of the scattering particle. Further- 
more, we neglected in J, the dependence of t (r) 
on the orbital angular momentum. The integral 
Jo, therefore, corresponds to a head-on collision, 
i.e., to a classical orbit with eccentricity one. 

In a head-on collision the incoming and out- 
going branches of the trajectory give the same 
contribution to the amplitude of electric excita- 
tion. This allows us to express the integral J, 
directly in terms of the tabulated integral 
Thu (3, £):12s14 

asd 
ee TG 80:,.dir [22s \ exp {id; (sinhw 


+») /2}( coshw + 1) do, 
dij = (2Ze? | hu.) (AE / é). 
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Formula (27) can be simplified considerably 
in the case of an even-even nucleus. Then I=0, 
1=j, and Ul’ =j’. If, moreover, the contribution 
from the state J’ = j’ =0 is predominant, which 
is the case for spherical nuclei, we obtain from 
formula (27) 


Ey a, ono = (AmeR / nb) [4x / (2% 4 1)] B(ER; Oj) 


x R7A (Jy -F J 2)? 85). (28) 


In the decay of deformed nuclei several values 
of 2 usually have comparable intensity. Besides 
this, the Coulomb excitation in deformed nuclei is 
also different in that there exists an appreciable 
static quadrupole potential outside the nucleus. 
Nevertheless, even in the calculation of the Cou- 
lomb excitation of nonspherical nuclei one can in 
first approximation neglect the quadrupole field, 
unless, of course, the quadrupole potential is the 
transition potential itself. 

This circumstance is due to the fact that even 
the electric quadrupole excitation contributes only 
little to the intensity of the principal lines of the 
even group (j = 0, 2) (see below, and also refer- 
ence 4). The electric excitation outside the sphere 
S is in this approximation also given by formula 
(27). It is convenient to write this formula in a 
somewhat different form for deformed nuclei. For 
this purpose we use a formula which expresses the 
reduced transition probability through the intrinsic 
multipole moment of the nucleus in the coordinate 
system fixed in the nucleus: 


BY (Ed; j! > j) = (28+ 1) / 41 QP C/k0. 


We have 


Enjoi; 020 == (Ame®R / hub)? 2 | Dd) a0 (Choy)? (1 4 Jo) 5 
A 


Gy = Qy | Row 300) = Opti) ag) (29) 
For odd nonspherical nuclei we can use an ex- 
pression for the transition amplitude which was ob- 

tained in the adiabatic approximation (see refer- 
ences 2 and 3):* 
arp = OCR ary = avy (r*) [aor (r'). 


(30) 
Using (29) and (30), we find for an odd nucleus 


*In the determination of the wave function in the adiabatic 
approximation the nucleus is considered at rest and the law of 
conservation of energy is not observed. The accuracy of the 
adiabatic approximation is improved considerably, if the con- 
servation of energy is taken into account. The adiabatic ap- 
proximation in this sense becomes invalid only to the same 
extent as the nonsphericity of the Coulomb field becomes im-  - 
portant. It therefore has quite sufficient accuracy for our pur- 
poses. 
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Saji, Tor —) (4me?R | h?xb*) Ge {a | 3 CH ppxyp 
Lain 


xi + J2)| | | Dav Cite) 
where 
Cry = (— 1)" (2l" + 1) 
X27 + IIOP oroChito Ching W (ij'll’| 11). 


(31) 


In formula (31) the projection of the spin on the 
nuclear axis, K, is set equal to I, since we are 
considering a transition without change of K, 
which is equal to I in the initial nucleus. 

In those cases where the reduced electromagnetic 
transition probability is known experimentally (for 
example, through the lifetime of the state or through 
the probability of electric Coulomb excitation) the 
probability of Coulomb excitation of a given state 
in a@ decay can be computed directly using for- 
mulas (28), (29), and (31). The values of B(E2; 

0 —2) are known for the nuclei Pb?"* and Po?!? 
(cf. the table). The integrals J,+J, for these 
nuclei are equal to 0.2 and 0.77, respectively (the 
integral J, is obtained by numerical integration, 
the values of the integral J, were taken from the 
above-mentioned tables!”»!*). According to formula 
(28) we obtain for the relative probability of elec- 
tric quadrupole excitation for these nuclei the val- 
ues 2.0 X 104% and 0.03%, respectively. This 


_means that pure Coulomb excitation could explain 


only approximately us to dh of the observed in- 
tensity of the decay to the level 2*. In order to 
explain, in the case of Ra?**, the observed inten- 
sity of the decay to the first excited state 2* of 
the daughter nucleus Rn?!85 (4.5%) by Coulomb 
excitation alone, one would have to assume that 
for Rn?!® one has the value B(E2; 0 — 2) =40 
x 10748 cm’, which exceeds considerably the ex- 
pected value (1 to 2 x 10748 em‘). 

The reduced probability for radiative E2 de- 
cay is known also for the odd nucleus Pb?" 
[B(E2; %—%) = 0.028 x 10-*8 cm*]. In the de- 
cay of Po*!4(*4~), which leads to the formation of 
this nucleus, we have, besides the intensive tran- 
sition to the state (447, l’=4), also transitions 


' to the excited states (>) and (aye Accord- 


ing to formula (27) we find for the relative inten- 
sity of the electric excitation of the level the value 
4.5 x 1075, which is approximately one hundredth 
of the experimental value (l’ =4, 1= 2; 4; 6; 
Sid, =122; 1,8;.0.8).. 

Let us now consider the Coulomb excitation 
of levels with odd parity. In the decay of the even 
isotopes of Ra we observe, besides the intensive 
transitions to levels of the same parity, relatively 
rare transitions to excited states (17) of the 


daughter nuclei Rn (E;_ ¥ 0.6 Mev). For the 
decay Ra’4—-Rn?20 we have J, * 0.25 and 
Jo © 0.07. According to formula (29), the ob- 
served intensity of the decay (Ra?*4 — Rn??9, 17) 
would correspond to the value B(E1; 0* —17) 
= ¥. x 107*4 em?. For the decay Ra?26— Rn?222 
(J, =0.10, Jp = 0.02) we obtain B(E1: 0* ~17) 
= 4) x 10-4 em?. Both these values are close to 
the one-particle values of B(E1), but are con- 
siderably (10 to 50 times) higher than the value 
of the reduced probability expected for nuclei with 
octupole-deformed (“pear-shaped”) surfaces.® 

Decays to levels with odd parity are also ob- 
served in heavier even nuclei. Let us take as an 
example the decay Th?*8 — Ra?*4_ The experimen- 
tal intensity of the q@ decay to the level 17 leads, 
according to formula (29), to q,=0.45 (A =1, 
dipole excitation) or q;=9 (A =8, octupole ex- 
citation). This value of q, is approximately 10 
times larger than the experimental value’® and the 
value expected for “pear-shaped” nuclei. Accord- 
ing to formula (29), the intensity of the Coulomb 
excitation of the level 3~ of Ra®*4 amounts to about 
he of the intensity of the decay to the level 1” for 
dipole excitation and to A of that inténsity in the 
case of octupole excitation (the experimental value 
is ~ Vos In the case of Pacer where the probabil- 
ity for a@ decay to the level 1° is relatively 
smaller than in the decay Th?*8 — Ra?*4, we find 
values of q,; and qs, which are about one half of 
the former ones. 

Excitation of rotational levels with odd parity 


is also observed in the decay of Am”4!; 


Che, K= ohei) eG fe, Ie ES 


It can be assumed that this decay is the result of 
electric de-excitation of the daughter nucleus by 
o particles of the principal group: 

(P/2, */2") Es (fs, ENE 
The probability of such an electric dipole process 
was computed by a different method in reference 11. 
It appeared that one cannot explain the observed in- 
tensity of the decay of Am”! to the ground state of 
Np?" by electric dipole excitation: this would re- 
quire a value for the dipole moment which disa- 
grees with the experimental estimates. Formula 
(31) leads to the same result. On the other hand, 
the interpretation of the decay of Am‘! to the 
ground state of Np?3" as an electric octupole ex- 
citation would require the value (3 to 4) R® for 
the octupole moment. This is close to the value 
expected for octupole-deformed nuclei (the cal- 
culations were based on formula (31); we included 
the terms with j’ = ie Wh a, l’ = 0-2, and 1 
=n oe 


ground state). 


excited state). 
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We note that in deformed nuclei only ‘4 of the 
observed intensity of @ decay to the state 2* 
could be explained by electric quadrupole excita- 
tion. The most important effect is the deformation 
of the nuclear potential. 

The above-quoted numerical values of the in- 
tensity of the Coulomb excitation of weak lines 
are true if the Coulomb excitation is the only or 
the predominant mechanism. In the a decays 
under consideration this is actually not the case 
[ possible exceptions are the decays of Am”4! 

(A = 3) and of the even isotopes of Ra (A =1)]. 
The amplitude of the Coulomb excitation must be 
added to the amplitude of the nuclear excitation. 
In the case of vibrational levels we combine the 
amplitude (8) with the amplitude of the Coulomb 
excitation (26) and (28), and obtain for the excita- 
tion amplitude of the level 2*: 


1) 
Yoout.t kb surf. oscill. 


The coefficient k in front of the nuclear ex- 
citation amplitude takes account of the circum- 
stance that only part of the total quadrupole mo- 
mentum can have an effect on the “surface” ex- 
citation. Comparing the intensity calculated in 
this way with the experimental value, we find k 
= 0.25 for Pb? and k=0.5 for Po*!*. These 
values of k are close to the values of the coeffi- 
cients of the quadrupole polarization of the nuclear 
core as determined by the experimental data on the 
quadrupole moments of nuclei close to the magic 
numbers.!"18 

I express my gratitude to A. G. Zelenkov for 
valuable comments and help in the analysis of 
the experimental data. 
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An expansion in terms of the irreducible representations of the proper Lorentz group is given 
for the representation which specifies the transformation of the wave function of a particle of 


zero mass and of arbitrary spin. 


Tite correspondence 
p Ss bes * 
YT’ (p, 2) F" (p, 9) = exp {icp (S, k)}¥ (Sp, c), (1) 


where S is a transformation belonging to the 
Lorentz group, p transforms like the momentum 
vector of a particle of mass 0, k=p/p, o is an 
integer or a half-integer, and »(S, k) is the angle 
defined by formula (1.9) in reference 1 (hereafter 
referred to as I) has, as can be easily seen, the 
group property. 

It defines the transformation law for the wave 
function of a particle of mass zero, and with spin 
component o along the direction of the momen- 
tum p, under transformations of the proper 
Lorentz group.” 

The object of the present paper is to give an 
expansion of this representation in terms of the 
irreducible (p, m) -representations (cf. I) of 
the proper Lorentz group. 


i. INTEGRAL TRANSFORMATIONS FOR PAR- 
TICLES OF MASS 0 


In a manner similar to the way this was done 
in I we obtain the following system of mutually 
inverse integral transformations 


F (Pp, 2) = \ dp \d22(m) Yemn (Ps 2) femn, (2) 


Bs ap A Ww 3 
fenn = S1\ EF Yomn (p, ©) E (Ps 2), (3) 
where fpmn transforms according to the irreduc- 
ible representation (p, m) of the proper Lorentz 
group, and we obtain the following conditions for 
determining the functions Y and Y’: 


Y pms-tn (S tp, 3) = exp {ime (S, n) 
— ice (S,k)} [K (n) /K (Sm) Venn (p, 2), 4) 
where K(n) is defined by formula (1.9), I. An 


analogous condition for Yomn (p, o) is satisfied 
if we take 
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Yomn(P, 7) = CmoY pmn (Pp, 9). 
Both here and later a bar above a letter denotes 
taking the complex conjugate. 
We note that the function 


Yomn (P, 9) = (1 / 27) bmad (1 — (nk)) pte? (5) 
satisfies expression (4). 

Thus, from (2) 

¥ (pm) =\do \dQ(n)3(n—k) pH" fom, (8) 


Fema = Co \ a 5 (n— k) pt (peri) (7) 

Here we have taken into account the fact that 
6[1-(nk)] = 276 (n—k). 

On substituting (7) into (6) we find that Cp 
= 1/42 while the integral over p in (6) should 
be taken from —*© to +~. Thus, the formulas 
eae 
|, do \d2(n) 8 (n—k) pH fama (8) 


—oo 


a Vip k) pt“? F (p, mm) (9) 


— (5) we obtain 


ea Cur m) aaa 


femn = 


give a solution oe the proposed problem; it turns 
out to be simpler than in the case of non-zero rest 
mass.* 


. COMPARISON OF THE RESULTS OBTAINED 
HERE WITH THOSE OF I 


We compare the results obtained here with for- 
mulas (4.1), I and (4.2), I for M=0 (M is the 
particle mass). A direct transition to the limit 
M — 0 in the formulas indicated above is impos- 
sible. Instead of this we shall carry out the follow- 
ing formal manipulation of those formulas: we 


*In the case m = 0 the same representation (p, 0) is in fact 
contained twice in the result obtained, since the representa- 
tions (p, 0) and (0, p) are equivalent. The transition between 
these two representations is given by formulas (14) and (15) 
with m = 0. 


98 INTEGRAL TRANSFORMATIONS. OFF THEPL. 


carry out the transition to the limit M-—0 in the 
factor R (Lp, n), we introduce a new variable of 
integration p/M (retaining for it the old notation 
p) and we replace the factor ¥V1+p? — p-n by 
p—p-n. If we now introduce the components of 
the wavefunction having a definite component of the 
spin along the direction of the momentum we shall 


obtain 
0 


'E (p,m) = \ do \ dQ (n) 


ee pe, (10) 
= ms p+ (2m)? - 
5 SC 
Se pie es. (a2) (psem)a (11) 
Here 
Wp; m= Von (Ke (p32), (12) 


where Ww (p, a) is the wavefunction utilized in I; 
the notation D$,,(k) is also explained there. In 
the derivation of formulas (10) and (11) the follow- 
ing equation was used: 

[D* (k)~ D® (Lpn) D* (A) mn 


(a yc oe (13) 


where 6(p,n) is defined in Appendix B. 

We shall compare the expressions (8) and (9), 
obtained above with (10) and (11).* From the func- 
tion fopmn which transforms according to the 
(p,m) representation we go over to the function 
?-p-mn, Which transforms according to the 
(—p, —m) representation. We make use of the 
fact that the representations (p,m) and (—p, —m) 
are equivalent. Therefore the function ?-p,-m,n 
may be obtained from the function fomn by the 
following unitary transformation: 


Venn er (n, k) fomn dQ (k), (14) 
lear a \ Cte (n, k) = —m,n dQ. (n), (15) 
where 
Uem (n, k) 21 as 
l>|m| a=—!l 
P (ee ip 2) 
x EE DE, <n (A) Dim (k). (16) 


*It is proved later that (10) and (11) are not equivalent to 
(8) and (9) (and are therefore incorrect), We emphasize that 
this by no means indicates that the results of the present paper 
contradict those of I; it merely means that the formal manipula- 
tion which leads to (10) and (11) is not justified. 
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The function U is discussed in Appendix A 
and satisfies the following unitarity condition:* 


\ Tom (1, 1) Uom (I, k) dQ (I) = 6(n—k). 


On substituting (14) and (15) into (8) and (9) we 
obtain 


{i ee \ 
Pp, mn =e \ pp] Um (ny k) E(B, m2), 


(17) 


(18) 


Y (p, m) = \ dp\ da (n) 7, (1, k) p+? @_ ays (19) 
We substitute into (18) and (19) the following 
formula derived in Appendix A: 


Uom(n, k) = Apm [1 — (nk eae Qm (n, k), (20) 
where 
Am = 2)? T (mT io] 2) 4el (ie 2) ee 
ty 
2, le 
Qm(n, k) ek a TTL) Demin Den K) alee 
We then obtain 
1 (dp 1—ip/2 
Oe Onan =-—\0? f Aom 
x[1—(nk)] 1?" Qm (n, k) ‘F’ (p, 12), (23) 
Y (p, m) = \ do \ dQ (n) pt”? A,, 
x [1 (nk)? On (tt, kK) (24) 
Since f 
(Aom|* = Un (0? + 4m?) 
and 
OF (n, k) — emo (n, k) (— iste (25) 


(cf. Appendix C), (23) and (24) differ from (10) 
and (11) only in that the integral over p in (23) 
and (24) is taken between the limits from -© 
TOC, 

In particular, for m=0 each irreducible rep- 
resentation (p, 0) occurs twice in the expansion 
under consideration in contrast to the case M = 0. 


APPENDIX A 


DEFINITION OF THE FUNCTION Upm(a, k) 


It may be easily shown that from the fundamen- 
tal relations (14), (15) and the transformation law 
for fomk and Y-p,-m,n the following functional 
equation for Upm(n, k) may be obtained: 


*In particular, for m = 0 we obtain the following simple in- 


tegral representation for the 8-function: 
p? as —1+-/e/2 74 ee i, —Il—i9/2 Se 7) 
Tee \ = Any? tH — dQ (1) =3(n—k) 


Lcf. also formulas (A.4) and (A.6)]. 
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Ue (oats +k) 
= Vem (n,k)[K(n)K(k)/K (S~ n)K(S7k)] 27"? 


x exp{im[(S,n) + (S,k)]} (A.1) 


(the notations K(n)/K(S“n) and y(S,n) are 
defined in I). Since the functions Dh in (K) for 
L=|m|, |m|+1,... and for fixed m form a 
complete system, U may be represented in the 
following form 

Uom (m1, k) = Dy SX tars Dé, —m (1) én (Kk). 

la U’B 

On taking in formula (A.1) for S the pure rotation 


S=R we obtain on taking into account formula 
0b) {Mi 


(A.2) 


Xtai’p = X19’ Sap. 


Further, we take in (A.1) for S the infinitesimal 
pure Lorentz transformation L: 


L™'n = (n+ 9) /[1 + (ng)]. 
It can then be easily seen that 


K (L™n) /K (n) = 1 + (gn). 
Since according to (1.9d), I 


eime(L, Ene. Cages k) = i De (R (L, k)) Da (k) 
Y 


we obtain from (A.1) and (A.2) 


> Kr (n) De. (k) = [K (n) K (k) / K dis n) K Oe kp? 


x 3) X;Day(R (L, n)) Dj—m (1m) Das (R (L, k)) Dim (k). 
(A.3) 
The parameter of the rotation R occurring in the 
above is defined by formula (A.4), i: 


D'(R(L, k)) =e" " ~1—i(Ha), 2% = [kxg]. 


We then obtain from formula (A.3) 

2 X:Da, —m (1) Dam (k) = [1 —(1 + io / 2) 9 (n+ k)] 
Ata in oe) D (a) om 
x {[1 —i (H’ [k x@])] D’ (k)}a, m- 


Here we must express the cyclic components of the 
vectors n and k in terms of the generalized 
spherical harmonics Digta): Dak): and we 
must then eliminate products of the D -functions 
in accordance with the following rule 


Diy (mn) Dia (n) Ea LM) <11 bd | LNY Diy (0). 


By equating to zero the coefficient of g we ob- 
tain (in the intermediate steps of the calculation 
we make use of Racah’s rule for combining three 
Clebsch-Gordan coefficients into one): 


Meena are) rs?) 


S(t) solar = lt Ly ea 
From this it follows that 


X,=C (2+ 1)T +14 /2)/T C+ 1—i9/2). 


On utilizing the unitarity condition (17) already 
mentioned in the main text we obtain, finally, 
formula (16). 

In order to obtain formula (20) we note that the 
function 


Qomitn, k) == [J==(nk) "0 (oe (A.4) 


satisfies the same functional equation (A.1) which 
is satisfied also by Upm (a, k), only we must set 
in it 1+ip/2=0. From this it follows that 


ab Ait ae 
Qoin (n, k) = Agm oe CE Sh Diese (n) Dae (k). 
f> |m| 


In order to find Ap; we set k = —n in (A.4). 
Since ‘ 
D' (n)=R; (9 + 7/2) R; (6), 


D‘ (— n) = Rs (9 4+ 3x /2) Ry (= — 9), 
then 
LD! (n) 1D! (+ 1) mim = [Ri (—9) Re (=) Ry @— 9) 
pee [R, (— n) Rs (x) Jim, a= is (= he es pues ev inn 


Since 
> al =5 4 (— i axe 
Stet 


=> (ener s ee ne) =e 1" 


1>\m| 


and, moreover, 


"(0 T+ 1 + ip/2)/T C41 =i /2) 


mS (— ihn) eee tie foe 
= P+41—ip/2) ' Td—ip; 2) 


= (— 1)?" T (m+ 1+ io / 2) /T (m—io/ 2), 
the proof of formula (20) is complete. 


APPENDIX B 


PROOF OF FORMULA (13) 
According to formula (1.9b), I, 
D° (Lyn) D° (n) = D* (Lp n) Rs (9 (Zp, 0). 


Further, from formula (A.2) of Appendix A in I 
it may be easily seen that 


pete fs ks 
M0 


Finally, we have, 


100 L..G. ZASTAVENKO and CHOU KUANG-CHAO 


[R (k)* R (—k) Sak Se meee 
“¥ a S+M 
= R, (— 9) R3(— 9 —=/ 2) Rs (p —z+ 7/2) Ri (x — 8) On(S on, S 7k) Qn (Ck, k) =F) 3 
SR l=) Rie), Thus from (A.5) and (B.1) we obtain formula (25). 
[D Ry De (— ier oS [Rs (— z) Ry(t)}hin => One (— Doe ees 
‘Chou Kuang-Chao and L. G. Zastavenko, JETP 
Ran EIORG, 35, 1417 (1958), Soviet Phys. JETP 8, 990 (1959). 
6(p, n) = lime (Lp, n). (B.1) 2 Chou Kuang-Chao, JETP 36, 909 (1959), Soviet 
Kee Phys. JETP 9, 642 (1960). 
APPENDIX C 


PROOF OF FORMULA (25) 


In formula (A.1) we set 1+ ip/2=0, S=Lp, 
with g(S, k) =0. Further, we let M tend to Translated by G. Volkoff 
zero; we then have 21 
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A complete classification has been obtained for the representations of the inhomogeneous 
Lorentz group, including space reflections and time reflections of the Wigner type. The 
question of the values of the squares of the various reflection operations for particles of 
half-integral spin is investigated in detail. The results are compared with those which 
are obtained when additional requirements are imposed on the theory, in particular the 
requirement of locality of the field operators. It is shown that, in addition to mass, spin 
and parity, elementary particles have still another purely geometrical characteristic, 
which might be called the symmetry type. The question of the symmetry type for real 


particles is discussed. 
1. INTRODUCTION 


ike purpose of this paper is to obtain all possible 
laws of transformation of wave functions (state 
vectors) under space and time reflections, which 
are permitted by the requirements of relativistic 
invariance, without making use of the property of 
locality of the field operators. The following pos- 
tulates are taken as the starting point. 

A. Relativistic invariance. The mathematical 
formulation of this requirement is that! the theory 
must contain operators Myyp, pa, satisfying the 
commutation relations 

[May Mao] = i (BpcMry + duxaMyo + Svs Myra + 8x» Mon)s 


[Muv, Pr] = i (p¥5..—Pybr), [Pe Pol = 0 (1) 


B. The Wigner formulation of the law of time 


reflection? is assumed. According to this formula- 
tion, to the operation t = —t’ there corresponds 
the state vector transformation 


t=—?, ¥=/:KY", 


where k, is a certain linear operator and K is 
the nonlinear operation of charge conjugation 


KY es Yo. 


(2) 


(3) 


The Schwinger rule for transposition? is obtained 
by substituting (3) into (2). The formulation within 
the framework of the conventional theory of repre- 
sentations was given earlier.‘ 

C. The reflection operations are not assigned 
explicitly, but are determined from their geomet- 
rical properties. Thus the inversion I, is de- 
fined as the operator that transforms the state 
vector when we reflect the space coordinates 


cS Xie Pace ee (4) 


The time reflection operator was defined in refer- 
ence 2. It is convenient to introduce still another 

operator IgtK, corresponding to the reflection of 
all four axes: 


w=—my, P= leKe’. (5) 


It is obvious that 


Idy = st: (6) 


Figuratively speaking, the inversion is defined as 
the operator that relates the state vector to the 
vector for the state of the same physical system 
as observed in a mirror. 

From these definitions and the fact that the se- 
quences of coordinate transformations 


= Kee ee meee 
(7) 


lead to the same final system, we obtain the com- 
mutation relations for the operator Ict: 


- n wn m " e ” 
Xp = — Xp Xp — Xp, Hp = Xp — Sa Spy 


(8) 
(9) 


The asterisk denotes complex (and not Hermitian ) 
conjugation.* Similarly, we get for Ig the rela- 
tions 


Pull st ina Pegi = 0, 
Muvl se “te T.4Mys = 0, 


[Is, M] = 0; [/s, Pol = 0; 


Ip + p/; = 0, [,N + N/, = 0, (10) 


*The operation of complex conjugation dees not affect the 
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imaginary unit in the fourth components of vectors and tensors, 
so that, for example, px = ip*. This point is not essential, 
since the use of contravariant vectors with the usual definition 
of conjugation leads to the same results. 
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where Nj = —iMj,y. Each of the reflection opera- 
tions defined by Eqs. (2) — (5) may or may not con- 
tain the charge conjugation. On the other hand, 
according to (8) and (10), all these operations must 
be conserved for all interactions. 

D. For particles with integral spin, the squares 
of all reflections are equal to unity. For particles 
with half-integral spin, the square of each of the 
reflections Ig, kK, Ig¢K may be either plus or 
minus unity, but they must have the same values 
for all the half-integral spin particles. In other 
words, the values of squares of the reflection 
operators determine the properties of space-time, 
and not the properties of individual particles. 
Therefore particles with different values for the 
square of one of the reflections cannot exist simul- 
taneously,° since this would lead to the existence 
of systems with integer angular momentum and a 
negative value for the square of the reflection. 

As was shown earlier ,*’6 these considerations 
can be given a geometrical interpretation if we 
extend the rotation group by adjoining an element 
I,, for the rotation through angle 27 about an 
arbitrary axis. (Such an extension occurs natu- 
rally in treating the topological properties of the 
parameter space of the rotation group.) Then 
the square of each of the reflections may be equal 
to either the identity operator I or to the rotation 
through 27, which leads to the following eight 
groups G, — Gg: 


Gy G, Gs G, Gs Ge Gy Ges 

re I (a aE eek 8 | Aw a I 

(HAS ESI) SD SID OR a omen ae) Cae (0D) eG ae SY a 
Us)? = Felice I lon Ton, et | Ton I I Ton 
(11) 

Table (11) holds for both integer (I,, =1) and 

half-integral (I,,=-—1) spins. Real space-time 


transforms according to one of these eight groups, 
and this fixes once and for all the values of the 
squares of the reflections for all particles. Thus 
there exist eight nonequivalent space-time struc- 
tures. Later we shall show that the difference be- 
tween these structures is accessible to experimen- 
tal test. 

E. No assumptions whatsoever are made con- 
cerning the locality of the field operators, or, in 
general, concerning the form of the equations of 
motion. These initial assumptions differ in some 
ways from those usually made in investigations of 
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this kind (cf., for example, the surveys by Wick 
and Solov’ev,’ which give references to the main 
papers ). 

The adoption of postulates A and E leads to 
a great generality and enables us to obtain a num- 
ber of reflection transformations which satisfy 
the requirements of relativistic invariance but 
which do not reduce to local transformations of 
the Dirac field operators. Postulate C is essen- 
tially not new, but it rather restores to the reflec- 
tion operators their original geometrical meaning. 
However this point does involve a change in the 
basic point of view of the investigation of the re- 
flection operations. Usually (cf., for example, 
reference 7), certain operators (P, CP, T, CT, 
etc) are defined to act on the field operators, and 
one investigates the conservation of these oper- 
ators. Here we impose the requirement that there 
exist conserved operators Ig, It, Ist, which cor- 
respond to definite coordinate transformations and 
which satisfy relations (6), (8) — (10), and one of 
the columns of (11). (Failure to satisfy this re- 
quirement is tantamount to denying the Euclidean 
nature of space-time.) Our problem is to find 
the explicit form of these operators. The re- 
quirements of postulate D are not new (though 
they contain a somewhat unusual geometrical in- 
terpretation ), but they are investigated in detail 
here for the first time. These requirements im- 
pose quite rigid limitations (which are different 
for each of the eight groups) on the possible form 
of the reflection operators. 


2. PARTICLES WITH NONZERO REST MASS 


The apparatus of field theory is not suited for 
investigations which are not based on locality of 
the theory. We shall therefore make use of the 
mathematical technique which was used earlier® 
for obtaining the explicit form of the representa- 
tions of the inhomogeneous Lorentz group. (These 
representations were first obtained by Wigner.®) 
According to reference 8, the state vector of a 
free relativistic particle, with mass x and 
spin s, can always be brought to the form 


Vince (D)s 


where the kinematical variables are the three- 
dimensional momentum p and the spin projection 
mg. In addition to mass and spin, the particle may 
possess other variables (such as charge) which 
are invariant under four-dimensional rotations and 
translations; we denote these by the index a. Rela- — 
tivistic invariance is assured by the fact that, for 


(12) 
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the state vector (12), we can define® operators 
Myv, Pa which satisfy Eqs. (1): 


ED eiiien pe My | 


ee (13) 


Pore 15a) ete S == 5 (5 == 1), (14) 
The completeness of the argument is guaranteed by 
the fact that, to a given pair of values of mass and 
spin, there corresponds a single irreducible rep- 
resentation of the inhomogeneous Lorentz group, 
which can always be reduced to the form (13). 

For the state vector (12), we must now find 
operators Ig, It, Ig¢, which satisfy (6), (8) — (10), 
and one of the columns of (11). Let us represent 
these operators in the form 


Dee kil sist = ae Ed (15) 


where P is an operator which acts only on the 
variable p and changes the sign of the momentum: 


PP in, (p) = 2 Pn. (—p) (16) 


vd 


while T is an operator which acts on p and mg 
(but not on @), and changes the sign of the mo- 
mentum and the spin projection: 


T Wing (p) = (— 1)8-s Bn, (— Pp). (17) 

From (16), (17) it follows that 
Ppp =—p, PSP =S, (18) 
fof =—p, (ios =—S* (19) 


4 (integer spin) 


PP=Ion, TT* = In = 194 (half-integer spin). 


(20) 


The operations P and T defined by (16) and 
(17) are the natural generalization, to the case of 
arbitrary spin, of the corresponding quantities 
which are used in the theory of spinor fields. Sub- 
stituting (13) and (15) in (6), (8) — (10), we obtain, 
using (18) and (19): 
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According to (22), the operators Ag, At, and Agt 
do not act on the kinematic variables p and mg; 
i.e., they are either numbers, or they are mat- 
rices with respect to the invariant variable a. 
According to (11) and (20), for single-valued 
representations, — 

Me he MAES hale Sa? (integer? spin) 


(23) 


? 


and all the factors } may be numbers. To each 
value of mass and spin , there correspond two 
equivalent representations which differ in 
parity: 


hs=1, 4 =1; 4: =—1, 4 = 1 (integer spin). (24) 


(Representations which differ by a phase factor in 
At are not different, since according to (2) and (3) 
this factor can be eliminated by multiplying the 
state vector by an appropriate phase factor.) To 
obtain the two-valued representations, we must 
substitute (15) and (20) in (11), and set I,7 = —-1. 
The result is 


GuiG, Gs GanieGr Ge 


(25) 


If At (or Agt) is a number, the quantity MAE 
(or AgtAg_) must necessarily be positive. The 
factors » may therefore be numbers only in 
groups G», and Gs. In the other six groups 
these factors must be two-by-two matrices acting 
on an additional independent variable, so that the 
dimensionality of the irreducible representation 


Nase sti ey is double that of the corresponding proper group. 
Mss) Pu] = 0,. They Mus] = 9, One can verify directly that relations (21) and 
(en = OF ie Muy | = 0, (22) (25) are satisfied by the following sets of factors: 
ae EE 
| Gy | Geol Gs “| Ge | Gs | Gs | G, | Ge 
i Gf ll en 01 | 1 —1 | 4 | —1 191 ip, 
| 26) 
hy 2 P2 ts P2 3 | 4 z | P2 | 2 | 3 P2 
Ay | ipa | tea] @ [4] fps | lee | {Oey 1 | G2 | Pa lerPa es 
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The matrices p,, Py, P3 in (26) have the form 
of the corresponding Pauli matrices, and act on an 
additional (charge-type) variable of the state vec- 
tor. The matrices p;, py, correspond to an oper- 
ation of the type of charge conjugation. Because 
of the presence of the operation of complex con- 
jugation in (2) and (5), the matrices p;, and py» 
cannot be transformed into one another by an 
equivalence transformation if they enter into 
At OF Agt. Table (26) exhausts the irreducible 
representations for each of the groups G, — Gg 
for the case of half-integral spin. 


3. PARTICLES WITH ZERO REST MASS 


For zero rest mass, for each value s of the 
absolute value of the spin, there are two irreducible 
representations of the proper group, which are one- 
dimensional in the spin variables, and which differ 
in the sign of the projection of the spin onto the 
momentum? (spirality). A change in the sign of 
the momentum changes the sign of the spirality, 
so that the representations of the group including 
space reflections must be two-rowed in the spin- 
like variable for the sign of the spirality. The 
operators py, Myp for these representations can 
be written in the form 


P=P; P=I/P\; 


F (6) 0 
Ms=—i(pi5-— Paz): 


Ny = ip a — soy sin gcot 9, 
a O, : 
Ny = UB ap 1 ss, cos pcotd, N;=ip = (27) 


Here o3 is the Pauli matrix which acts on the 
variable for the sign of the spirality, and 9, # 
are the polar angles of the momentum vector. 

For integer spin, the operators Ig, |, and Ig; 
satisfying (6) and (8) — (11) are equal to 


I;=o,P, Ir=P, Ist = 9, (integer spin). (28) 


For each absolute value of the spin there is just 
one irreducible representation. 

For half-integral spin, we look for operators 
Is, It, Ist of the form 


| eee Ti; syne I bes: ey (29) 


The operation P’ acts on the wave function in the 
same way as P, i.e., it changes the sign of the 
momentum, and its square is also equal to —1: 


EYe(p tC pp (P= ah (30) 
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since the eigenfunctions of the operators (27) con- 
tain a factor exp(+iv/2), which is multiplied by 
i when g is replaced by g + 7. Substituting (29) 
in (6) and (8) —(10), we find 


pee (31) 
hig + Osh, = 0; (32) 
hy dg == og Ap = 0, (33) 
pe d3 + dy Ke 00, (34) 


Relations (32) — (34) express the fact that the pro- 
jection of the spin along the momentum does not 
change sign under time reflection, and changes 
sign under inversion. 

Substituting (29) in (11) and using (30), we ob- 
tain for the values of the squares of the A’’s, the 
table 


Gs Ge G, 


(35) 

According to (33), the factor A; for the spin 
variable is either equal to unity or proportional 
to o3. Therefore, in the groups G;, Gg, Gg and Gg, 
where the quantities AjA4* are negative, we must 
introduce an additional discrete variable, so that 
the representation becomes four-rowed. This 
doubling is not necessary in the other groups. Re- 
lations (31) — (35) are satisfied by the following 
sets of factors A’, which exhaust the irreducible 
representations for the state vectors of particles 
with zero rest mass and half-integral spin: 


G; GHGs G, Gs Ge G, WG 


h, 10103 104 Oy Oj O71 5103 io Io, 


Ke 9194 52 | S12 54 | 1916) to, 15102 


(36) 


4. SYMMETRY TYPES OF ELEMENTARY 
PARTICLES 


In addition to mass, spin, and parity, elemen- 
tary particles possess another purely geometric 
characteristic, which we may call the symmetry 
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type of the particle. The concept of symmetry 
type is based on the macroscopically obvious fact 
that, under each of the reflections x — =X, ti——t 
Xy —~ —Xy, the particle can either go over into it- 
self (symmetry), or into another (anti-particle 
type) state with the same mass and spin (asym- 
metry). In the latter case, the transformation of 
the state vector which is associated with the cor- 
responding reflection must contain an operation C 
of the type of charge conjugation. 

For nonzero rest mass, five types of symmetry 
are possible: 


> 


1. Complete Symmetry. The particle is trans- 
formed into itself under ail reflections. In this case 
the operations P (change in signs of momenta) 
and T (change in signs of momenta and spins) 
are conserved. 


2. T-symmetry. The particle transforms into 
the antiparticle under space reflections, and is un- 
changed by time reflection. PC and T are con- 
served, while P and PT are not. The macroscopic 
analog of this type of symmetry is the symmetry of 
a rotating screw-nut. 


3. P-symmetry. The particle is unchanged by 
inversion and changes into the antiparticle under 
time reflection. P and CT are conserved, while 
T and PT are not. The macroscopic analog is a 
rotating weather -vane. 


4, PT-symmetry. The particle changes to the 
antiparticle under inversion, and does not change 
under reversal of all four coordinates. PC, CT, 
and PT are conserved, while P, T, and PCT 
are not. This case contradicts the PCT -theorem, 
i.e., it is not possible in a local theory. The 
macroscopic analog is a rotating conical cogwheel. 


5. Complete asymmetry. The particle does not 
change into itself under any of the reflections, i.e., 
the particle has four different states with the same 
mass and spin. In this case there are two inde- 
pendent operators C, and Cy, of the type of charge 
conjugation. PC,, CyT, and PC;T (where C3 
= C,C,) are conserved. 

For zero rest mass, we associate with a state 
of the particle a definite projection of the spin 
along the momentum, which is invariant with re- 
spect to proper transformations but which changes 
sign under inversion. Thus, for zero mass (and 
nonzero spin) only T-symmetry (type 2) and 
complete asymmetry (type 5) are possible. 

In some cases (for example, for photons) the 
operation C does not change the sign of any charge. 


For this reason we have been careful to call it an 
operation of the type of charge conjugation. 

There are different restrictions on the S-matrix 
for the various symmetry types. Thus, in cases 3 
and 4, the S-matrix is not symmetric, as is usual, 
but is related to its transposed matrix ST! by st 
=C'SC. The considerations presented here can 
be presented somewhat differently, by discussing 
the transformation properties of the physical quan- 
tities characterizing the particle. From group- 
theoretical considerations it follows that the state 
of a free particle is described by its mass, spin, 
momentum, spin projection, as well as by other 
possible variables which must necessarily be in- 
variant under proper transformations .® However, 
these additional variables may be either scalar 
or pseudoscalar with respect to reflections. If 
all the additional variables are scalar, the par- 
ticle belongs to the first type (complete symme- 
try). If the additional variable is a pseudoscalar 
with respect to inversion and a scalar with respect 
to time reflection (for example, the projection of 
the spin along the momentum in the case of zero 
mass), the particle has T-symmetry, etc. Thus 
the investigation of symmetry types of particles 
is equivalent to the investigation of the behavior 
under reflections of the quantities character- 
izing the particle, such as the different 
charges. 


5. THE DIRAC EQUATION 


If we impose on the theory the requirement of 
locality of the field operators, there is an essen- 
tial change in the final results, which can be fol- 
lowed on the example of the Dirac spinor. Dif- 
ferences occur for three reasons. First of all, 
the Dirac equation is always a four-component 
equation, whereas two-component spinors are 
possible for the groups G, and Gs [cf. Eq. (26)] 
found in our investigation. Secondly, certain rep- 
resentations are forbidden in a local formulation. 
Thirdly, certain representations which are equiva- 
lent within the framework of the general theory of 
representations may prove to be inequivalent with 
respect to local transformations. 

Before turning to an investigation of the Dirac 
equation, let us enumerate all the “physically” in- 
equivalent four-component representations, fora 
particle with spin be which are permissible ac- 
cording to table (26): 


106 Yu. Me SHIROKOW 
ee A eS 
| G rs M * st @ *s | ‘ | st 
: 4 1 
1 i Po ip2 14 4 4 nie) 
petite Gayle “ae “i cle 15 me 1 
i 16 es 23 4 
ENG Gs 1 01 P1 
3 l 4 l 18 —=4f) 1 —?1 
4 —i 4| ay 49 01 01 4 
5) i °1 191 20 °1 61 
6 Gs —I ont —10; (37) 
d ip3 23 i p 
8 ips ie, ities | i ne 
9 10) P1 l ~ P2 
10 1 P2 ip3 23 io e 2 
G : ' 19) 3 
11 : e3 P2 EL 24 a tes P1 —Pe2 
he © re) —7 25 t =— 
; G 1 3 Boe ae Ah F2 3 
13 s 3 Q1 ips 26 Ga ips oP 21 


We say that two representations, for example rep- 
resentations 7 and 8, are “physically” inequivalent, 
even though they are equivalent, if they correspond 
to different symmetry types. In representation 7, 
under inversion the particle goes over into itself 
(conservation of parity), while in 8 the particle 
under inversion goes over into its antiparticle 
(conservation of combined inversion). 

Now let us consider the possible transforma- 
tions for the Dirac field operators, which corre- 
spond to the addition of the requirement of locality 


to the invariance requirements (1) and (8) — (10). 
In the local formulation, these conditions are equiv- 
alent to the following requirements: 1) invariance 
of the equations for the field operators, 2) invari- 
ance of the commutation relations, 3) invariance 
of the definition of the vacuum. Taking account of 
these requirements, one can show that the follow- 
ing nonequivalent sets of transformations of the 
Dirac field operator ~(x,t) can be associated 
with the reflection transformations: 


Operators corresponding to Number of 

coordinate reflections corre spond- 

Group : ‘ representa- 

bo 8S Tia aay mca tion in (37) 
uss Gy —- _ oo a 
4 Gs ‘Pe if iPT of 
2 | Gs PC iCT iPT 10 
3 G PG pie —iPCT 12 
4 “ PE —iT YAGI R 12 
5 P 1p Pai 14 
é ps 1 —PT 15 
(OE RO 17 

8 P OR per 17 (38) 

9 Gs —P (C56 —PCT 18 
10 —P —CT PGT 18 
14 (UE, (O30 PT 49 
OW IG, T Ret 20 
13 IG; --T —PCT 20 
14 G JP 1 iPCT on 
15 q —P iG: —iPCT 22 
16 G.- iP (Cit. DReT 24 
17 é iP —CT —iPCT 24 
18 G iP iGE —-PCT 26 
19 S iP —iCT JXGHE 26 


In (38) the operations P, T, C are defined in the 
standard way, with the phase factors 


Ph (x,t) = ita (—x, 1). (39) 
Th (%,t) = ratsteh (%, — 2), (40) 
Cy (x,t) = yorah (x, 2). (41) 


It can be shown that, with this choice of phase fac- 
tors, the transformations (39) and (40) on the 
Dirac field operators are equivalent to the trans- 
formations (16) and (17) on the corresponding state 
vector. For this reason these operations are de- 
noted by the same letters. This equivalence can 


SPACE AND TIME REFLECTIONS IN RELATIVISTIC THEORY 107 


be established by means of a Foldy-Wouthuysen 
transformation!” of the solutions of the Dirac 
equation for the field operators, followed by a 
shift to the configuration representation as in 
reference 11. 

Table (38) exhausts the possible laws for local 
reflection transformations of Dirac particles. We 
remind the reader that particles can exist simul- 
taneously only if their operators transform accord- 
ing to representations which belong to the same 
group, and that all the reflection operations are 
conserved. 


6. DISCUSSION OF RESULTS 


Our investigation shows that the known proper- 
ties of space-time must be fixed in accordance 
with one of the columns of (11), so that the ques- 
tion arises of determining the group among G,; — Gg 
according to which real space-time transforms. To 
solve this problem, we may use the following dif- 
ferences between the representations of these 
groups. 

a) The pseudoscalar nature of the ground state 
of positronium. This argument does not depend on 
whether inversion is or is not accompanied by 
charge conjugation, since the two-photon system 
has even charge parity. This requirement elimi- 
nates from table (37) the representations 1 —6, 8, 
9, 11, 18, 16, 23, and 25, i.e., just those represen- 
tations which are absent from the local variants 
(38). Thus the requirement of pseudoscalarity of 
positronium eliminates the possibility of group Gy, 
in which the squares of all reflections are equal 
to unity. 

b) The two-component neutrino. If the neutrino 
is two-component, then, according to (36), the 
groups G;, G3, Gg and Gg are not possible. 

c) The four-component nature of all known 
spinor particles with nonzero rest mass. This 
argument, together with the previous one, makes 
those representations particularly probable for 
which the wave function of the spin -’/, particle 
may be two-component for zero rest mass, but 
necessarily four-component for particles of finite 
mass. Groups Gy and Gy, satisfy this condition. 

The following group of arguments is related to 
non-conservation of the operation of charge con- 
jugation C [4,.P2 in Eq. (37)]. It is to be under - 
stood that we are talking about conservation under 
all interactions, since the problem under discus- 
sion involves the geometric properties of space- 
time itself. Nonconservation of C has the conse- 
quence that if, for example, the quantity PC is 
associated with the transformation x = —x’ and 
is therefore conserved, the quantity PC*C =P 


will not be conserved. On the basis of this re- 
mark, we may consider the following additional 
restrictions on the representations. 

d) Conservation of PCT. This requirement is 
a hypothesis, if the locality condition is not im- 
posed on the theory. Conservation of PCT results 
in non-conservation of PT, which eliminates rep- 
resentations 3, 4, 7, 9, 10, 14—16, 19 in (37). 
Taken together with a), this requirement elimi- 
nates groups G» and G3. 

e) The hypothesis of conservation of combined 
parity PC.!2-!4 Conservation of PC excludes from 
(37) the representations 1—7, 11, 13, 14 —18, 21, 
22, 24, and 26. Taken together with point a), this 
eliminates all the representations of the groups 
Gi, Go, Ge, Gy and Gg. 

f) The hypothesis of conservation of T. This 
excludes from (37) the representations 1, 2, 5, 6, 
9—11, 138, 17 —19, 21, 22, and 24 — 26, so that, 
together with a) it excludes all the representa- 
tions of groups G;, G3, Gg, G7 and Gg. The local- 
ity condition is equivalent to the combined condi- 
tions a) and Qq). 

Only representation 12 in (37) satisfies all the 
requirements enumerated above. This representa- 
tion belongs to group Gy. In (38) there correspond 
to it the two locally nonequivalent representations 
3 and 4. If we drop requirement c), the remaining 
conditions will also be satisfied by representation 
20 of the group Gs in (37). In (38) there will cor- 
respond to it the two locally nonequivalent repre- 
sentations 12 and 13. In this case, however, it be- 
comes possible to have other particles, whose wave 
functions transform according to various represen- 
tations of group Gs, so that the conservation laws 
d), e) and f) lose their universal character. 

Thus, existing experimental data lead to the 
conclusion that real space-time transforms either 
according to group Gy, or according to group Gs, 
the more probable one being group Gy, in which 
the squares of the inversion and of the reflection 
of all four axes are equal to unity. (We note that 
if we treat the reflection as a rotation through angle 
mt about some additional coordinate axis, its square 
reduces to a rotation through 27.) It is interesting 
that such a delicate property of space-time, which 
is associated with the topology of the parameter 
space of the rotation group, turns out to be acces- 


sible to experimental determination. 
In group Gy, all particles must transform ac- 


cording to representation 12 of (37). When we go 
over to the local formulation, the two representa- 
tions 3 and 4 in (38), which are non-equivalent 
under local transformations, will correspond to 
it. These representations are characterized by 
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the fact that the transformation properties of the 
particles they describe are identical, while the field 
operators transform differently under reflection of 
all four axes. This difference between the particles 
will therefore not affect the conditions for invari- 
ance of the S-matrix, as determined, for example, 
according to reference 15. But they will have a 
marked effect on the composition of the Lagrangian 
for the interaction which transforms one particle 
into another. 

With regard to actual particles, we may say that 
the 7° -meson belongs to the completely symmetric 
type, while the photon and charged particles have 
T-symmetry. The neutrino has T-symmetry if 
it is two-component, and is completely asymmetric 
if it is four-component. 
a certain caution in drawing such conclusions. For 
example, the Wu experiment, strictly speaking, 
shows only that at least one of the particles partici- 
pating in the process (for example, the neutrino) 
does not go over into itself under inversion. On 
the other hand, if say it should turn out that the 
quantities P, T and PT are not conserved in 
proton-proton collisions, this would imply that 
the proton has four different charge states, in ac- 
cordance with the initial hypothesis of Lee and 
Yang.'? It is of interest to set up a system of ex- 
periments necessary for the exact determination 
of the symmetry types of all known particles. 

Usually, in investigating the reflections, one 
assigns these operations at the start for all the 
fields being studied, and then investigates the con- 
servation of these operations. Such an approach is, 
on the one hand, incomplete, and on the other hand 
mixes up the purely geometrical properties of the 
reflection operations with the special properties 
of the operators of the as yet incomplete local 
theory of fields. The main result of the present 
paper is the strict separation of the geometrical 
properties of the reflection operations from the 
properties of specific equations of motion. 

Summarizing, we may say that the investigation 
of the reflection operations reduces to the answer 


One must, however, observe 
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to three questions: 1) According to which of the 
groups G,—Gg does real space-time transform? 
2) According to which representation does each 
of the particles transform? 3) To which symme- 
try type does each particle belong? All other 
questions which arise in studying the reflections 
either reduce to the ones enumerated or depend 
essentially on the particular choice of the equa- 
tions of motion. 
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A formula has been obtained for calculating the reduced second moment of a paramagnetic 
resonance line and the low-frequency paramagnetic absorption, taking into account the elec- 
tric field within the crystal. A formula is given for calculating the fine structure constants 
of nuclear and electronic paramagnetic absorption from the experimental value of the second 
moment of the absorption curve. A study is made of the way in which the spin-spin paramag- 
netic relaxation time depends on the interaction of the electron magnetic moments with the 
internal electric field and the nuclear magnetic moments. As an example, the order of mag- 
nitude of the spin-spin relaxation time has been estimated for diamagnetic crystals contain- 


++ 


ing Mn” ions as an impurity. 
1. INTRODUCTION 


Te well-known formulas of Van Vleck (refer- 
ence 1, Eq. 11) and Broer (reference 2, Eq. 12) 


for evaluating the reduced second moment <(Av)?> 


of a paramagnetic resonance line f(v), and the 
reduced second moment <v*?> of a low-frequency 
paramagnetic absorption line ~(v), do not take 
into account the fine and hyperfine structure of the 
absorption line, and cannot be used to study the in- 
ternal interactions in many paramagnetic crystals 
and liquids. After the appearance of Van Vleck’s 
paper,! a number of authors derived formulas for 
calculating <(Av)?>, taking into account the in- 
ternal electric field E, but limiting themselves to 
particular cases. They considered ions? with elec- 
tron spins of S=1, the central line f(v) for 
ions‘ with half-integral spins S, and ions® with 
anisotropic g-factors and with S= 3. As for the 
y (v) lines, Kopvillem® in calculating <v*> con- 
sidered the anisotropy of the g-factor and the ex- 
change interaction, and also the interaction Shfs 
between the nucleus inside the ion and the magnetic 
field created at the location of the nucleus by the 
uncompensated electrons in the ion. 

In the present paper a formula is obtained for 
calculating the reduced second moment of an ab- 
sorption line for a quantum of constant radio- 
frequency, for paramagnetic centers which are 
magnetically equivalent and have an arbitrary 
spin S, in the following two cases: 

a) The field E splits the energy spectrum of 
the spin system of the paramagnetic material into 
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a series of discrete quasi-continuous bands whose 
widths depend on the magnetic dipole interaction 
dq and on the exchange interactions Kg, among 
the paramagnetic centers. In this case the f(v) 
line splits up into a series of fine-structure com- 
ponents fM,M-1( v) corresponding to the magnetic 
dipole transitions |S, M> =~ |S, M-1> between 
the states |S, M> and |S, M-1> of the para- 
magnetic centers. (M is the magnetic quantum 
number.) It should be noted that it is possible to 
classify the components of the line f(v) accord- 
ing to the number M if the static magnetic field 
Hy is considerably stronger than the field E, or 
if the field Hy is directed along an axis of symme- 
try of the field E. We shall evaluate the reduced 
second moment < (Av)? > .M-1 for every com- 
ponent fyyjjmM-1(¥)- 

b) The energy spectrum of the spin system con- 
sists of a single quasi-continuous band whose width 
depends on the interactions Hq, Kex, Kpfs, and 
the interaction Hf of the paramagnetic centers 
with the field E. The condition that the spectrum 
of the spin system be quasi-continuous is fre- 
quently fulfilled in materials such as dielectric 
crystals and solutions containing ions of the iron 
group or the rare earths, with electronic configura- 
tions corresponding to 3d°°S. or 74f" °S. There 
will be a y(v) line under the condition? that the 
frequency v of the alternating magnetic field Ht 
is of the order of magnitude of the reciprocal of 
the paramagnetic spin-spin relaxation time Tgg, 
and its shape will portray the distribution function 
for the transition frequencies of the paramagnetic 
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centers between the levels of the quasi-continuous 
spectrum of the spin system, arising under the in- 
fluence of Kg, Hex, Kpfgs, and KE. We shall 
calculate <v?> fora g(v) line, taking into 
account all of the interactions enumerated above. 

In both of the cases (a) and (b) we shall con- 
sider only electron paramagnetic absorption lines. 
Nevertheless, all the results we obtain may be ap- 
plied unchanged to the case of nuclear magnetic 
resonance. For this purpose the operator HF 
would describe the quadrupole and higher-order 
interactions between atomic nuclei with spins 
I> 4 and the gradient of the internal electric 
field E. We shall assume throughout that the 
spin-lattice interaction is very much smaller than 
the interaction 3; within the spin system, and that 
these spin-spin interactions are the only ones which 
determine the shape of the paramagnetic absorption 
line. 


2. REDUCED SECOND MOMENT FOR THE FINE- 
STRUCTURE COMPONENTS OF A PARAMAG- 
NETIC RESONANCE LINE 


Let a static magnetic field Hy be directed along 
the z axis, which coincides with one of the princi- 
pal axes of the g-tensor of the paramagnetic ions, 
and let Ht be parallel to x. We write the Hamil- 
tonian of the spin system in the form 


H=Hot Hr Hom Het He» Hi= Dd PUS'Si, (1) 
i>j ay 
where 3, is the perturbation, Hz is the Zeeman 
energy operator of the paramagnetic ions in the 
field Hp, Hp is the Stark energy operator of the 
ions in the field E, Pay is a second order tensor 
describing the internal interactions in the paramag- 
netic material, i and j are indices distinguishing 
the ions, and qa and y are indices denoting the 
coordinate axes. In our case 


ae a ti == 9 9. B2 (p—38__ 8yr Sg tin ti ap if 
Hy= Hat Hex PL = SayP? (rp — 3r7Paily’l) — nil Ji, 


(2) 


where f is the Bohr magneton, gq is the spec- 
troscopic splitting factor along the axis a, rjj is 
the radius vector connecting the i-th and j-th ions, 
aij is the projection of the vector rjj onthe @ 
axis, Jil is the exchange integral! for the ions i 
and j, and niy is a coefficient characterizing 
the anisotropy of the exchange interaction, due to 
the influence of the field E. 

To calculate <(Av)*> we shall use the for- 
mula! 


((Av)*> = — A? Sp (Hr, Hel?) {Sp (43)} 


= 3%, 
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where h is Planck’s constant, N is the number 
of paramagnetic ions in the sample, 3, is the 
portion of the operator K, which commutes with 
ky, and the notation [,] denotes the formation of 
the commutator. The operator #, describes the 
effect of the field H, on the spin system of the 
paramagnetic material, and its component operators 
Si are obtained from si by removing all matrix 
elements which do not sorteapend to the frequency 
of the field Hy. In our case the field Ht causes 
transitions between the |S, M>' and |S, M-1> 
states only, and consequently the only non-null ma- 
trix elements of the operator si are of the form 
<S, M|Si|S, M-1> and <S, M -1|Si. |S, M>. 
Using (1) to (3), we obtain 


<(AY)®>m.m—1= (A? (2S + 1}? DY) | Qi (PY PH)? 
“(=/) 
+ QsPieAs QsPL( Pua) i Ou (Pee ale 
Qi= 75 (2(S + MS —M + 1)?+ (S+M + 1)(S— My 
+(S+M-—1)?(S—M +4 2), 
= ae ie 
Q.= 


susie ’siaaaan eee (4) 


{(2S + 1)’— 1}, 


If the spin system of the paramagnetic material 
contains ions i and k which are not equivalent, 
and paramagnetic resonance occurs in ions of the 
type k having a spin S’, then the corresponding 
reduced second moment < (Av yo can be cal- 
culated with the aid of a formula obtained from (4) 
by setting Q, =Q,=0 and substituting S’K for 
Sj and k for j. If the paramagnetic centers all 
have the same spin, but are acted on by different 
intra-crystalline electric fields E, then the cor- 
responding reduced second moment < (Avyes 
for the fine structure component fj/),-4/2(v) is 
calculated from formula (14) of reference 4. It 
should be noted that the fuentes < (Av)? >M,M 
<(Av)?>g, and <(Av)? >» are additive. 


-1>? 


3. REDUCED SECOND MOMENT FOR LOW- 
FREQUENCY PARAMAGNETIC ABSORPTION 
LINES 


The Hamiltonian of the spin eee is of the 
form 
in = 43, 
S'51(De S24 Et Sit - Ai Si I‘), (5) 


i=la 


N 
Hr= QD) PU SiSi + 
t>ja,y 
where (Dq, Eq) and Aq are the elements of ten- 
sors characterizing the interactions Kp and Khfg 
respectively (see reference 7). In the present 
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: +: 
case S, =}, and the operator 3¢; has the form 
Ht= BD gi,Sé, Bi,= 2a C08 (a,t), (6) 


where (a, t) is the angle between the direction of 
the field Ht and the a@ axis. Using (3) and the 
expressions (5) and (6) we obtain 


<0) = he (Oa a + DEE OD age) (7) 


where subscripts are added in order to distinguish 
the brackets of the corresponding interactions. The 
values of the second moments on the right hand side 
of (7) are given by the following expressions: 


Paren=L DDI Countren GiGi PsP, + evevtourg} thyPLPH), 


ii) ae 
(8) 
(vy nfs= R DierrswBi, Bi, Arve Ase, (9) 
<ve= Di gi le2,, (WD2-+ 0,2 + vgDi Et) 
+ CapylrBa (0:Di,D!-+ v,ELE! + vDiE‘)}, 
1 4 
P= 7S(S+1), R=zZi(i+}), g@=De,,  —_ (10) 


where eqpgy is the unit antisymmetric tensor 
(with ey, taken to be unity), and all the indices 
a, B, y, 9,... are to be summed over the range 
x, y, Z. In formula (9) the index @ is introduced 
to denote the principal axes of the tensor A. The 
coefficients Vy are calculated from the formulas 


4 3 
0;= Sp {[Se, SyR}==_S(S+1)—<z, 
NG cx 
Vo= Sp {[S2, [Sa, Sy]-P.} = ay S3(S + 1)° 
268 AWD 9 


Fe SS + IP + ze S(SH+N—-F, 


Vg= OSp{[Sa,Sy]4[S%, [Sx, Syl4]+} 


24 38 6 
=%57(S + I ES(S+ 1) +5. 


v4= bSp {IS2, [Say Syl4]4 [S2, [Sas Syl4],) = ¢ S2(S + 1° 


2 
5 


== SS +1225 (S+1)+5, 


b={5S(S+ 1)(28 + Dae (11) 


where a ~#y; @, y=x, y, Z; and the symbol [, ], 
denotes the formation of the anticommutator. In 
Eqs. (8) to (10) it is assumed that the mean values 
derived for the coefficients of the Hamiltonian (5) 
are determined by the formula 


If the coefficients Al, have an arbitrary distribu- 
tion ~(i), then 
<Ai Aby = (NaN) 2: 4 (i) 9 (R) ALAR. (13) 
i,k 


In the case (13), the fine and hyperfine structure 
of the g(v) line cannot be resolved by magnetic 
dilution of the sample, and the coefficients of the 
Hamiltonian (5) can be found only by comparing 
the experimental and theoretical moments of the 
y (v) line. It should be mentioned that the coeffi- 
cients of the Hamiltonian (5) can have different 
values for magnetically dilute and magnetically 
concentrated samples. The formulas (8) to (10) 
which we have obtained can be used to study this 
question. 

In the case of paramagnetic solutions or powders, 
where the field Ht occurs at arbitrary angles to 
the x, y, z axes fixed to the molecules or micro- 
crystals, the coefficients Sta&tg in expressions 
(8) to (10) should be replaced by their mean values, 
found from the formula 


4 4 
(Srakip? = % Kapdan, <g>=—z Der, (14) 
where 6qg is the Kronecker symbol. 


4, REDUCED SECOND MOMENT OF THE 9(v) 
LINE FOR Zn(HCOO),:2H,O WITH Mn** 
IMPURITY 


As an example of the use of formulas (9) and 
(10) let us take the case of low-frequency para- 
magnetic absorption occurring at a Mn** ion in 
a crystal of Zn (HCOO).*2H,O. From the experi- 
ments of Hadders et al.® it is known that for Mn** 
ions the width Avy, of the g(v) line at half- 
amplitude is determined by the interactions within 
the spin system. For small concentrations of Mn** 
ions the order of magnitude of <v?> is deter- 
mined by the interactions Kp and Kpfg. From 
(7), (9), and (10) we obtain 
<> = (hay (Oo > et OP nts) = (hg) {97,101 (Dy— Dz)? 
++ 02 (E2+ E2) + 0 (DyEy+ D2E— D,Ez— D-E,) 

+ vg (— 2E Ee) 

+R (Aga+ Agjat Aga Aza,+ Aza, + Aza,)| 

ats Bitx8ty i R (Axa,Aya,+ Axa, Aya, = A xa,Aya,)] mS SH 5) 
1 


where Q contains terms of the type Bty oe 
Stz2tx, etc., obtained by permutations of the sub- 
script indices given above. 

The tensor elements occurring in (15) can be 
found by comparing the Hamiltonian (5) with the 
spin Hamiltonian 3g for an isolated Mn** ion, 
as given by Bowers and Owen:" 


Hs= BB (HeS2+ HxSx+ HySy)+ | (St Set Si) 


+-D(S3—j)-+ E(Si— Si) +A (Sele+ Sel Syl). (16) 
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From (5) and (16) it follows that Ex = Ey = E, 
= a/6; Dz =D, Dx = E, Dye —E; Axx = Ayy 
=Azz =A; and gx = gy = 8z =8. 

Making these substitutions, we obtain 


iy) = h? is U4) + 2A?R + 0, [cos? (¢, x)(E + D)? 


4- cos? (¢, y)(E — D)?+ cos? (¢, z)(E + Dy}. (17) 
Substituting into (17) the numerical values D 
= 0.0485 em=!; g=1.999; E=0.011cm™!; a 
= 0.0009 cem7!; A = 0.0091 cem™!; v,=6.4, ve 
= 341.7, v4 =259.4, and R= 2.917, we obtain 
fv’ == {43.72 + 2035 [cos? (Z, x) 
+ cos? (t, 2)] -}- 8C8.2 cos? (¢, y)}- 101° sec? (18) 


a? (V5 


Using Broer’s formula,’? Tgg = (1/2 <v*>)/2, we 
find from (18) that Tgsx = Tssz = 2-8 X10 “sec 
and Tssy = 4.3 X 10-!° sec, where the subscripts 
xX, y, and z are introduced to denote the direction 
of the field Ht which perturbs the spin system. 


5. DISCUSSION OF RESULTS 


1. Formula (4) is the generalization of a number 
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<(Av)?>m,M-1 and <(Av)?>g in the case 
E=0 (see reference 9), is replaced in our case 
by the formula 

<(Av)?>x : ((AY)?>m, m—1? ((AY)")s 

— 10), $(S + 1): W:[4Q./9 (2S + 1)] 
which depends on M as well as on S. 

3. Let us now return to formulas (8) to (10). 
When S =, (8) and (9) become identical with 
(10) and (11) of the author’s work in reference 6. 
If Hill x and gq =constant, (8) is identical with 
Broer’s formula (see reference 2). If all the co- 
efficients in the Hamiltonian (5) are zero except 
E, and Dz, then (10) agrees with Bersohn’s for- 
mula (7) (reference 10). 

4, The spin-spin paramagnetic relaxation time 
which we have calculated for a manganese ion 
agrees in order of magnitude with the results of 
experiments by Hadders et al.2 As to the aniso- 
tropy of the time Tgs, experimental data are 
almost entirely lacking. It should be noted that 
we previously predicted that the time Tgg should 
depend on the interaction of the electron spins of 


the paramagnetic ions with the field E surrounding 
them and with the inner nucleus of the ion (see ref- 
erence 6), whereas this dependence was first ob- 
served experimentally by Townes and his co- 
workers.!! 


of known results. Let 5K; =Kgq+Hex; then from 
(4), if (a) S='4 andthe temperature T=, we 
have formulas (2) to (4) from a paper® by the author; 
(b) adding the condition that the g-factor be iso- 
tropic, qq =const, we get Eq. (11) of Van Vleck’s 


paper! for S='4; (ce) if S=1 and gag = constant 
for the fine structure components fj/2,-1/2(v), we 
obtain equation (8) of Kambe and Ollom.$ 

2. Note the following peculiarities of Eq. (4): 

a) The quantity < (Av)*>g, characterizing 
the local field at the position of the paramagnetic 
center i, depends on S and is uniform for all the 
fine-structure components. 

b) In the presence of strong intracrystalline 
electric fields the exchange interaction makes a 
contribution to <(Av)?>M,M-t. and, generally 
speaking, there are no paramagnetic resonance 
lines. This is due to the fact that the energy of 
the paramagnetic centers depends on the orienta- 
tion of the magnetic moments of the centers with 
respect to the symmetry axes of the field E. 

c) Fine-structure components due to the transi- 
tions |S, M>=<=— |S, M-1> or |8,1-M> 
<— |S, —M> have the same reduced second mo- 
ment. 

d) The quantity 4(Q; + Q, — Q3)/9(2S +1) =W, 
corresponding to the factor WES (S31) in Van 
Vleck’s formula,! is greatest for the transition 
Is, 4>~— |s, —'%> and drops off monotonic- 
ally as the quantity |M]| increases. 

e) The ratio '%:1:%, relating the reduced 
second moment <(Av)*>»y which includes the 
contributions from all the satellite lines, to 


5. Measurements of the quantity <v?> can 
be made at very low concentrations of paramag- 
netic centers, where a comparison of the experi- 
mental and theoretical results can be made with- 
out considering dipole-dipole and exchange inter- 
actions between centers. These conditions can be 
fulfilled conveniently in the case of liquids, where 
the term < ie deee must be averaged on the 
basis of some hypothetical assumption as to the 
nature of the intermolecular motions. A compari- 
son of our results for the manganese ion with the 
corresponding data for the same ion in aqueous 
solutions (see reference 12) shows that when 
crystals containing Mn** ions are dissolved, the 
field E around the Mn** ion is altered. The co- 
efficients in the Hamiltonian (5) which character- 
ize the field E around a Mn** ion in aqueous so- 
lution are several times smaller than the values 
which we have used in our calculations. 
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A number of general relations associated with the gauge invariance of quantum electro- 


dynamics are obtained. 
INTRODUCTION 


As is well known, the system of equations for the 
Green’s functions of quantum statistics!» differs 
both in form and in content from the analogous sys- 
tem of equations for the Green’s functions of ordi- 
nary field theory. 

However, as will be shown below, a number of 
general relations associated with the gauge invari- 
ance of quantum electrodynamics hold not only in 
ordinary quantum electrodynamics? but also in 
statistical quantum electrodynamics. 

It is not difficult to convince oneself of the cor- 
rectness of the relations we shall obtain if one 
uses perturbation theory and analyzes the simplest 
Feynman diagrams for quantum statistics, but in 
this paper a more complete and rigorous proof of 
these relations is given by means of the exact equa- 


tions for the Green’s functions of quantum statistics. 


1. RELATIONS OF THE WARD TYPE FOR QUAN- 
TUM STATISTICS 


By using results obtained earlier! we can geta 
system of equations for the Green’s functions in the 
presence of a source of the photon field; in the mo- 
mentum representation this system can be written 
in the form (the notation is the same as in refer- 
ence 1) 


G*(p, p) =[— pv — ae + m) 8 (p—p) 
= tern CA (Bp) +S (p, 2); (1) 
Wes (— bY 0,5 — Ts (B, 21 Day (BB) 
= 6(R—R’) (buy —kuky/R?), (2) 


e 


Tighter) = aa Sp 13 \ vu (k---S, 5) Ly (Sq, Sa, R) 


xX G(So, 5) d¥s,d°s,d°s}, (3) 


e 


Z(D, P') = era D)\ tuG (P +5, 51) To (sr, P's 52) 


<. DK(85,. 5) d°sd°s,d"s., (4) 
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, 3G*(p, p') 
Te, pk) = 8 < ieA, (R) > 
; 5z(p, p’) 
= 189-0) — eo 


In Eqs. (3) and (4) the summations are over all 
the fourth components of the momenta; these com- 
ponents are, respectively, 2m/f for photons and 
(2n +1)7/B for fermions.* In Eq. (2) the term 
kykp /k? must be understood in the sense of the 
principal value for the analytic continuation. We 
note that it is often more convenient to work with 
a different gauge for the potential A; in particu- 
lar, we can drop this term. 

B(k—k) = 8(R— kB, ys 
eh; 


where 6 | _ fi for 4 
(Re hath, 
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Using Eqs. (1) — (5) and expanding all quantities 
in series by perturbation theory, we can convince 
ourselves that the following relation holds: 


GNP ky 2) Gp, 9 =k) 
= k,0G *(p, p')/ <A, (k)>. (6) 


*In the limiting case of zero temperature all the sums over 


the fourth components go over into integrals. (For B > ~ we get 
1 1 
a pas 5, | dp,-) In particular, if we further let 1 > 0, we get 
B p Qn 4 

4 


from (1)—(S) a system of equations equivalent to ordinary quan- 
tum electrodynamics, with the following advantages: a) the mo- 
mentum space has a Euclidean metric, and therefore calculation 
is considerably simpler than in the usual pseudo-Euclidean 
space; b) in this system of equations ImI] = Im = ImI = 0, 
and thus the number of equations is only half as large as in 
ordinary quantum electrodynamics. The transition to the quantum 
theory in the usual representation is accomplished by analytic 
continuation in the fourth component of the momentum (cf. refer- 
ence 1), and then all quantities become complex (there is an 
analogous situation in classical theory, where the dielectric 
constant for imaginary frequencies becomes a real quantity); 

c) our Green’s functions in the Euclidean parameters do not 
have poles, and therefore division by D”™ and G™ is unique; 
the poles arise in the analytic continuation of these quantities. 


GENERAL RELATIONS IN STATISTICAL QUANTUM ELECTRODYNAMICS 


We shall show below that the exact system (1) — (5) 
(without resort to perturbation theory) also has the 
relation (6) as one of its consequences. 


In fact, according to the left member of (6) we 
have 


G™ (p+ k, p’)—G" (p, p’ —k) = ee o(p--k— p’) 


SMG 4) 


seas x\ 11/0 (P ths, 9) a 


8G1(s1, p' —k) 


PART SSD) “55 ca (ans 


[Pn (so, s) d3sd3s,d°sy. (7) 


On the other hand, we get from (1) 
member of Eq. (6) 


— (5) for the right 


8G 4(p, p’) 


ghd, > hae ixck.d (p + k — p’ 


ei 
)~ Ray 
vy >| ° 6G (p +s, s1) 3G*(s1, p’) 
cs Tule SecA (R)y beCA, (s2)> 


0?Ga (S15) 2’) | 
° Be <A, (k)> Be <A, (S2)> | 


| SIG (pr Si Si)/k 


IDEs, (Gq SG PIE SCE. 

25 Tere Xn@ (P+ S, Si) 
BD, (se 

° Se CA, iS 


8G (si, p’) 
de <A, (s2)> 


xR ee SAeSiOe Soe (8) 
According to (6), the left members of (7) and (8) 
are equal. We shall show that indeed the right mem- 
bers of (7) and (8) are identically equal. 
Consider the right member of (8). Using the law 
of the conservation of the four-dimensional current, 


we have (see Sec. 2) 


BD, (S1, 5) 
hu eA, By 


According to Eq. (6) 


DHEA GSiig 196) 
P be <A, (h)> Be <A, (S2)> 


8G-1(s, + 2, p’) 
ve CA, (S2) > 


OGe (Sq, at cr k) 
be <A, (S2)> (6a) 


After substitution of (6) and (6a) in the right member 
of (8), we get the following expression: 


k 


R = — ixok,6 (p + k — p’) 


SEO @ £5, GIG Ge +k, 50 
3G"! ; y 
—G (5, 5 — BIG (Se, 81) 


X Dy, (So, S) d’sdl?s,d3sqd°sqd°s4 + Qn) oeyig | te G(p-+s, 8) 


s, ee (si +k, p’) 
a 


3G") (so, p’ —k) Dyn (Sa, 8) d?s,d°s,d°s. 
be <A, (S2)> oe. 


de <A, (S2)> 
(8a) 


After the reduction of similar terms in (8a) we 
find that the right member of (8a) agrees identi- 
cally with the right member of (7). Thus we have 
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shown that the exact equations for the Green’s func- 
tions in statistical quantum electrodynamics have 
the relation (6) as one of their consequences. 

The relation (6) is equivalent to an infinite series 
of relations, which are obtained from (6) by succes- 
sive differentiations with respect to <A>, after 
which one sets <A>=0. In particular, we get re- 
lations of the type of Ward’s identity applicable to 
quantum statistics: 


G> (p) —G7(p +b) = ik. (0, p—h, 8), 
Wp 

SP = =i lim P.(p, p—a,, 8), (9) 
Py sy>0 


where 6, is a vector which has only its v -th com- 
ponent different from zero (see footnote f). An 
analysis of the general proof of the relation (6) en- 
ables us, in particular, to indicate for each Feyn- 
man diagram of G™! [more exactly, for 2(p)] a 
set of diagrams of the vertex part IT that assure 
the fulfillment of the relations (9). This is done 

in the figure, where the diagrams (up to e*) are 
divided into groups a, b, c, within each of which 

the relations (9) hold. 


Using the fact that the chemical potential p ap- 
pears in G7!(p) in combination with ie<A4(0)>, 
we get 


OG py SOE ya) Di 
a(E 


IRS ee P,P, 9), 
where I',(p, p, 0) must be understood as the 
limit of T,(p, p—k, k) when ky=90 and k—0. 


(10) 


2. SOME RELATIONS FOR THE POLARIZATION 
OPERATOR 


a) It is not hard to convince oneself that all the 
odd derivatives of the polarization operator with 
respect to <A> are equal to zero; this means 
that closed loops with an odd number of fermion 
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lines are equal to zero (the analog of Furry’s theo- 
rem for statistics). This can be seen easily if one 
takes the current in charge-symmetric form (the 
proof is similar to that carried out in Appendix II 
of reference 4). 

b) The four-dimensional divergence of the polari- 
zation tensor II,,, is equal to zero. This holds also 
when there is an external source of the photon field, 
so that <A> +=0. In fact, according to (3) and (6), 
we have 


Bully (p, #) = aaesag SP {3 tuG (@ + s, 51) (G4 s1,52— &) 


— Gy (sy aie k, S2)] G (So, (11) 


Differentiating Eq. (11) with respect to <A> and 
then setting <A>=0, we get an infinite sequence 
of relations equivalent to the operator conservation 
law for the total charge. 

In ordinary quantum electrodynamics it follows 
from Eq. (11) with <A>=0 that the tensor Typ 
has the form 


s) d'sd*s,d°so} =40): 


TL, = (Ruk, — R65) TI (R?). (12) 


In statistics the situation is different. In this case 
II,y (k) depends on two vectors: on the argument 
vector k and on the velocity vector u of the me- 
dium. Therefore it follows from Eq. (11) that in 
the rest system of the medium [in this system the 
equations (1) — (5) hold] the tensor Iy, has the 


form 
ek kik, Re 
Tay = (ee? — Pan) ACK, AB) + Te 
Th, =U, = —IT, ,Ppks /k?, where yv, p= 1, 2, 3, (13) 


In a coordinate system in which the medium 
moves with velocity u the tensor II,, has the fol- 
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lowing general formt 


kk, 
11, = ("83 — tu) A, (eu) 
RoR REE kyu,  uyu,k? 
( E > To (ku) = (uy? \B (R? (ku)), (14) 


where v, pw =1, 2, 3, 4. 

In conclusion we remark that by the method of 
reference 3 one can find in general form the be- 
havior of all the Green’s functions under a gauge 
transformation. 


1&.S. Fradkin, Dokl. Akad. Nauk SSSR 125, 311 
(1959) Soviet Phys.-Doklady 4, 347 (1959); JETP 36, 
1286 (1959), Soviet Phys. JETP 9, 912 (1959). 

2 Abrikosov, Gor’kov, and Dzyaloshinskii, JETP 
36, 900 (1959), Soviet Phys. JETP 9, 636 (1959). 

3. S. Fradkin, JETP 29, 259 (1955), Soviet Phys. 
JETP 2, 361 (1956). 

4&.S. Fradkin, JETP 29, 121 (1955), Soviet Phys. 
JETP 2, 148 (1956). 
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tThe fact that in quantum statistics all quantities have the 
additional dependence-on the timelike vector u of the velocity 
of the medium has the consequence that for k > 0 we in general 
get different results depending on the way k goes to zero 
(|k|? > k3 or |k|* < k?). For example, from the law of the con- 
servation of the total charge of the system it follows that 
IL, (k,, 0) = 0, whereas by means of the relation (10) one can 
show that 


He i (0, k) — TL (0, O)=e?(0 / Op) {Sp (4G (xx)} =>=— e?0p / Oy, 


where p is the charge density in the u, space. We have thus 
also shown that Eq. (3.11) of reference 1 for the Debye radius 
remains valid when all quantum and relativistic corrections are 
taken into account. 
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It is shown that an electromagnetic wave propagating along a magnetic field can penetrate a 
metal plate perpendicular to the field if the Larmor frequency is higher than the frequency 
of the propagating wave and much higher than the collision frequency, and if the electron 
Larmor radius is smaller than the wavelength in the metal. 


ii is well known that an electromagnetic wave 
characterized by a frequency w which is smaller 
than the plasma frequency wy) cannot propagate 
through a plasma. Under these conditions the 
square of the index of refraction of the plasma is 
negative. If there is a magnetic field the refrac- 
tive index for the wave which propagates along the 
field (if |w* + w|/v >1, where v is the colli- 
sion frequency) is given by: 


(1) 


2 2a S 
Not = 1— 09 /m(@ +). 


Here w& is the Larmor (cyclotron) frequency 

of the electron. The symbol + denotes the two 
opposite senses of the circular polarization. It is 
apparent that when w < wf the wave that corre- 
sponds to Np_ can propagate through the plasma. 
Thus, it is reasonable to assume that a wave char- 
acterized by a frequency w < wf, where (wt - w)/v 
> 1, can propagate through a metal plate if there 
is a strong magnetic field perpendicular to the sur- 
face of the plate. If a plane-polarized wave strikes 
the plate at normal incidence (to the surface), a 
circularly polarized wave is transmitted through 
the plate; the refractive index (consequently the 
amplitude of the wave) depends on the magnetic 
field. 

The expression for the refractive index given 
above holds for a classical electron gas.in which 
spatial dispersion is neglected. For the electron 
concentrations typical of semi-metals, and even 
more so in metals, the refractive index for the 
transmitted wave can be very large, so that ef- 
fects due to spatial dispersion may be quite sig- 
nificant. 

In the present work we investigate the effect of 
spatial dispersion on transmission of the wave. 
The analysis is carried out for the simple case 
of a totally degenerate electron gas characterized 
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by a quadratic isotropic dispersion relation. Col- 
lisions are taken into account in approximating the 
relaxation time; it is assumed that (we —wW) > v. 
The analysis indicates that the spatial-dispersion 
correction is small if the following condition is 
satisfied: 


= (F/ry? U1 — @/ Oe ee 


Here rg is the Larmor radius of an electron at 
the Fermi surface and A is the wavelength in the 
medium. When y > a, there is strong damping 
due to spatial dispersion and the usual expression 
for N_ is incorrect. In this case the transmitted 
wave is attenuated in a distance of several Larmor 
radii; hence the case y > a is not of interest. 
When y < a the amplitude of the transmitted wave 
is determined by the Fresnel formula and the bound- 
ary effects associated with the spatial dispersion 
are not important if the thickness of the plate is 
greater than several Larmor radii. 

The dependence of log Ny_ on log (wg /w —m*/m) 
is shown in Fig. 1 for a vacuum wavelength of 2 cm 
and for different electron concentrations (nj). In 
this figure m* is the effective mass of the elec- 
tron, m is the mass of the free electron* and we 
= eH/me. The dashed line denotes y = ie The 
region in which transmission can take place lies 
below the dashed line. The values of the magnetic 
field are given on the lower abscissa axis. It is ap- 
parent that at concentrations corresponding to 
those in metals (10? cm?) transmission can be 
observed only in extremely high (approximately 
3 x 10° oe) magnetic fields; the conditions for 
transmission are much more favorable at lower 
concentrations. 

*The free electron mass m is introduced here only for con- 


venience in making estimates; obviously the effect depends 
only on the effective mass m*. 
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The imaginary part of the refractive index is 
given by 


N”_ = Ny_-v/2 (0, —); wo” = eH | mc. 


A ray transmitted: at normal incidence through 
a plate of thickness 7, which is perpendicular to 
a magnetic field, will be attenuated (in power) by 
afactor 16No2 exp{-—2N/wl/c}. If the attenua- 
tion is not to be excessive the thickness of the 
plate must be of order 


where A is the wavelength in the medium. 

Taking the values ny = 1072 cem™*, H=3 x 10° 
oe, and v=3 X 10° sec”, we find 1) = 3 x TOR. 
m/m* cm. Thus, there are no serious difficulties 
from this point of view. 

The expression for the transmission coefficient 
given above applies when / 21). If however, l 
<«< 1), it is necessary to take account of effects due 
to the interference of waves which are multiply re- 
flected from the boundaries; in this case the ex- 
pression for the transmission coefficient becomes 
more complicated. We shall neglect these effects. 
When the condition 121) is satisfied the trans- 
mission of the wave through each boundary can be 
considered separately. 

We now demonstrate the validity of the state- 
ments made above. If an electromagnetic wave 
is normally incident on the surface of a metal in 
the presence of a magnetic field perpendicular to 
the surface, the electric field E(z) associated 
with the wave inside the metal is given by!” 
eFdk 


cole) kh? — we-%e_ (Rk, w) * (2) 


_ 0 F 


Here, for simplicity it is assumed that the reflec- 
tion of electrons from the surface of the metal is 
specular. The z axis is parallel to the magnetic 
field inside the metal. 


Ee (2) = Ex (2) ae LE, (z), ce = Exx oe 1x45 


PEREL’ 


and E’(0) is the field derivative at the boundary 
of the metal 
e_(k, ©) =14+ —1)F(q). 

3: (2 ade oe 1—q]. 
FQ=4lat 5) nreal 
g = kor /Q, Q= of —o—iv, %& = 14+ 05/0, (3) 
where vy is the electron velocity at the Fermi 
surface. Using the new variable of integration in 
(2), we have 


uF 
=. 4 
q? — 1F (9) ela (@) 


Eee eu \ exp (iqQz / Up) 
In this treatment the displacement current is neg- 
lected. The parameter y = €)(w/c)?(vF/2 )?; 
when w&>>w, y=(r9/A)*, where ro is the 
electron Larmor radius and A is the wavelength 
in the medium. 


FIG. 2. Path of integration. 


The contour C passes through the origin and 
is inclined to the real axis at an angle gy = 
tan! [v/(w§-—w)]. The function F(q) has 
branching points at q=+1. Hence we take cuts 
along the real axis from —~ to —1 and from 1 
to ©. It is evident from Fig. 2 that the integral 
of interest to us can be reduced to the sum of the 
residues at the poles inside the closed contour 
which has been indicated and the integral which 
encloses the left cut. A calculation shows that 
|F(q)| <2 on the real axis for q =>1. Hence, 
when |y|< 4%, in accordance with the Rouché 
theorem? , the equation q? -yF(q)=0 has two 
roots in the entire complex plane taken with the 
cuts. When |y|< 4 these roots can be found by 
expanding F(q) in powers of q. These roots 
are qj, = +Vy. The root dy = +Vy lies inside 
the closed contour. Thus 


E_(z) = N1H_(0) exp (iNwz/c) + A (2\3 (5) 


where N = (wi/w®)!/* is the refractive index, . = 
H-(0) = (ic/w) E(0) is the magnetic field at the 
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boundary and A(z) is the integral over the con- 
tour which goes around the left cut. 
When |y|< % 


1 eae 
A() = ap HO) > \exp (ig =z) 5 (1-4?) dq. 


1 


When z > vg/(wo-w) 
AZ) = * H_(0)9% (22) "exp (‘2 2) +0|(22)"] ; 


Thus, the term A(z), which describes the 
effect of the boundary, is small when z > vp/|Q|, 
i.e., at distances that are much larger than 
the Larmor radius of the electron (for w% > w). 
The transmitted wave is attenuated by a factor of 
e inadistance 2vp/vVy. We may note that the 
amplitude of the transmitted wave is the same as 
that given by the Fresnel formules, while the re- 
fractive index is determined by the root of the dis- 
persion equation k? —w’ce_(k, w) = 0, as though 
the medium were homogeneous. 

A numerical solution of this equation for | y| 
< ¥%, shows that there are two roots which are in 
very good agreement with the values of q,,. used 
above. When |y|> 2%, there are no real roots; 
the attenuation is large and the wave is not trans- 
mitted through the metal. 

The above analysis indicates that when the 
Larmor radius is less than a half wavelength in 
the medium the effect of spatial dispersion is to 
distort the field only in the boundary layer, which 
is several Larmor radii in thickness. Hence, one 
can neglect spatial dispersion in estimating the 
effect of deviations of the magnetic field (from the 
normal to the surface) on transmission. If the 
wave propagates at an angle gy to the magnetic 


field (normal to the surface), the refractive in- 
dex for the transmitted wave is given by the ex- 
pression N_ = w,/whw cos y where wy > we 
>w and o « 7/2. 

_ Thus, the accuracy of orientation of the mag- 
netic field is not of great importance. 

We may note that an expression for the re- 
fractive index which takes account of the aniso- 
tropy of the electron mass has been obtained by 
Gurevich and Ipatova. 

The expression for ¢€(k, w) in (3) applies 
when hw? <«K m*vp /2. However, the quantum - 
mechanical expression for ¢_(k, w) obtained 
by the method which has been used by us earlier? 
leads to the expression in (1) for the refractive 
index for all cases which can be realized in prac- 
tice, even when hw% > m*v}/2. ; 

The authors are indebted to L. E. Gurevich, 
M. Ya. Azbel’ and M. I. Kaganov for valuable dis- 
cussions. 
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THE BEHAVIOR OF FERMION SPIN IN ELASTIC SCATTERING 
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The behavior of spin in the elastic scattering of longitudinally polarized fermions and its de- 
pendence on the character of the interaction are investigated. It is shown that in the ultra- 
relativistic case (or for fermions with zero rest mass) the angle between the spin and the 
momentum is unchanged in V and A interactions, but the spin flips in S, P, and T inter- 


actions. 


1. INTRODUCTION 


Tae motion of a free fermion will be described by 
a Dirac wave function that takes spin orientation 
into account,!»? 


b - ig eben. ae, (1) 


where the quantity € =+1 characterizes the sign 
of the energy, and s=+1 is twice the projection 
of the spin in the direction of the motion. 

We represent the spin matrix bg in the form 


AyeBi 
1, | Ag Be 
b SS ° 
Pele >) Aue, (2) 
Ag-Ba 


Here the energy K of the fermion is connected 
with its momentum k and rest mass ky by the 
well-known relation K = vk? +k? . The rest of 
the quantities in (2) are given by 

Ay =V 1+ ko/8K, 


B, = ssin§,e*2, 0, = 0/2—x(1—s)/4, 


A, ay seV 1 —ko/eK, 
B, = scos 8,e—‘9/2 


where @ and @ are the spherical angles of the 
vector k. 

The polarization properties of the fermions 
will be characterized by the four-component polari- 
zation pseudovector? 


C= K \ broud des, (3) 


where the matrix Ou of the spin pseudovector is 
equal to o and ot =:,;. Substituting (1) in (3) for 
the components of the polarization pseudovector, 

we find the values 


er sy snk (C7 Cy C2 6-4) (4) 


for the longitudinal component, directed along the 
momentum, and 
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Ce Ks ssh, (CC Cr On) = hocos Se eee 
Cy = Ksy = sp thyi (CHC, —CHC_.) = ko sin 3V1—s} (4a) 
for the transverse components. Here 6 is the 
phase difference between the complex amplitudes 
Cj and C_,, and the quantity 


So == C563 -E Gz (5) 


inversely proportional to the normalization coeffi- 
cient. The time component of the polarization is 
connected with the longitudinal component by the 
relation ¢ = (k/K) &3. 

From this it is evident that the polarization 
properties of free fermions will be determined by 
two quantities: by the angle 6, characterizing the 
direction of the spin pseudovector s in the plane 
perpendicular to the momentum, where 


sind =¢,/V@Le, (6) 


and by the angle @ between s and the direction 
of the momentum k, where 


Vora Vi-§ (7) 
C3 + K S3 z 


cos8=6,/V G+ @, 


tana = 


In investigating the transverse component, 
Ascoli* omitted from an analogous formula the 
factor kj/K, since he considered the direction 
of a 3-component unit spin matrix 


(K K 
So (a, Sv ke So, S3 i: 


As can be seen from (4) and (5), the modulus of 
the vector s is 


Is|=)V 8+ BK (1—_8)), (8) 


where ki/K?=1- 8%, and cB is the velocity of 
the particle. 
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2. CALCULATION OF THE MATRIX ELEMENTS 
INCLUDING POLARIZATION EFFECTS 


In investigating the transition of an electron 
from one initial state (e = 1, s, kK) to some other 
final state (€’ =1, s’, k’) we have to calculate 
matrix elements of the form 


Tu = O'*y, b= =, (8', 5) ,(8’, 8), (9) 

where 
pauls’, 8) = (Art As) «,.(43), (10) 
8, (8, 5) = (Br'B3) «, (3), (11) 


and Ths where oj,=1, are the well known two- 
rowed Pauli matrices. These formulas represent 
a generalization of the formulas given in reference 
2 for the case of not only longitudinal, but also 
transverse polarization. 

Without loss of generality, we can let the initial 
momentum k be directed along the z axis (9=@ 
= 0) and the final momentum k’ be localized in 
the plane xz (g’ =0). Then in elastic particle 
scattering (K’ = K) we have 


pas (S’, S) = (1 Ess’) + = (IF ss’), (12) 
peas’, 8) = 38 (1 8s')(~4), (13) 


= , 4 cos (0’ / 2) 
64,0 (8 »$)\= a (1 + ss’) t (n, + isn,) sin (0/2) + n, cos (0’/ »} 


4 7 fo SO?4) 
+ z (Il — ss’) (in, ++ isn,) cos (” / 2)—n, sin (0’ ag » (14) 


where n is some three-component unit vector and 
6’ is the angle between the momenta k’ and k. 


3. THE BEHAVIOR OF FERMION SPIN IN 
ELASTIC SCATTERING 


The interaction of a fermion with a fixed center 
can be described by the formula 


OG =u (nr): 


The matrices y= yyy, determine the character 
Gr the interaction (V, A, S, T, P). 

We have the following expression for the differ- 
ential effective cross section, taking polarization 
effects into account: 

dov1= Cy Ce 


1 


| unl? dQ, (15) 


3’ as maT 
where 
Bee eit (kK) 4 (r) dx, 


Cy = b'*(s")xb(s), CF =o" (s) 16 (s:), 


and in the calculation of the summed (over the 
spins) differential effective cross section we must 
put into formula (15) 


C Cy oar, Sa (15a) 


where sj is determined by equality (5). 

Let us examine the scattering of longitudinally- 
polarized fermions. We suppose that before the 
scattering the spin vector s was directed exactly 
along the particle momentum k, that is, Cg=; = 1, 
Cg=-; = 0. We then find what angle the vector s’ 
of the scattered fermion will make with the direc- 
tion of the new momentum k’. 

The amplitudes characterizing the spin state s’ 
of the scattered particle will be respectively 


C, = b*y b= +o (1,1)4,(1, 1); 
Cae ole 1m I(t ine (16) 

It must first be noticed that the representation 
of the 16 independent Dirac matrices in the form 
of a product of the matrices py, and o, (see 
references 1 and 2) and not in the form of the 
standard y matrices is convenient in the sense 
that the behavior of the spin (especially in the 
ultrarelativistic case) depends on the Py mat- 
rices. 

a) We consider first the interactions propor- 
tional to the matrices p, and p2. They corre- 
spond to the time component of the axial vector 
interaction AT = p104, the spatial component of 
the vector interaction V* = Pi0n (describing, 
for example, the scattering of an electric charge 
by a magnetic field), the pseudoscalar interaction 
P =p,04, and the time (more precisely, the time- 
space) component of the tensor interaction aed 
= P20, describing, for example, the scattering of 
a magnetic moment by an electric field. 

As is evident from (14), the interactions ys 
and AT, proportional to the matrix py, lead to 
a matrix element that contains the factor (1+ss’). 
In this case, if the momentum vector k and the 
spin vector s are parallel (s =1) before the 
scattering, then after the scattering the new vec- 
tors k’ and s’ are still parallel (s’=1). For 
the interactions P and mas which are propor- 
tional to the matrix p»., the matrix element con- 
tains the factor (1—ss’). Therefore after the 
scattering the vectors k’ and s’ must be anti- 
parallel (s=1, s’ =—1). 

For the quantity sj [see (15a)], characterizing 
the dependence of the summed (over spins) effec- 
tive cross section, we find, respectively, the follow- 
ing four values, which depend on the character of 
the interaction (AT, P, vs, TT): 


: 4 k® (1+ cos 0’ 
S=reCeyne ) ai) 
where 
N? = 2sin §’n,n, — cos 6’ (n2 + n®? — n2). (18) 
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b) Let us now consider the interactions propor- 
tional to the matrices p, and p3. To them belong 
the time component of the vector interaction vr 
= p40, (which describes, for example, the scatter- 
ing of an electric charge by an electric field), the 
spatial component of the axial vector interaction 
AS = P40n, the scalar interaction S = 304, and 
the spatial component of the tensor interaction 
Ti P30n (which describes, for example, the 
scattering of a magnetic moment by a magnetic 
field). 

In the case of the V! and S interactions it 
is easy to show with the help of (4), (4a), and (6) 
that ¢5=0, cos 6’ =—1, i.e., the spin will lie in 
the plane of the vectors k and k’ and in the 
quadrants for which x’ < 0 (see figure). For 


K 
a= 0=0 


the number sj and also for the angle a’ between 
the spin s’ and momentum k’, which is directed 
along the z’ axis, we find correspondingly the 
values 


So = CiC, + CHC_, = 4 ((1 + 2B/ K?) 0s 6’ (1 — RE / K’)I, 
keK- sin 0” 
(LP ke yy Rij cos Oe keke) 
where the plus sign corresponds to the vector inter- 
action and the minus sign to the scalar. 
In the nonrelativistic case k%/K? = 1 both in- 


teractions, as one might expect, lead to the unique 
result 


taney = 2 : (19) 


co——aleetan o — tam. 


A ObG. =. . (20) 


From this, keeping in mind that the spin lies in 
the quadrants where x’ < 0, we find, in particular, 
that for the scattering of an electric charge by an 
electric field the spin in the nonrelativistic case 
conserves its original direction (see reference 5), 
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that is, in the specific case mentioned, the direc- 
tion of the original momentum, 8’ Il k. 

In the ultrarelativistic case keK? — 0, with the 
help of (19) we find for the vl interaction 


2 , 


2 
tana’ = gr tan > (21) 
For the S interaction we have 
2k? 9’ 
tana’ = — ye t= (22) 


From this it follows that as the energy increases 
the spin in the vT interaction begins to turn around 
toward the direction of k’ and coincides with this 
direction in the limiting case k?/K* = 0. 

In the S interaction, as the energy increases 
the spin begins to turn toward the direction oppo- 
site to that of the momentum, and in the limiting 
case k?/K?=0 the vectors k’ and s’ must be 
antiparallel (s’ = —-1). 

For the AS and T® interactions we find 


si = {n® (1 + &2/K*) + (1— #8 /K%) N?], (23) 
nie Vitis 2 (24) 


KO eee Lt hy ae 


where the plus sign corresponds to AS and the 
minus sign to TS and the number N? is deter- 
mined by the formula (18). 

In addition, in this case & = (2k? /sjK)ngny ~ 0 
and therefore the polarization vector will form 
some angle with the (kk’) plane. In the ultrarela- 
tivistic case k?}/K® = 0 and therefore the angle a’ 
will tend to zero (s’ = 1) for the AS interaction 
and to 180° for the T® interaction (s’ = —-1 ik 

In that way, we see that in the very relativistic 
case, when k?/K? —0, only the V and A interac- 
tions, proportional to the matrices p, and py, 
conserve the parallelism of spin and momentum 
in the scattering precess (s’ =s.=1), In the 
case of S, T, and P interactions, proportional to 
P2 and p3, the spin after scattering changes its di- 
rection relative to the corresponding momentum to 
lie opposite (s’ =-—s=-1). 

It is possible that this is connected with the fact 
that in the theory of the spin-oriented neutrino?! 
where a spin reversal relative to the momentum 
is excluded because it would mean the transition 
of a neutrino to a nonexistent state, only the V and 
A variants are allowed. 


4, MIXED INTERACTIONS 


We want to apply the formulas obtained to the 
investigation of the scattering of fermions in the 
presence of a linear combination of interactions 
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referring to different groups, where in the first 
group we have the interactions proportional to pi 
and 4, and in the second those proportional to 
P2 and p3. We have such a combination of inter- 
actions, for example, in the analysis of the scat- 
tering of a particle which has an electric charge 
e anda “true” magnetic moment wu from a fixed 
point center having either an electric charge e’ 
or a magnetic moment yp’. 

In this case the interaction energy has the form 


U = e(~— (aA)) — u (ps (3H) + 02 (3E)), (25) 


where the field created by the point center is de- 
termined by the expression 


, 


ée 
Sie 


Se ee Bye 
E= ers A=Vx-— ’ 


H = Vx|Vx x * (26) 


First we consider the behavior of the spin in 
the scattering of a particle with an electric charge 
(e’ #0, p’ =0). 

Then for the matrix element entering in (15), we 
find, setting s=1 


Gol = ee’ cos = P (27) 
, , k b2 . Q’ 
C= —e (e eo K p) sin=-, (28) 


from which we get an expression for the effective 
cross section 
dQe’? 9° fe 
do = perma | (KPcost + ta sint ©) 
+4 (kyu? — koeuk?) sin?-S-|,. (29) 


In addition, it is easy to show that the spin vec- 
tor will lie in the plane of the vectors k and k’, 
so that the tangent of the angle which the spin vec- 
tor will form with the momentum k’, will be given 
by the expression 


oad ky | (e2ky — 2k? 22) sin 9’ | 30 
tam © = cos? (0/2) K2 —sin® (0" /2) (ekg — 2k? py * (30) 


It is evident from formulas (29) and (30) that in 
the nonrelativistic case k «KK ~ ky a fundamental 
role will be played by the Coulomb interaction, i.e., 
vt, and that therefore according to (20) the spin 


should preserve its direction, along the original 
momentum (a‘ = 6’). Then in the ultrarelativ- 

*]f we consider a smearing of the scattering center, it is 
necessary to make a change which takes into account the con- 
tact term too® 
Qnr? 

3 


CO cane 8 (r) 
r r 


where P is the mean square ‘‘smearing.’’ This refinement 
will not be reflected in the investigation of the behavior of the 
spin in the scattering. 


istic case ky) < K, but with wk<«e, the spin 

will turn aside toward the momentum k’. In the 
case of very large energies pk > e, when the di- 
pole terms, proportional to Py, play a fundamental 
role, the spin has to continue its turning until it 
has an orientation opposite to the final momentum 
k (cea) aneel 

Finally, we consider the spin behavior in the 
scattering of particles having an electric charge 
and a magnetic moment (e, u) on a fixed mag- 
netic moment (u’ = 0, e’ =0). Here we distin- 
guish two cases: 

a) The magnetic moment yy’ of the scattering 
center is parallel to the initial momentum (yf =p’, 
wy = bey = 0). Then 

Cie (e + 2uk,) ae sin? <—cos oe Ca enn (31) 
and for the effective cross section we find the value 


ds =c*h*u’2(e + Quk,)? cos? (6’ / 2) dQ’, (32) 


i.e., in this case the scattering of a magnetic mo- 
ment w from a magnetic moment yp’ will proceed 
just as the scattering of a charge e, = 2uky) from 
a magnetic moment pw’ without the spin flip rela- 
tive to the momentum k’. This is connected with 
the circumstance that the matrix element on(—1, 1) 
describing the spin-flip scattering, which should 
give a basic dipole contribution to the effective 
cross section at ultrarelativistic energies k > ko, 
goes to zero in the given case. 

b) The magnetic moment yw’ of the scattering 
center is perpendicular to the vector k (up, = 0, 
ug t+ ue =p? #0). Then 


[eS Gy , ood 
C°=— 2 sin & (e +- Quo) sin? 


= ip (e + 2Qu Ro sin? 5)| ; 


CL, = — 4p, ik? sin® 5 cos +. (33) 
From this we find the following values for the ef- 


fective cross sections without spin flip (s’ =s =1): 


wi? (e + Qpho)? sin’ (0 / 2) + 2 (¢ + 2who sin? (0" / 2))24Q’ 
c* h? sin? (@’ / 2) (34) 


do. = 


and with spin flip (s’ = —1) 
dog, = 4(u/ch)* p? K® cos? (8 / 2) dQ’, (35) 


From formula (34) it is evident that in the case 
2uky «Ke the scattering without spin flip at arbi- 
trary energies is basically due to the interaction 
of the charge e with the magnetic moment p’. 

The dipole terms should appear at higher ener- 
gies, uK > e, when the scattering of a fermion 
takes place with spin flip. 

Our final formulas may find application in in- 
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vestigating the scattering of polarized electrons, 
which along with the charge e must possess a 
vacuum, “true” magnetic moment, and also in the 


scattering of polarized protons or neutrons (e = 0). 


It should be noted that experimental investigations 
of spin behavior in the scattering of polarized fer- 
mions may help determine the character of the in- 
teraction. 
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Formulas are given relating the probabilities of gamma transitions with the static mo- 
ments of odd-odd and neighboring odd spherical nuclei, assuming multiplet level structure. 
A rule for the relative intensities of transitions to levels of the same multiplet is given, 
which is analogous to the rule for relative intensities of transitions to levels of the same 
rotational band in deformed nuclei. This rule facilitates the determination of the spins 
and state configurations of odd-odd nuclei. Examples are discussed. The validity of the 
assumptions made is confirmed by the satisfactory agreement between the experimental 
and theoretical values of the magnetic dipole moments for a large group of odd-odd nuclei. 


1. INTRODUCTION 


ae collective model explains in a satisfactory 
way not only the static, but also the dynamic prop- 
erties of atomic nuclei. The best quantitative agree- 
ment between the experimental and theoretical val- 
ues of the y transition probabilities is reached in 
the transitions associated with the rotational levels 
of deformed nuclei.! This is due to the fact that in 
the collective model the internal wave functions 
(describing the internal motion of the nucleons in 
the nucleus) of states of the same rotational band 
are identical. Therefore the relative intensities of 
transitions with the same multipole order to levels 
of the same rotational band do not depend on the 
exact form of the wave functions, and the transition 
probabilities within a given rotational band are de- 


termined directly by the static moments jp, and 


q2.? 


We shall show that one can obtain analogous re- 
lative transition probabilities for spherical nuclei 
with odd Z and N, since it is possible to sepa- 
rate out those states in the level scheme of these 
nuclei whose wave functions have in first approxi- 
mation identical radial dependence and differ only 
in their angular parts. 

The properties of odd-odd nuclei are mainly de- 
termined by the quantum states of the last unpaired 
proton, j2, and neutron, jj, which move in the 
spherical field of the even-even core. According to 
the independent particle model, the states (i5> in) 
will be degenerate with respect to the total angular 
momentum I= jp + jn- The remaining interaction 
between the unpaired nucleons, i.e., the interaction 
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which does not enter in the self-consistent potential, 
removes the degeneracy by splitting each such state 
into 2jj +1 levels (jj =min{jp, jn}), correspond- 
ing to all possible values of I. A system of levels 
having the same one-particle configuration (jp> Jn 
and the same parity =p, and differing only by 
the total spin I, is called a multiplet. The remain- 
ing interaction, however, leads to some configura- 
tion mixing. Each state (jj, jn)1", described by 
the wave function 


D (jp id 1M) = 23 Cites jam, Vigne 
MpMn 

are the wave functions of the 
IM 

Jp MpjJnMn 
Clebsch-Gordan coefficient) has an admixture of 
states belonging to other multiplets but possessing 
the same total angular momentum and parity I": 


( ¥ipmp and © ain 


unpaired proton and neutron, C is a 


W (LM) = % By (jp in IM) + Qa Di(j, IM). (2) 


The mixing of multiplets in odd-odd nuclei is simi- 
lar to the mixing of rotational bands in deformed 
nuclei.’ 

We shall consider only those cases in which the 
residual interaction between p and n is small in 
comparison with the single-particle energies given 
by the self-consistent field of the nucleus. The ad- 
mixture of other configurations is therefore small, 
a; “K @, and the levels of the odd-odd nuclei can 
be characterized by the quantum numbers ip and 
ja. In this classification of states we can divide 
the y transitions in odd-odd nuclei into two groups: 
1) one- and two-particle transitions between levels 


126 


belonging to different multiplets, i.e., transitions in 
which the state of one or both unpaired nucleons is 
changed, and 2) transitions between levels of the 
same multiplet, i.e., transitions in which the states 
of the two unpaired nucleons remain unchanged. 
Below we shall discuss transitions of both groups. 
The mixing of multiplets must be taken into account 
in those cases where the ground state configuration 
is such that the y transition is forbidden or 
strongly retarded. The probability of allowed tran- 
sitions is not appreciably affected by the mixing. 


2. TRANSITIONS BETWEEN LEVELS OF DIFFER- 
ENT MULTIPLETS 


Among the transitions between levels belonging 
to different multiplets, the single-particle transi- 
tions play the most important role. The two-par- 
ticle transitions are strongly retarded in compari- 
son with the single-particle transitions. In most 
cases the torresponding states, therefore, do not 
decay directly, but in cascades via several single- 
particle transitions. 

The reduced probability B of a single-particle 
transition of the type EL or ML in an odd-odd 
nucleus... (jz, }) 1 aa Ato) ig can be expressed 
in terms of the reduced probability of the corre- 
sponding single-proton or single-neutron transition 
ji — jp, in the neighboring odd nucleus. It is easily 
shown with the help of the Racah algebra that for 
pure configurations 


B(oL, I, — 12) = (21g + 1) (2j, + 1) 


XW? (ja Je I, 1s; Lj)B (cL, Vie je); (3) 


where the W(abcd;ef) are Racah coefficients, 
whose numerical values are given in reference 4. 

It is seen from the expression (3) that the ratio of 
the reduced probabilities of single-particle transi- 
tions of identical multipole order within the same 
multiplet, I;-~I, and I, —I;, does not depend on 
the precise form of the wave functions, but is deter- 
mined only by the angular momenta: 


B (oL,I;—> I>) MS (21 ++ 1) Ww? (jij L179; Lj) 
B(sL, him 1s) (2l3 +1) W? (jrjo ta 1; Lj) * 


(4) 


Relation (4) is the analog of Alaga’s rule for de- 
formed nuclei, which determines the relative inten- 
sities of transitions to levels of the same rotational 
band.” 

Transitions between levels of different rotational 
bands in deformed nuclei may be forbidden on ac- 
count of the quantum number K (the projection of 
the total angular momentum on the axis of symme- 
try of the nucleus); in analogy to this, we find that 
in odd-odd spherical nuclei a considerable number 
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of transitions between levels belonging to different 
multiplets must be retarded as a consequence of 
j — forbiddenness: 


(5) 


Formulas (3) and (4) determine the intensity of 
the y transitions and facilitate the identification of 
the states of odd-odd nuclei. These relations were 
derived under the assumption of pure configurations. 
The mixing of multiplets leads to a considerable en- 
hancement of the weak components of the y spec- 
trum, but has almost no effect on the intensive com- 
ponents. Appreciable deviations from the rule (4) 
may be caused by direct mixing of the initial and 
final states of the nucleus for If and Ij. 

It should be noted that relations (3) and (4) per- 
mit us to estimate the probabilities not only of the 
allowed transitions, but also of transitions which 
are forbidden by the principal quantum number n 
or by the orbital angular momentum 7, whereas 
the direct calculation using the single-particle 
model is impossible in these cases. 


lize —hl<l. 


6° 

hal yee 

Soe 

4° 

eo Weeds 
path 2,2 


FIG. 1. Level scheme of ,, T1733. 

For example, in the nucleus sider (reference 5) 
the y transitions of the type M1 with energies 
288 and 328 kev and the transitions with energies 
433 and 473 kev are forbidden by the quantum num- 
ber J (Fig. 1), since the ground state and the first 
excited state at 40 kev belong to the configuration 
(*4*, %*) and the second (328 kev), third (473 
kev), fourth (493 kev), and fifth (619 kev) ex- 
cited states belong to the multiplet (%*, %*). For 
the above-mentioned configurations we obtained the 
following theoretical ratios of the reduced transi- 
tion probabilities of the type M1: 


B(M1, 4-+4)/B(M1, 4->5) = 2.75, 
B(M1,5-—>4)/B(M1, 5—>5) = 0.67. 


The experimental values for the ratios of these 
transitions are 
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B (288 kev), B (328 kev) =- 3.30, 


B (433 kev)/B (473 kev) = 0.34. 


The discrepancy between these figures is due to 
two factors: firstly, to the presence of an admixture 
of E2 to the basic radiation of the type M1, and, 
secondly, to the mixing of states with the same spin 
and parity. In the case of the first ratio these fac- 
tors act in opposite directions and compensate each 
other partially, so that the experimental ratio dif- 
fers from the theoretical one only by 20%. In the 
second case both factors lead to a decrease in the 
ratio, so that the experimental value is about one 
half of the theoretical value. The comparison of 
the experimental and theoretical ratios of the in- 
tensity of the y transitions including the effects of 
the configuration mixing leads to the assignment of 
the spin 5° to the level 328 kev and the spin 4* to 
the level 473 kev. 

The rule of relative intensities (4) may be very 
useful in the analysis of the y spectra of nuclear 
reactions with single-particle character, such as 
the radiative capture processes (n, y) and (p, y), 
and also of the stripping reactions (d,p) and 
(d,n), since it is easy to determine the configura- 
tions of the states of the odd-odd nuclei in these 
processes. 

For example, the capturing state in the capture 
of a thermal neutron by an odd-proton nucleus has 
the configuration (jf, '4*) If, where jj charac- 
terizes the ground state of the target nucleus; the 
total angular momentum JI, can have only the two 
values ip B= he All intensive y transitions are 
single-particle transitions. They are caused by the 
direct or successive transitions of the neutron cap- 
tured by the nucleus into the lowest unfilled state. 
If the configuration and spin of the ground state only 
of the odd-odd nucleus are known, one can deter- 
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FIG. 2. Scheme of transitions of the type E1(M1) accom- 
panying the capture of thermal neutrons. To each transition in 
the odd-neutron nucleus correspond several transitions in the 
neighboring odd-odd nucleus. 


mine which of the two possible values of the spin 
characterize the capturing state by comparing the 
intensities of the y transitions to the ground state 
and to the neighboring states within the interval of 1 
Mev. In many cases it is also possible to identify 
other intensive transitions. The comparison with 
the spectrum of the radiative capture of thermal 
neutrons by the neighboring even-even nucleus is 
here of great help. In an odd-neutron nucleus the 
spin and parity of the capturing state are oe so 
that intensive y transitions of the type El and 
M1 are possible only to the levels 44* and %*. 

In the neighboring odd-odd nucleus each of these 
levels is split up (see Fig. 2 ). To each intensive 
component in the spectrum of the odd-neutron nu- 
cleus there will thus correspond two or three com- 
ponents of the same multipole order in the spectrum 
of the odd-odd nucleus. The ratios of the intensities 
of these components can be calculated theoretically 
for both possible values of the spin of the odd-odd 
nucleus in the capturing state 1, = jp+ y, and all 
values of ip- These ratios are listed in the table. 


Ratios of the reduced probabilities of transitions of the type E1 or 
M1 to levels of the same multiplet of an odd-odd nucleus 


in the capture of thermal neutrons* 
Sn ee ere oc 3 8 ee 


Initial Lae ead art Pama 
state 

T= i= i= — 
Final j =a F ; = 
Ber eee gas cela dal pct Vel 9 ea ys orale Valle Be dca re 
jp = 3/2 | 0 he Ae aepl ek s4 0 fo.s0]4 |—) — | 0.20] 1 
j= Sia | 0204 4, [10.401 4 1 0 |4 1 0] 0.07 | 0.26 | 4 
eae, gO, 2071 Ol ealnO.7 14 0.80] 0 | 4 | 0.80] 0} 0.42] 0.43 | 4 
fete igorase i ed nit0-96. | 4 OA | 6 Pa ee PQ aahO OL46 OMB 
ph Saoirse satu bill i) 0.04 60.63 | HOM ay 2) LET) ONPOW19 |:0-519 4 
f=)Jo.s9| 1 |41 |0.88) 0.56] 0 [4 | 0.64] 0 | 0.20} 0.53] 1 


~ *For large energy differences in heavy nuclei the E2 transitions may be more 


intensive than the transitions of type Ml. 
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FIG. 3. Scheme of the principal transitions in the reactions 
S -s(fiigerms yo and P**(nipcrm, y)P*. The valuesiof! the 
spins determined by the relative intensities of the transitions 
are quoted in square brackets. 
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Let us consider the spectrum of the y rays 
emitted in the reaction P*!(n, y) P® and let us 
compare it with the spectrum of the y rays in the 
reaction S*(n, y) Ss (reference 6). The nuclei 
P® and S*? have the same number of neutrons. To 
each intensive transition in the S** nucleus there 
correspond several transitions in the P® nucleus 
(Fig. 3). The capturing state of P* has spin and 
parity 0* or 1*, since for a thermal neutron jy = '4* 
and the ground state of P*! is characterized by 
j. = ¥,*. It follows from the level scheme of P*! 
and S*°, that the configuration of the ground state 
and the first excited state at 77 kev of the P® nu- 
cleus is (¥%*, %*). This is confirmed by the fact 
that for both states the orbital angular momentum 
of the neutron is J, = 2, and the spins and parities 
are 1* and 2*. To the transition 8.64 Mev in the 
S83 nucleus there correspond the transitions 7.94 
and 7.85 Mev in the P® nucleus. The experimental 
ratio of the reduced probabilities of these transi- 
tions is B(7.94): B(7.85) = 0.30:1.00. It follows 
from the table that this ratio should be equal to 
0.20:1.00 if =I" and to 1.00: 0.00. if I, = 0* 
(only transitions of the type M1 are considered). 
The comparison of the above-mentioned ratios indi- 
cates that I, =1*. The slight enhancement of the 
7.94 Mev transition is due to the mixing of the ini- 
tial and final states, since If = 17 =1". 

The 7.80-Mev transition in the S** nucleus cor- 
responds to the 7.42 and 6.79 Mev y transitions to 
the multiplet Ch 7) ansthie p=? nucleus (see 
Fig. 3). This configuration is confirmed by the 
‘fact that for both levels the orbital angular momen- 
tum of the neutron is 1, =0. The experimental 
ratio of the reduced probabilities of these transi- 
tions is B(7.42):B(6.79) = 0.23:1.00. It is seen 
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from the table that B(1* — 0*):B(1* — 17) 

= 0.50:1.00, i.e., the transition to the level 

(%,*, %*)1* should be more intensive than the 
transition to the level (44%, 4*)0*. The configura- 
tion mixing further enhances the transition 1* — 1s, 
The comparison of the theoretical ratio with the ex- 
perimental one leads to the assignment of the spin 
and parity 1* to the level 1154 kev of the Pp nu- 
cleus, and of the spin and parity 0* to the 515 kev 
level. 

To the transition of the type El with the en- 
ergy 5.44 Mev in the s°3 nucleus there corresponds 
the transition 4.66 Mev or one of the transitions 
5.73 or 4.46 Mev in the P® nucleus. It is seen 
from the table that the most intensive transition 
for the multiplet ('4,*, %47) should be to the level 
ity = 27. This permits us to assign the spin 2” to 
the level 3259 kev of the P*® nucleus. 

It is evident from the examples of T and 
P22 how the rule of relative intensities (4) allows 
us to assign spins and parities to the levels of odd- 
odd nuclei. This relation can be used in an analo- 
gous way for the analysis of the y spectra of the 
processes (p, vy), (d,p), (d,n), etc. The appli- 
cation of this rule to 8 decay is less justified, 
since in the 6 decay of even-even nuclei to levels 
of odd-odd nuclei one must take into account the 
effects of the pair interaction. 


ie 08 


3. TRANSITIONS BETWEEN LEVELS OF THE 
SAME MULTIPLET 


Just like the levels of the same rotational band 
in deformed nuclei, the levels of the same multiplet 
in odd-odd nuclei have identical parity. Only tran- 
sitions of the type M1, E2, M3, E4, etc. are 
possible between such levels. In the case of the ro- 
tational band the regular, monotonic sequence of 
spins has as a consequence that the transitions 
M3 and of higher multipolarity are suppressed by 
the transitions of the type Mi and E2. In odd- 
odd nuclei the sequence of spins is not that simple. 
It is determined by the spin-dependent part of the 
residual potential and is different for different 
quantum states of the proton and the neutron.’ na 
number of cases one therefore observes transitions 
of the type M3, E4, and even M5 between levels 
of the same multiplet. 

The reduced probabilities B of y transitions 
I, I, of the type EL or ML between levels of 
the same multiplet (ip» a) can be expressed in 
terms of the static electric or magnetic moments 
of the same multipolarity is my of the neighbor- 
ing odd-proton or odd-neutron nuclei. It can be 
shown with the help of the Racah algebra that, un- 
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der the assumption of pure configurations, 
B(sL,1,—>1,) = |ame + bmi |. (6) 
The coefficients a and b have the following form 


eee a +1) @h +1 Qi, + U,+% 


4nj, W (ip Ip I, Teed Fa 
(7a) 
QS) Ch+hG, Fh)... . 
c= ip SE Sd W (jn inti Te; Lip), 
(7b) 
where 4,=1, v,='%, v3=-1, and v,=1 are 
chosen such that the definitions of m? and m® 


agree with the generally accepted definitions of 
the static magnetic dipole (u,), electric quadru- 
pole (q)), magnetic octupole (u3), and electric 
hexadecapole (q;) moments of the atomic nuclei.® 
The static electric and magnetic moments My, 
of odd-odd nuclei can also be expressed in terms 


of the mi? and mr of the neighboring odd nuclei: 


M, (I) =a’ me + b' m*, e 
where 
a’ = (— lye int te [ene Bee DD 
CcAy, 
XW (ip ip LI; Lin), at 
et ae aL Ei | Ye TQr+ a cee Ge 
x W (jn jn IT; Lip). aS 


Knowing the moments yp, and gq», of the ground 
states of the odd nuclei, we can thus calculate the 
probabilities of the transitions M1 and E2 between 
the levels of the first multiplet of the neighboring 
odd-odd nucleus (see, for example, reference 9) 
and its static moments M, and Q, not only for the 
ground state, but also for the excited states belong- 
ing to this multiplet. On the other hand, knowing 
two experimental values of B(oL) or My, which 
characterize one multiplet of the odd-odd nucleus, 
one could determine the moments m? and my» 
and thus not only py, and qo, but also ps3 and q. 
However, in the majority of cases, only one value 
of B(oL) is known, and the solution of the prob- 
lem is not unique. We can, therefore, estimate the 
static moments by this method only in those cases 
when a >b (or b >a) and the contribution of my 
(or Mp) can be neglected, or when jp = jy, so that 
a=b and B(oL) is given directly by the static 
moment My,(I) of the same odd-odd nucleus. 

For jp =jn we have 


Biol, I,— 1.) 


(2L +1) (1 +1) (2/2 +4) vf W? (jfile; Lj) 
re 4rnI (21 + 1) W? (ijl; Li) 


| Mz (/)|* (10) 


For example, in the B!" nucleus the ground 
state I” = 3* and the first excited state at 720 kev, 
I7=1*, belong to the multiplet (*%4-, 47). The 
lifetime of the first excited state is T1/2 = 1.05 
x 107? see (reference 5), which corresponds to 
B(E2) = 3.94 x 1074e? barns’. With this informa- 
tion we can determine the quadrupole moment for 
an arbitrary level of the given multiplet. For the 
first excited state of B!° we have Q, (1*) = +0.047e 
barns, and for the ground state Q, (3*) =+0.070e 
barns. The quadrupole moment of the ground state 
has been measured experimentally and is equal to 
Q, =+0.074e barns (reference 10). 

In the same way we can estimate, for example, 
the moment Q, of the Sce“4 nucleus. The ground 
state I" =3*, and the first excited state at 270 
kev, I"=7*, belong to the multiplet (%-, %-). 
The lifetime of the first excited state is T4/2 
= 2.46 days (reference 5), which corresponds 
to B(E4) =2.1 x 107° e (barns)*. From this 
we find for the ground state of Sc*, Q,(3*) 
=+2.5x 107 e (barns), and for the isomeric 
state Q,(7*) =+4.5 x 107? e (barns )*. These 
values are 100 to 1000 times smaller than the 
values of Q, determined from the intensities of 
the decays to levels of the rotational bands in 
heavy deformed nuclei.!! 

An extensive comparison of the experimental 
and theoretical values is possible only for the M,, 
the static magnetic dipole moments of odd-odd 
nuclei. Formula (8) for this special case was 
given in the paper of Schwartz;'? in the review 
article of Blin-Stoyle!? M&*P and mtheor were 
compared in 17 cases. Until now it has been pos- 
sible to make this comparison for 45 nuclei. Out 
of the 45 considered cases, 36 are in agreement 
with experiment with an accuracy of 25%; 4 cases 
give a discrepancy, but here the sensitivity to 
small changes in uP and yu} is very great, so 
that agreement with experiment could be easily 
achieved. There is serious disagreement (5 
cases) only for those nuclei for which the as- 
sumed model is manifestly wrong, that is, for de- 
formed nuclei and for nuclei with configuration 
levels which cannot be explained by the single- 
particle scheme of Mayer.'* The satisfactory 
agreement between M€XP and mtheor indicates 
that the hypothesis of a multiplet structure of the 
levels is valid for a large group of odd-odd nuclei. 
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The circular polarization of the y -ray quanta from the internal Compton effect is con- 
sidered. The forms of the angular correlation between the direction of emergence of the 
B -ray electron and that of a circularly polarized y-ray quantum are given for transitions 


of both the magnetic and the electric types. 


Brenucs of parity nonconservation in the weak in- 
teractions the y-ray quanta emitted by a nucleus 
aiter 8 decay are circularly polarized, and there 
is a correlation between the 6 -ray electron and the 
y-ray quantum.' If after 8 decay there is internal 
conversion of the y-ray quanta, the conversion elec- 
trons that are emitted will be longitudinally polar- 
ized.*»? A similar situation will exist also in the 
case of the so-called internal Compton effect oc-’ 
curring after 6 decay of a nucleus. Since the in- 
ternal Compton effect is bremsstrahlung from the 
conversion electrons, it is clear that in the case of 
longitudinally polarized electrons the y-ray quanta 
will be circularly polarized. It is obvious that there 
will also be an angular correlation of the B -ray 
electron and the circularly polarized y-ray quan- 
tum. 

Studies of this correlation and of the degree of 
circular polarization can be useful in some cases 
for the determination of the values of the nuclear 
matrix elements or even those of the $ -decay 
constants. 

In the present note we consider the circular po- 
larization of y-ray quanta emitted as the result of 
internal Compton effect occurring after an allowed 
8 decay, and find the form of the angular correla- 
tion between the emission of the 8 -ray electron 
and the circularly polarized y-ray quantum. The 
calculations have been made in the Born approxima- 
tion, like the other calculations devoted to this ques- 
tion.*»” It is natural to expect that strictly speaking 
these calculations can apply only for light nuclei, 
although the results of work by Lindqvist and others® 
on the experimental observation of the internal 
Compton effect in Ba!®” are in fair agreement with 
the theoretical results of Spruch and Goertzel,‘ 
which were also obtained with the Born approxima- 


tion. 
Suppose that before the B decay the nucleus was 
in a state with angular momentum jj, that after the 
sak 


allowed £ decay (we consider the V-A interaction) 
it was in a state with angular momentum j,, and 
that after the y-ray transition it was in a state 
characterized by the angular momentum j3. Let the 
multipole character of the (virtual) y-ray quantum 
be J, and let A= Ej, —Ej, be the energy of the y- 
ray transition of the nucleus. Then the angular cor- 
relation of the $ -ray electron with the circularly 
polarized y-ray quantum has the usual form 


w (Se) = | + ub cos Os, 


(1) 


where 9g is the angle between the directions of 
emission of the 6 -ray electron and the circularly 
polarized y-ray quantum, yp is the sign of the cir- 
cular polarization (uw=+1), and v is the speed 
of the B-ray electron. For ailowed £6 transitions 
we have 


“ 2B V jo (j2 +1) 8,74 D (2 + je(j2 +1) — in (i + 1) 


$ ————— 
2V je (jz + 1) (AB,,;, + C) 
ee) + ja (ia ak ee NU a (2) 
2 V j2(j2 +1) 2 (2+ 1) 
where 


A=|<I>P(Cv|?+1C, |), 

B = Re <1) <a)" (CyvC4+C, Cy), 

C= {<a> PP ((CaP?+1C,2), D=[<e>P2ReCacCh. (3) 
Here as usual we have denoted by <1> and <a> 
the matrix elements of the Fermi and Gamow-Tel- 
ler types. The quantities N and P depend on the 
multipole character and type of the transition. For 
transitions of magnetic type with multipole index / 
we have 


‘ ; Ma 4 se 
N™ =a {k? p’ + p? Asin? 9p} +o{ ead Ore} 


2 sin? @ 
a {kp cos 8%) + p? +- mk}, 


; b2 x mt 
p™ a “a {k? p G ale p ACs}— ro {p Cy — pC3}— ——— 
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where the quantities appearing in P(M) are 
cy = (— 1) 2% (21 + 1). 4 Dag pncie x 

x (1dL | 10] 11K) Arx (8ep), 
Cy = (— 1)!5-% (21 + 1)%*- AnCioin X 

x (1lL| 10] 112) Py (Gen) Po, ~1 (8p4), 


C3 = (— 1) 2% 342 (21 + 1)'%-4 = oh Ee 
3 ( ) ( a ) Ty (QF + 1) (2K a4) 
CRC ee xX (ill | 111 | 11K) Arex (8pp). (5) 


Somewhat more cumbersome formulas are obtained 
for transitions of the electric type. In this case 


N@O— Ay a A, ae Aye, Po — 
with 
il , ‘ H cal 
Are agi {(P + p? Asin ? 9%») | (20 sinker aes | 
4. kp’ (m = > sin? 4,5 + ax) , 


An = az {ep [(2t +1) = —1|—21 (ma,+a,)} , 


B, + Bo+ Bio, (6) 


(7) 


Ara apap {(2R* p’ + kp? sin? Map) [(20 + 1) 2 — 
— 2k* p’ ag + 21 [(ep— m) ay (mA — kp’) a, 
++ m(m (m — ep) + kp’)]}, 


where 


ee Nae 


Qy — — 2 + 2? cos 85a 
= (m— k) 8p — ~~ [(m — k) p08 pq — Ep RCOS Apg] 


a oo ~ kp [(l + 1) cos 845 + (1 — 1)cos 99 COs Veg], 


(1 
a, = + 


= [@+1)— 


ay = Ey fn —k)+ “(4 Ros Og, 


- = Lay cos? Opp au 

—£q Fall + 1) Cos Dep 
oh ¢ — 1) cos 9%,}; (8) 

pe meee a bs 


+18 (1-41) 2 sin® Opp (md + m(ep—m))}, 


1 1 k; < 
wag {RP Ba + 2b, +L (+ 142A sin®Opph, 
4 apc 3 
7 {(m—sp)b.+1 (1 4- ye sin? 6¢, 


x ((m — k) (tp — m) + mA — kp’) (9) 
Here bj denote the quantities 
by = (— 1)tt4 3M 2-2 (21 — 1) (21 + 


4—F(F +4) ; 
2. (2F + 1)" (2K+ 4)” Cro 10 Como 10 X 


LK) arr (8,); 


sa 


1) 4x PE 
= 


bs = (— 1) 2% (21 — 1) (21 + 1)%4n > DF + 1)" 

x Cie r0 1-10 X (1 1 | 1 — 11 IF) hyr (9p), (10) 
by = (— 1)6 8-2 5—% (21 — 1) (21 + 1% 4 os 

X CP io 1-10 X (Md — 1 | 1 — 1] 112) Pyy (89) Po, —, (959). 
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The quantities that appear in Eqs. (5) and (10) are 
given by 


Ayx (Sep) = Cro 10 Py, (Sep) Px,o (859) 
— 2C17 10 Pir Pep) Px, —1 (pq), 
hex (9p) — ae 10 Cie FE F,0 (9p) se K,0 (954) 
— 2C it 10 Ciro Pr, —1 (9p) Px, +1 (99). (11) 


In the expressions (4) — (11) the following nota- 
tions are used: €p, Pp are the energy and momen- 
tum of the electron ejected from the K shell; m 
is the mass of the electron; k, k are the energy 
and momentum of the real y-ray quantum; 


q=ptk, %=& +k, 


9kp denotes the angle between the directions of 
emergence of the conversion electron and the y- 
ray quantum; nq and 9kp denote respectively 
the angles between the vectors p and q and be- 
tween k and q. (It is easy to see that in the final 
analysis all of these angles can be expressed in 
terms of the single angle 0,)). The Pj m denote 
associated Legendre polynomials with the normali- 
zation given by Edmonds,’ and Cheer and 

X (abe | efg|hik) are Clebsch-Gordan and Fano 
coefficients; their properties and numerical values 
can be found, for example, in reference 7. 

To get an intuitive idea of the value of the degree 
of circular polarization as a function of the two 
variables 9kp and k, we have tabulated this func- 
tion for the y-ray transition in Co® (transition of 
type E=2, A=1.170 Mev). The results of calcula- 
tions of the dependence of P/N on the energy k of 
the y-ray quantum (in units mc”) and on the angle 
9kp are shown in Figs. 1 and 2. 


P’ = &p — PCOS Vp; 


DIN 


O25 


We note that the degree of circular polarization 
of the y-ray quanta for transitions with the same 
multipole index and transition energy is larger for 
the magnetic than for the electric transition. This 
result can be understood easily if we take into ac- 
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count the fact that in the case of the electric transi- 
tion there is both longitudinal and also transverse 
polarization of the conversion electrons, and for 
small energies of the conversion electron the trans- 
verse polarization can even exceed the longitudinal.? 

In conclusion the writer regards it as his pleas- 
ant duty to thank Professor I. 8. Shapiro for suggest- 
ing the topic and for his interest in the work. The 
writer is also grateful to E. Naletova for assistance 
in the numerical calculations. 
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The interaction of an oscillating disc with rotating helium II is examined. An expression is 
obtained for the torsional moment acting on the surface of the disc, taking into account the 
presence of vortex lines, mutual friction between the normal and superfluid components, and 
the possibility of sliding of the vortex lines along the solid surface. A calculation of the 
damping of oscillations, which neglects sliding and is in linear approximation with respect 
to the mutual friction coefficients, is in qualitative agreement with the experimental data. 

It seems that quantitative agreement can only be obtained if sliding is taken into account. 


le The aim of the present work is the explanation 

of the dependence of the damping of torsional oscil- 
lations of a disc on the speed of rotation for helium 
l,/*? which is completely different from the behav- 
ior of a classical liquid. A preliminary investiga- 


tion showed that this dependence cannot be explained 


by taking account of mutual friction alone.* The 
corresponding effect is less than that observed by 
at least an order of magnitude. 

2. We use Hall’s relation® to describe the rotat- 
ing superfluid component 


Ov o 
ve + (vs\V7)Vs +s [wx curl =| 
=p x[Vn—Vs]+ Brn |= ox [Vn — vs] + VO. (1) 


In this the existence of Onsager-Feynman vortices 
is taken into account by the additional (third) 
term which distinguishes this equation from the 
usual one for the velocity of the superfluid com- 
ponent. In equation (1) vg denotes the velocity 
of the superfluid component, averaged over a 
volume of linear dimensions considerably greater 
than the distance between the vortices: vg = €/psI, 
where ¢€ is the energy per unit length of vortex 
line and [I is the circulation; w=curlvg; ay 
and By are the coefficients of mutual friction, 
related to the coefficients of Hall and Vinen‘ by 
the equations Qy =0.5(pyn/p)B’ and By = —0.5 
X (pn /p)B; the expression V® contains all 
gradient terms.* 

The normal component is described by the re- 
lation 


*L. D. Landau has shown that (1) follows from the laws of 
conservation of energy and momentum. The value of 7,, equal 
to dE/dw (where E is the energy per unit volume of rotating 
helium), is related to v, by the relation 75 = ps¥s- 


Ov, 


ot 


aa (VnV) Vi —— VV in — & Wx[ Vn — Vs] 


— 8,0 hwx [x [Va— Vs]] + VY. (2) 
Here vy is the kinematic viscosity of the normal 
component, ag =0.5(pg/p) B’, Bg = —0.5 (pg /p)B, 
and VW contains the gradient terms. 

As the relevant effect has been observed at con- 
stant temperature, the independent equations of 
continuity have been used for the superfluid and 
normal components: 


divv,=0, divv, = 0. (3) 


3. The system (1) — (3) has been linearized for 
small oscillatory additions to a velocity distribu- 
tion of the type Vg = Vpn = Wy) X F=Vp (Wo is the 
angular velocity of rotation) and solved for the 
boundary conditions corresponding to adhesion of 
the normal component to the surface of the disc. 
The boundary conditions for vg were obtained in 
the following way.* Equation (1) is rewritten in 
the form of an equation of conservation of vortices 


Ov, /0t =v_xw-+ gradient terms (4) 


where vy, is the velocity of the vortex lines. It 
can easily be shown that 


o o 
VLx® =v. + yscurl- — On (Vn “7 Vs) a Bn=x[Va— vi) bo . 


(5) 


The boundary conditions for the r and @~ compo- 
nents of vg can be found from (5) by substituting 
the boundary conditions for the gy and r compo- 
nents of vj. Taking account of partial sliding of 


*This method of obtaining the boundary conditions for v. 


is due to L. D. Landau. 
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the vortex lines along the surface of the disc, we 
obtain* o 
Wer (0) — Wop) = iQ (dws, / d2)2=0, 


Wse (0) = 5 (dwse/dz)20 - (6) 


In these equations wg(z) denotes (vg—vy)/r 

x exp (iQt); Q and @» are the frequency and am- 
plitude of the oscillations and a is the coefficient 
of sliding. We assume that the z axis is ina 
direction at right angles to the surface of the disc, 
which corresponds to z =0. We have, finally, the 
natural boundary condition 


Wsz (0) = 0. (7) 


4. If we consider the oscillation of an infinite 
disc in an unbounded liquid, the solution of the 
system (1) — (3) consists of the sum of four plane 
waves with wave numbers determined by the rela- 
tions 


ba = (eed? + RP? + gh? +43) 


tL (RS)? — RED? + gi? — go)? + 4g? gh}, 


hep — (kno tke + af? +40) 
tS [(Rso* kno + gf? — gh)? + 4qgh gh; 
Rae = —1(O420))/v,, RP? = F (QL 20,)/vs, 
gi® = F 2w gi (BaF ion)/vs,  Qh*? = 2a (Bs =F iats)/Ya- (8) 


The penetration depths corresponding to these 
wave numbers are sufficiently small for the walls 
of the beaker to be considered to be located at in- 
finity.t In addition to the boundary conditions al- 
ready given, there must then be no oscillatory ad- 
dition to vo at infinity. 

5. The moment of the force, acting on the sur- 
face of the disc is given by the formulat 


M = &R? [yn (dWng/d2)2=0 + Ys (dWsr/dz)2—0) exp (Qt), (9) 


with the values 


*The physical interpretation of the boundary conditions im- 
posed on yz is that the difference in velocity between a vortex 
line and the surface is proportional to the force exerted on the 
vortex: F = €g, o is the tangential unit vector of the vortex 
line at the point of contact with the surface of the disk. 

+There are, therefore, no resonance effects connected with 
the accommodation of a whole number of half wavelengths into 
the distance between the disk and the top or bottom of the 
beaker. : 
tEquation (9) is derived by using the expression for the 
flow momentum tensor, given by L. D. Landau in the derivation 
of (1), which has already been mentioned. To explain the phys- 
ical meaning of the second term of (9) we point out that it can 
be obtained by a direct consideration of the force acting on the 
surface of the disk by the vortex lines attached to it, which 


have a tension €. 


2 ( oy = Q (*1Re — %2k1) + 2a ght? (ko—k) +akyR2(x2—xy) 
2=0 Xz — Ky — A (Xoke — xy ky) /Q 
Q (x3kq — xgk3) — 2uq5- (a ks) + akgkg (x4 — Xs) 
X%g— X33 — 2 (%4kq —— X3k3)/Q z 


ea ee 2g (%ak2 — xaka) — QG'T? (ka — hr) 
Zone Xz —Xy — a (eke — %yh1)/Q 


, 2W (xaka — xshks) + 2G (ha — hs) 


“Is : 26 gl ecg OF (x4ka —— %gkg)/Q (10) 

In (10) we have introduced the notation 
i 2= — aes aia ree ar age , EY Riya a ae ae sae 
(11) 


6. In view of the unwieldiness of (10) for making 
comparison with experimental data, we will only 
consider the case a=0 (perfectly rough surface) 
and carry out the calculation to linear approxima- 
tion with respect to the mutual friction coefficierits 
(which is justifiable for relatively small values of 
wo). The results of this calculation are shown in 
the figure together with the experimental results. 
The ordinate is A =6 — Q)6)/Q, where 6 and 6, 
are the logarithmic decrements in helium and in 
vacuum respectively, and & and 2) are the cor- 
responding frequencies of oscillation. We are now 
carrying out the calculations without the restric- 
tions mentioned. 


i's 
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Dependence of A on the speed of rotation of helium II. 
1 — Result calculated from Eq. (9) with the coefficients corre- 
sponding to T = 1.78°K, not taking account of sliding; 2— The 
same with a correction for edge effects to first order [Eq. (9)];* 
3 — Damping due to the viscosity of the normal component; 
the experimental points were obtained at 1.78°K with a “‘heavy’ 
disk (Q=@,), the surface of which was covered with granules.° 
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On the basis of a theory developed earlier of galvanomagnetic phenomena,!” detailed calcula- 
tions have been carried out for certain concrete types of Fermi surfaces, a particular case of 
which is, for example, the open surface constructed by Pippard for copper. It is shown that 

the stereographic projection of the resistances obtained for an open surface of this type agrees 
well with experimental data for gold (Alekseevskii and Gaidukov). The peculiarities of galvano- 
magnetic phenomena have been studied for a surface of the “corrugated” plane type. The possi- 
bility of a new type of angular singularities has been indicated, connected with the sharp change 
in the direction of the open trajectories on approaching the field direction perpendicular to the 
corrugated plane. Possibilities are discussed of a more complete determination of the energy 


spectrum according to the galvanomagnetic characteristics of the metal. 


Nikasaete with open Fermi surfaces are charac- 
terized by a sharp anisotropy of the resistance and 


the Hall field in the region of strong magnetic field; 
this anisotropy increases with increase in the mag- 


netic field.? As was explained earlier,'*? the basic 
character of the angular dependence of the resist- 


ance and of the Hall field is determined by the topo- 
logical structure of the Fermi surfaces. In particu- 


lar, it is very important to make clear whether the 
open trajectories of the motion of an electron in 
momentum space (e€ =const, pz = const) exists 
for a given direction of the magnetic field or 
whether such are absent.* In these two cases the 
asymptotic character of the tensors of conductivity 
Ojk and resistivity pj, in strong magnetic fields 
is quite different. 

The general method of observation of galvano- 
magnetic phenomena in metals with an arbitrary 
Fermi surface (closed or open) was investigated 
in the papers mentioned. In the present communi- 
cation concrete types of Fermi surfaces are con- 
sidered which are of particular interest. Some of 
these were discovered recently by Alekseevskil 
and Gaidukov. 

1. By measuring the surface resistance of a 
single crystal of copper in a high frequency vari- 
able electromagnetic field, Pippard made it clear 


*The trajectories of the motion of the electrons in the usual 


coordinate space are obtained from the trajectories of motion 
in momentum space by a rotation through the angle 7/2 with a 


similarity coefficient eH/c. All the notation is consistent with 


that of reference 1. 
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that the Fermi surface for copper in all probabil- 
ity is open.’ The surface constructed by him can 
be described with a great deal of accuracy by an 
analytic expression containing only the first har- 
monics in the Fourier expansion of ¢(p). This 
fact was noted by Moliner* who made the assump- 
tion that for all metals with a face-centered cubic 
lattice (metals of the copper group) the Fermi 
surface could be represented by an analytic ex- 
pression of the form 


¢ (p) = 2{3 — cos (apx/2h) cos (ap,/2h) 

— cos(ap,/2h) cos (apy/2h) —cos(ap,/2h)cos (ap -/2h) 

+ 8 [3—cos (apx/h)—cos (ap,/h)—cos (ap2/R)]}}=%, (1) 
a = lattice constant, h = Planck’s constant, ¢ 
= Fermi energy. For 8 © 0.1 and £)/A ¥ 3.6, 
the experimental points of Pippard lie on the sur- 
face (1) with accuracy up to 1 percent. 

A somewhat more general form of the expansion 
of €(p), which is also suitable for simple and 
body-centered cubic lattices, 


‘e(p) = 2 {3 — cos (ap;/h) cos (apy/h) — cos (apx/h) cos (apz/h) 
— cos (ap,/h) cos (apz/h) 
+- 8[3 — cos (apx/h) — cos (ap,/h) — cos (apz/h)] 
-- 8[1 —cos (apx/h) cos (apy/h) cos (apz/h)]} = So, (la) 


leads, as analysis will show, to the same possible 
types of topological structure of the surfaces as 
@): 

We now investigate the galvanomagnetic proper- 
ties of metals whose isoenergetic surfaces are de- 
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FIG. 1. Stereographic projection of the directions of the 
magnetic field (shaded regions and continuous lines), which 
lead to open trajectories € = const, p, = const for a Fermi 
surface consisting of corrugated cylinders directed along the 
three-dimensional diagonals of the cell of the reciprocal lat- 
tice. 


scribed by the expression (la) and (1) with arbi- 
trary values of the parameters 6, ¢)/a and 8. 

For fixed values of a, B and 6, the region 
of possible values of ¢) is limited (€min S & 
<= €max} €min=0). If 9=€min or £) = €max: 
Eq. (la) describes a set of isolated points. When 
€)-€min is not large or is close to its maximum 
value, the surface (la) is a small closed surface 
(sphere), whose dimensions increase in propor- 
tion to the departure of ¢) from its minimum or 
maximum possible value. For intermediate values 
of &), the Fermi surface (1a) can be either closed 
or open. 

For 2a@(B+2) < &<4a(8+1), 6<«1, the 
surface (la) is an open surface of the type “three- 
dimensional grid,” consisting of “corrugated” cyl- 
inders, directed along the principal crystallo- 


FIG. 3. Stereographic projection of the directions of the 
magnetic field (shaded region and continuous lines), which lead 
to the appearance of open plane intersections of surfaces con- 
sisting of corrugated cylinders whose axes are parallel to the 
three-dimensional diagonals and the diagonals of the bounda- 
ties of the cubic lattice. 
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FIG. 2. Stereographic projection of the directions of the 
magnetic field (shaded regions and continuous lines), for which 
open plane intersections exist for surfaces formed by corru- 
gated cylinders whose axes are directed along the three-dimen- 
sional diagonals and the principal crystallographic axes. 


graphic axes [100], [010], [001]. For €) 
>4a(B8+1), the surface (ia) again represents 
closed regions located around the centers of the 
cubic cells of the reciprocal lattice. Quasi- 
particles with such values of the energy behave 


as positively charged particles — “holes.” (For 
simplicity we consider a@>0O and B>0.) 
INoe (6) Kil 
So/a> [3 (1 + B/2)? + 8(1 + B*/8)] (1) 


the surface (la) is a “three-dimensional grid” of 
corrugated cylinders whose axes can be parallel 

to the three-dimensional diagonals, the diagonals 

of the boundaries and the edges of the cubic cell of 
the reciprocal lattice.’ For values of £o/a close to 


FIG. 4. Stereographic projection of the directions of the 
magnetic field (shaded regions and continuous lines), which 
lead to the appearance of open plane intersections of an iso- 
energetic surface of the type ‘‘three-dimensional grid,’’ formed 
from corrugated cylinders whose axes have thirteen different 
directions (the three-dimensional diagonals, the diagonals of 
the boundaries and edges of the cell). The doubly shaded 
regions are the directions of the magnetic field for which the 


layers of open trajectories with different average directions 
exist. 
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FIG. 5. Angular dependence of the resistivity 
p = p(®) (diagram of rotation of Hj) of metals 
with a Fermi surface consisting of corrugated 
cylinders directed along the three-dimensional 
diagonals of the cubic cell: a—electric current j 
directed along the [001] axis, b—electric current 
j directed along the [111] axis, c—j directed 
along the [110] axis. 


the maximum value, the surface (la) again consists 
only of closed regions distributed about the centers 
of the walls (8 <6) or the middle of the edges 

(8 > 6) of the cells of the reciprocal lattice. [As 
before, we shall take a'>0 for simplicity. The 
case @<0 does not lead to any new qualitative 
singularities of the open surfaces of (1).] 

Thus, in all, five different types of open sur- 
faces are possible.® The simplest topological 
case of an open surface (la) (“three-dimensional 
grid”) of corrugated cylinders whose axes are 
parallel to the principal crystallographic axes 
[100], [010], [001] has been studied in detail 
previously. The stereographic projections of the 
directions of the magnetic field which lead to open 
plane intersections € =const, pz =const with 
the remaining four varieties of open surfaces of 
(la) are shown in Figs. 1—4. For surfaces de- 
scribed by Eq. (1), Fig. 3 takes place for -Y, 
<B<0, 3+68< &)/A< 3+48, while Fig. 4 holds 
for 0<B<1, f)/A>3(1+28). 

The stereographic projections of particular 
directions of the magnetic field for gold and silver 
constructed experimentally by Alekseevskii and 
Gaidukov® are very close to the sterographic pro- 
jections shown in Fig. 3. Figure 5 shows polar 
diagrams (H 1 j) of the angular dependence of 
the resistance of metals whose Fermi surface 
is an open surface of the type “three-dimensional 
grid” formed from corrugated cylinders whose 
axes are directed along the three-dimensional 
diagonals of the cell of the reciprocal lattice. 
Figure 6 shows polar diagrams for the resistance 
of metals with an open Fermi surface consisting 


FIG. 6. Angular dependence of the resistivity p(e). (dia- 
giam of rotation H Lj) of metals with a Fermi surface formed 
from corrugated cylinders whose axes have thirteen different 
crystallographic directions: a—j directed along the [001] axis, 
b—j directed along the [111] axis. 


(010) 
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of corrugated cylinders whose axes are parallel 
to the three-dimensional diagonals, the diagonais 
of the walls and the edges of the cells of the re- 
ciprocal lattice. (For the stereographic projec- 
tion, see Fig. 4.) The Fermi surface for copper 
has a very similar topological structure. 

2. As a second example, let us consider an 
open Fermi surface of the type “corrugated 
plane” (see Figs. 3 and 5 of reference 2 and Fig. 
7 of the present paper) which can evidently exist 
for metals with hexagonal, tetragonal, and rhombic 
crystallographic lattices. For such a surface, open 
trajectories exist for any direction of the magnetic 
field. Their average direction py, generally 
speaking, coincides with the lines of intersection 
of the plane pz =const andthe plane vé, tangent 
to the Fermi surface (v, &, € are coordinate 
axes connected with the crystallographic axes of 
the reciprocal lattice). When these planes (plane 
vé and the plane p, = const) are parallel to each 
other, i.e., the direction of the magnetic field co- 
incides with the ¢ axis, the thickness of the layer 
of open trajectories vanishes (for metals with 
hexagonal and tetragonal crystallographic lattices), 
or these trajectories have a perfectly definite di- 
rection , determined exclusively by the symme- 


c 
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FIG. 7. a—constant energy surface of the type ‘‘corrugated 
plane,’”? b—its intersection with the plane p, = const. 
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try of the corrugated surface (for metals with 
rhombic crystallographic lattice). In particular, 
this takes place if the “ripples” on the surface 
have the form of parallel waves (see Fig. 7). 
(The v axis is the preferred direction of the 
corrugation. In the direction of the & axis, the 
surface is weakly corrugated. ) 

For this surface particular interest is attached 
to the case in which the direction of the magnetic 
field is close to the ¢ axis. For !X vy) (¥v is 
the angle between the direction of the magnetic 
field and the axis ¢), the open trajectories are 
greatly extended in the direction of the € axis, 
although their average direction evidently coin- 
cides with the px axis. For #=0, the direction 
of the open trajectories changes over from the px 
axis to the & axis (see Fig. 7b). It is clear that 
for #~ yp, it is not possible to make use of the 
solution of the kinetic equation in powers of yo 
= H)/H for the determination of the asymptotic 
value of the tensor oj, (see reference 1), since 
the average value Vy over a time of the order of 
the time of the mean free path of the electron 
(At ~ 1/y)) can turn out to be materially differ- 
ent from zero, whereas on all trajectories V, = 0. 

A similar situation arises in the case of a sur- 
face of the “corrugated cylinder” type, when the 
direction of the magnetic field is almost perpen- 
dicular to the axis of the cylinder (see refer- 
ence 1). In the simplest case, when the x and 
€ axes are orthogonal, we obtain the following 
expression for oj, (nN =Y)/3): 


ayy (9) Toe xy (n) 
Cie (es (1) 1 @yy (n) 


N ayy () Toezy () 


az (0) 
Yo% yz | . (2) 


a, (n) 


aj; () can be represented by the following extrapo- 


lated formulas which characterize the behavior of 
Oik for »«1 and n >1: 


in (4) = (re nk + atk 2)/ (Bie + 0°), 


0 1) (0 (0 1 1 
ay =a) =a? oie a) = ee : 0, 


Byy = Byz ss. Bzy = 0. (3) 


All ai (7) tend to finite values ai, (°) = a as 


ae 
The transverse resistivity p in the limiting 
cases 3 Ky) and Jv’ > y has the following form: 


9 = 6(H/H,)?cos*a + A; FS 
0 = (H/H,)? [6, cos? (« + ¢) + 6,9 cos? a] + A,; 


3 < Yoo 


(4) 
where a is the angle between the direction of the 
electric current and the x axis; ¢ is the angle 
between the x and € axes; hy, b,, b, A, A; are 
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constants of approximately the same order. (For 
3 <Ky) «1, the z axis virtually coincides with 
the ¢ axis.)* 

It can easily be seen from Kq. (4) that the 
transverse resistivity increases quadratically 
with increase in magnetic field over the whole 
polar diagram p() if the direction of the elec- 
tric field lies in the vé plane and does not coin- 
cide with the v axis. When the electric current 
is directed along the ¢ axis, the transverse re- 
sistivity in strong magnetic fields reaches satura- 
tion independently of the orientation of the direc- 
tion of the magnetic field, since all the open tra- 
jectories are perpendicular to the direction of 
the electric current. In all remaining cases two 
sharp minima exist on the polar diagram of p (7) 
for the resistivity (at the point of a minimum, 

p © const); the width of the minimum decreases 
with decrease in the magnetic field as 1/H. As 
Alekseevskil and Gaidukov have shown,°® the Fermi 
surface of gallium has evidently a similar topolog- 
ical structure. 

In conclusion, we note that by means of polar 
diagrams obtained experimentally for different 
orientations of the electric field, it is not only 
possible to determine the region of the direction 
of the magnetic field for which there are open 
trajectories e€ =const, pz =const, but also to 
construct a stereographic projection of the direc- 
tion of these trajectories. In certain cases, very 
interesting information on the Fermi surface can 
be obtained by an investigation of the Hall effect. 
For example, if at a given direction of the mag- 
netic field, there is a layer of open trajectories 
€ =const, pz, =const with different average di- 
rections, then the Hall “constant” decreases with 
increase of magnetic field as 1/H*. Simultaneous 
investigation of the anisotropy of the resistivity 
and the Hall effect permits a more detailed study 
of the topological structure of the Fermi sur- 
face. 

We thank N. E. Alekseevskii and Yu. P. Gaidu- 
kov for acquainting us with their experimental re- 
sults before publication. 
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*In a rectangular crystal lattice the orientations of the cor- — 
responding axes in real and reciprocal space are identical. 


CHARACTERISTICS OF METALS WITH OPEN FERMI SURFACES. II 141 
: bl GPE Moliner, Phil. Mag. 3, 207 (1958). Yu. P. Gaidukov, JETP 87, 1281 (1959), Soviet 


VEG. Peschanskil, Dissertation, Kharkov State Phys. JETP 10, 913 (1960). 
University, 1958. 


°N. E. Alekseevskii and Yu. P. Gaidukov, JETP Translated by R. T. Beyer 
36, 447 (1959), Soviet Phys. JETP 9, 311 (1959); 30 


SOVIET PHYSICS JETP 


THE TWO-CENTER MODEL AND THE HYDROD 
PRODUCTION OF PARTICLES 


. EMEL’YANOV and I. L. ROZENTAL’ 


VOLUME? £1, 


NUMBER 1 JULY 51960: 


YNAMICAL THEORY OF THE MULTIPLE 


The P. N. Lebedev Physics Institute, Academy of Sciences, WESeSsk. 


Submitted to JETP editor July 9, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 194-197 (January, 1960) 


It is pointed out that when there are fluctuations of the initial volume or the final tempera- 
ture the hydrodynamical theory of collisions of high-energy particles can lead to kine- 
matics similar (but not identical) to that predicted by the two-center model. 


IRae ENTLY a large number of papers have ap- 
peared (cf., e.g., references 1—3) giving ana- 
lyses of showers registered in photographic emul- 
sions and showing a sharply marked two-cone struc - 
ture in the center-of-mass system. The kinematics 
of such showers can be described approximately by 
means of the following model: after the collision two 
quasi-independent systems (“fire balls”) are 
formed, which then disintegrate isotropically in 
their own coordinate systems into real particles. It 
is well known, however, that the hydrodynamical 
theory of the multiple production of particles‘ is 
based on the existence of a single system at the in- 
stant of the collision. Therefore the question can 
arise of the necessity of placing these two models 
in opposition to each other. Without entering here 
into the question of the relative statistical relia- 
bility of the conclusion that two centers exist in a 
collision,* we would like to point out that in prin- 
ciple the hydrodynamical theory can lead to a kine- 
matics of collisions which is close to that corre- 
sponding to the two-center model. The main argu- 
ment against this assertion has been the difference 
between the angular distributions of the secondary 
particles as observed experimentally in these par- 
ticular showers and as theoretically predicted by 
the hydrodynamical theory. Whereas it was previ- 
ously supposed that in the center-of-mass system 
the theoretical maximum of the angular distribu- 
tion lies in the range of angles around 7/2 (if one 
plots as abscissa the quantity 7 = —ln tan 3), ex- 
perimentally one sometimes observes a minimum 
in this range of angles, which has a natural explana- 
tion in the two-center model. Figures 1 and 2 show 
as examples the angular distributions of two show- 
ers. One of them (Fig. 1) is characterized by a 


*The showers that give evidence of the existence of two 
centers are as a rule obtained as the result of a very severe 
selection. 
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FIG. 1. Angular distribu- 
tion of secondary particles in 
a case with a single maximum.° 
Type of interaction 1+0+374, 
7 =-—In tan d. 


single maximum and is well described by the hydro- 
dynamical theory; the other has a “two-hump” struc- 
ture which corresponds approximately to the kine- 
matics of the two-center model. 

In the present paper we put forward the proposi- 
tion that in some cases the collision kinematics pre- 
dicted by the hydrodynamical theory can be close to 
such a “two-hump” distribution, and consequently it 
can simulate the kinematics of two independent cen- 
ters. We begin our argument with the statement 
that some such “two-hump” character always exists, 
but cannot in practice manifest itself. Our argu- 
ments will be based on the consideration of the sim- 
ple wave in the hydrodynamical solution of the prob- 
lem of the separation of particles, which has not 
previously been taken into account in the analysis 
of “two-humped” showers. In fact, the particles 
that arise in the disintegration of the simple wave 
(cf., references 6, 7) have the following properties: 


aN/ay 
FIG. 2. Angular distribution of 
secondary particles in a case with 
two maxima.’ Type of interaction 
0+ 13p. 
08 UV] 
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THE TWO-CENTER MODEL 


with neglect of the thermal motion and for a definite 
primary energy the angular distributionof these par- 
ticles is given by a 6 function. Therefore, strictly 
speaking, there must be 6 functions at both ends 
of angular distributions, and consequently the 

curve should theoretically have maxima at the ends 
and a drop in the middle. Under ordinary condi- 
tions, however, the influence of the 6 -function 
term on the distribution is very small. In fact, the 
fraction A of the particles in the simple wave is 
given by the ratio 


A = Te Maas (1) 


where Ty is the initial and Tg the final tempera- 
ture. Assuming that Tg =ypc? ( is the mass of 
the t meson),°®»? and calculating Ty) for the initial 
uncompressed volume taken to be a sphere of radius 
h/uc, we can find that there is less than one par- 
ticle in each of the two simple waves, and naturally 
this has little effect on the total distribution. Fig- 
ure 3a shows the angular distribution of the second- 
ary particles for primary energy Ey) = 10! ev with 
the simple waves included. Here, however, the an- 
gular distribution of the secondary particles in the 
simple wave is represented not as a 6 function, 
but spread out so as to take into account the ther- 
mal motion. We have approximated its effect by a 
Gaussian curve with Ty = uc?. 

aN/dy 


4N/a7 


ELIT as 7 PRIGSY 
a b 
FIG. 3. Theoretical angular distribution for nucleon-nucleon 
interaction with E, = 10’? ev: a—interaction radius fi/uc; b— 
interaction radius 2f/pc. 


It follows from Eq. (1) that A depends essen- 
tially on the ratio Tg/Ty. Therefore we may sup- 
pose that to get an explanation of the “two-humped” 
behavior within the framework of the hydrodynami- 
cal theory we should change the value of this ratio. 
Some physical effects can be named that could in 
principle lead to an increase of this ratio. For ex- 
ample, it is very likely that the quantity Tf can 
fluctuate from shower to shower (of course in such 
a way that we still have Tr = c?). Another cause 
of an increase of this ratio could be a change of the 
nature of the elementary act (for example, the 
“degree of peripherality, 91,10 Which brings with it a 


143 


change of the size of the initial volume*). 

Figure 3b shows the angular distribution of the 
secondary particles for E) = 10!? ev anda doubled 
radius of the interaction volume. A still larger part 
can be played by the simple wave if the experimental 
indications'! that there are showers with very small 
energy losses (~0.15 Ey) are confirmed. Such 
collisions can be crudely interpreted (although such 
an interpretation is to a considerable extent arbi- 
trary) as resulting from collisions of “quasi-real” 
m™ mesons. In this case there is an even larger in- 
crease of the value of A. Figures 4a and b show 


an /ay 
if fh 7 
a 
day 
ih = eh 7] 
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FIG. 4. Theoretical angular distribution for nucleon-nucleon 
interaction with energy E, = 10’? ev: a—interaction radius fi/pc; 
b—interaction radius 2f/pc. The interaction is interpreted as a 
mm collision. 


angular distributions of the secondary particles pro- 
duced in collisions of nucleons with energy Ey = 10" 
ev. The collisions are interpreted as collisions of 
two m7 mesons moving with the same velocities as 
the nucleons. Furthermore it helps the explanation 
to note that because of the thermal motion the par- 
ticles will spread apart isotropically in the coordi- 
nate system associated with the simple wave, and 
this simulates the effect of separate centers. 

In conclusion we must state how differences can 
appear between the two models. First of all, if we 
do not assume an increase of the volume Vy with 


*In cases in which there is a fluctuation of the decay tem- 
perature and T; > pc’ (for the region of the simple wave) the 
transverse momentum of the particles will be larger than for T¢ 
= pe; besides this, the fraction of K mesons among the sec- 
ondary particles is increased. 
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the energy, then already for Ey > 10!* ev the “two- 
humped” character based on arguments from the 
hydrodynamical theory must disappear.* 

At the present time, however, on the basis of the 
available experiments one cannot distinguish with 
certainty between the models based on the assump- 
tion of a single system and of two systems. The 
two models can lead to similar (though not identi- 
cal) kinematics. The fact that the characteristics 
of individual, rarely occurring, showers may dis- 
agree quantitatively (but not qualitatively) with the 
curves shown in Figs. 3b and 4b is by no means a 
refutation of these curves. In fact, each of the 
“humps” of these curves contains on the average 
2 to 4 particles. Furthermore there can be very 
large fluctuations acting to change these numbers. 
The problem of the quantitative testing of the pres- 
ent arguments (and also of any other theory de- 
scribing the “two-humped” showers) can be solved 
only after thorough statistical analysis of experi- 
mental data. 


*More exactly, this is true for the ‘‘two-humped’’ character 
arising from Eq. (1); as has been pointed out by G. A. Milekhin 
(private communication), if we resort to a more radical revision 
of the hydrodynamical theory (renouncing the equation of state 
p = €/3) the ‘‘two-humped’’ behavior may become much more 
pronounced. 
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The calculation of the Green’s function for a static nucleon, interacting with charged scalar 
mesons is given as an example of a new method of solution which is different from the per - 


turbation method. 


W: consider a system with a Hamiltonian of the 
form 


H = mod) + 3D \ dx: [a2 %) + (Ver (a)? + wre QO: 


2 
+2 \dx (Y's) 9 (0) p(®). (1) 
t=1 
Here ~* and y are nucleon field operators, 7; (x) 
and y;(x) are meson field operators, p(x) 


= Day) v (k) eik-X is the nucleon form factor, and 


the Tj are the isotopic spin-3 matrices. 


On the basis of results from references 1 — 3, 
it can be shown that the nucleon Green’s function 
in our case can be represented as a functional in- 
tegral of the following form: 


G (t—t,) = CO|T (P(A) ¥ (40) S}]0>/< 0 SO 


=p \\ SALBAGG be fp AG, Ac) 
ae 
x<exp {5 \ \ ds,ds,A“ (s; — Sz) A; (S1) Aj (s2)} : 
toto 
Here A7!(s;—s,) is determined by the relation 
t 


\ A™* {sy 


to 


(2) 


— Sy) A (8, — 83) ds. = 6 (8; — $3), 


where 
ibued (S1— 82) =< 0|T {e(ss)¢x(sa)} | 0 


= (yy) oe iW | s,— 82}, 
uv (k) 


1 (s) = > V2, 


C is the normalization constant, and Aj (s) are 
real scalar functions. G(t—to; Ay, A,) is a nu- 
cleon Green’s function in an external classical 
field Aj (s) and obeys the equation 


[io/at — m — eg (tyAg (t) + tho (BD) JG (E — tos Aas 2) 


(aye °r° ae ayer), 


= 16 (t— i), 
G (t = be: Ay, Ag) | Kei 0. 


Therefore the problem of finding the nucleon 
Green’s function reduces to the solution of (3) and 
to the functional integration of the solution found 
with the weight function 

et 


exp {5 \ dsds2A™ (s: — s2) Aj (si) Ay(s.)}. 


Tote 
To solve (3) we write G in the form 


G(t— ty; Aq, Ac) = 0(t —#,)e-™ U9) V (F-2,) Age 
Then Y(t—ty); Ay, Ag) will obey the following 
equation: 
iFY (tty; ae) 

= g (tA, (2) + teAe (4) Y (t—ty; Ag, Mo) 


(4) 


Methods of solving matrix equations like (4) were 
developed by Lappo-Danilevskii.‘ Making use of 
them, one can find the integral matrix of (4) as an 
entire function of the matrices I and 7j. 


Y (¢— 14,3 Ay, Ay) 


Ve (¢ — ty; NG, As) | t=2, s=//, 


3 
== (tty; Ar, As) I+ 2) O:(E— ty; Ay, As). ©) 


t=1 


If we introduce the notation 


t a 


pm) (t “7 Pe AG; Ag) = (i V2e)r\ di, | dé. 
ty to 


Em—1 


\ dem A, (Ey) Ao (Es) Ay (Es) 


to 
t 


- EXP \ig\ pS....2m (S) [Aa (8) — Ao (5)] ds} : 


to 


where 


bork << S< Forty 
Sorta <S< bop 


the functions 4) and 4; can be written in the 
form 
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Dy (£— to; Ay, Ag) 


Ay, Ae) + pe 
p(t — ty; Aw As) 


{ co 
= 5D) {pert —t,; (tty; Ae, Aa)}; 


n=0 


D, (— ty; Ay, Ac) = 


=D) {pent — ty; Ag, Aa) — ptr (t— ty Aa, Ad) 


n=0 


oy 2 perry(¢-— 1. A, A,yt 


Oty Ah) = +>) pO tg Ay) 
n=0 


Se pia) (t= 7,¢- A, Ai) —V 2 pew — ty; Ay, As) 


+ V2 pent) (tf —ty; As, Ay)}. 


Further on, it is shown that having solution (5) 
one can carry out the functional integration (2), 
since there arise integrals of the Gaussian type, 
which can be calculated by a method given by 
Feynman.' Omitting a long computation, we write 
down the final expression for the Papi function 


G(t—t,) = 0(t—t,) em (t-to — — Se) ds,d 
(t— ty) (¢—ty)e exp {* f\ . (Sy — Se) dsy s,i 
ty 


nae ig) ats\ dt,A (t, —t,) exp{—! 


ty ty ofo 


x A (Ss; —S2) pf) (S2) ds,ds | ieee 
t ty ton—y 


+ (— ig \ ade, | dts. ee dt on 


ti i zt, 


x [PA (t, — fe) A (f3 — ty) - . 


t 
oleae saa 
i 


oto 


A (fen—1 — ten)] 
(sy) A (8; — Sz) p@4,, #5, tts, 


X (Ss) dsy, ds,| cay a (6) 


where P is a symmetrization operator on the 
variables t,, to, ...ton, for example 


PA (t, — ft.) A (ts — ty) = A (ty — ta) A (ts — ty) 


BPN ts N (erat ee A(emt Ai eet 


We note that the method used allows us to write 
down the n-th term in the series (6), in contrast 
to perturbation theory. The first term in the series 
(6) is the exact Green’s function for a nucleon in- 
teracting with scalar neutral mesons.® On expand- 
ing in terms of g*, our series goes over to the 
perturbation theory result. For series (6) there 
exists the ere function 


exp | (a (si — S2) ds, ds} (1 + exp {e oe a 


2 
int On 
gt? v? (k) ) 
4 exp { Z > 2o, J/* 


In that way, with v(k) for which the sum 

Dave (k)/2wk is finite, the series (6) converges 
absolutely and uniformly for arbitrary finite val- 
ues of t and g’. 

Questions of renormalizing the Green’s func- 
tions obtained require further investigation. 

In ending, we express our deep gratitude to 
Prof. D. I. Blokhintsev and Academician N. N. 
Bogolyubov for valuable discussions, and also 
to Yu. L. Obukhov for his cone ered of mathe- 
matical questions. 
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The elastic scattering of y-ray quanta near the threshold for single meson production is 


treated by means of dispersion relations. 


t is shown that when one takes into account meson 


production in the s_ state there are appreciable departures from monotonic variation with en- 
ergy of the scattering amplitudes, cross sections, and other observable quantities near the 
threshold of the reaction. On definite assumptions about the analysis of photoproduction in 
the range of y-ray energies up to 220 Mev, calculations are made of the scattering amplitude 
and the differential and total cross sections for elastic scattering of polarized and unpolarized 
y -rays by protons, and also of the polarization of the recoil protons above the photoproduction 


threshold. 


i The study of the scattering of y-ray quanta by 
nucleons is especially interesting near the thresh- 
old for single meson production. The region near 
the photoproduction threshold is of interest not 
only for comparisons with the predictions of dis- 
persion relations, but also in particular in connec- 
tion with the studies of departures from monotonic 
variation with the energy of the cross-sections 
(and polarizations) near the threshold of the re- 
action.! From this latter point of view the scatter - 
ing of y-ray quanta by nucleons and nuclei near 
the threshold for meson production is of especial 
interest as an example of a process going with a 
comparatively small cross section and being 
strongly perturbed above threshold by the process 
of intense meson production. Thus marked effects 
can be expected in the region near the threshold. 

It is clear that a sufficiently accurate experimental 
study of the anomalies near the threshold can be 
useful in understanding the process of pion produc- 
tion near threshold. 

As a more detailed examination shows, the po- 
larization effects are especially sensitive to the 
parameters characterizing the photoproduction of 
pions. Our main purpose here is a detailed exami- 
nation of the effect of meson production on the cross 
section, the polarization of the recoil nucleons, and 
the polarization of the y rays near the photopro- 
duction threshold. 

Phenomenological analysis and dispersion rela- 
tions are used to obtain formulas useful for the 
analysis of experimental data. The results of the 
numerical calculations, which are based on definite 
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assumptions about the analysis of the photoproduc- 
tion, must be regarded as preliminary. In making 
the numerical estimates we have completely neg- 
lected fine-structure effects associated with the 
mass difference of the mesons (and of the nu- 
cleons ). 

There are many well known papers in which the 
scattering of y-ray quanta by nucleons has been 
treated by various methods (see literature refer- 
ences in our previous paper’). In the present paper 
we have tried to manage with a minimum number of 
assumptions, without resorting to approximate 
methods, whose use is hard to justify. We con- 
sider net only the scattering cross sections for 
unpolarized y rays, but also the polarization 
effects in the scattering. In this connection we 
have also considered the polarization of the y rays. 

2. Let us represent the transition matrix in the 
form 

M = >) ep N wey = (e’Ne). 
uv 
Let us choose two coordinate systems x, y, Z 
and x’, y’, z’ in which'tthe z and z’ axes are 
parallel to the initial and final momenta of the 
photon, and the y and y’ axes are in the same 
direction. In these coordinates the functions for 
the spin eigenstates of the photon with the eigen- 
values S, =+1 have the following form: 
G=—(h—-iyV2, $Ca=(h+i/V2, 
C= —ayV2,  Sa=(h’+ip/V2, " 4) 
where h, j, and k are unit basis vectors di- 
rected along these coordinate axes. In the general 
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case the polarization state of the photon will be a 
linear combination, i.e., 


C= 016) 1 C4 a (2) 


where c; and c_; are the respective probabilities 

(sic) of the photon states with S; =+1 and S, 

= —], e 
Using the spin eigenstates as the basis of the 

representation, we can write the transition matrix 

in the form 


(GpNGdien OF “(SyNE SR) 
«-( 0 0 0 } (3) 


(Gop NG leek Onn (ES Nia) 


Let us further introduce the density matrix of the 
photon in the form 


Cy Ce 0 Ox6.1, 
orale Opa 0 autrn0 (4) 
Cc cy 0 chiles 


-1 


The density matrix p¢ of the final state is con- 
nected with the density matrix pjy of the initial 
state by the relation 


Of = M Pinot”. (5) 


Although in Eqs. (3) and (4) the transition matrix 
and the density matrix are written as three-rowed 
matrices, they have only four independent nonzero 
elements. Consequently we can represent them by 
means of two-rowed matrices and use the well 
known apparatus of the Pauli matrices.? 


(6, N&:) (6, NE_,) 
Ai ee a Pa = A + Bo,, (6) 
(CaaNGy) euriiS =, NOx 
3 cc, Ces 4 
on C30} reese) ¥ as Re a 


where Px, Py, and Pz are the Stokes param- 
eters. Nonvanishing Px, and Py correspond to 
linear polarization of the photons along the x and 
y axes, while P, ~ 0 corresponds to circular 
polarization of the photon. 

From Eq. (6) it is not hard to get 


QA = (GNC) + (67,NC_1) = Spow, 
2B, = (G7NG,) — (6",NG-1) =Sp(ozew), 


2Bx = ($/NO-1) + ($2,NGi) = Sp (s{ou), 
2iBy = ($N$-1) — (G2,NGi) = Sp (07 &) (8) 


where the spurs (traces) are taken over the pho- 
ton variables. The quantities A and Bj can be 
connected with the quantities R,,...,Rg, which 
were introduced in reference 2 (hereafter referred 
to as I) and which determine the matrix « [cf. 
Be elo) |: 
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2A = (R, + R,) (1 + cos) —i (Rs + Ra) sin (en), 

2B, = (R3 + Ry) o (k +k’) 4- (1 + cos 6) (Rs + Re) 3 (kK +k’), 
2iBy = [Rs — Ra — (1 — c08 8) (Rs — Re)] 9 (k —k’), 

2B, = (Ry — R2) (1 —cos6) +i(Rs+ Ra)sinO(en), (9) 


where nsin 96=kxk’, cos 6=k-k’. 


It is easy to calculate the density matrix of the 


final state: 


= = (A + ¢,B) (1 + oyP) (A* + ,B") 

{AA* + BB* + (AB* + BA‘) P — i ([BB*] P)} 
+46, {AB*+ BA*+ i[BB*]+ (4A* — BB*) P -+-[B (PB*) 
++ (BP) B*] + iA [PB*] —i [PB] A‘*}. (10) 


2h 

2 
BLY 

2 


By means of the expression (10) one can calculate 
all observable quantities. For the interaction of 
unpolarized y rays and nucleons the differential 
cross section will have the form 


ds | do=1, (6) = + Sp (AA* + BB’), (11) 


where the spur is taken over the nucleon variables. 
Substituting Eq. (9) in Eq. (11), we get 
4], (8) =|Ry + Rel? (1 + cos? 6) + | Ry — Re |? (1 —cos 6)? 


+ |R s+ Ry |? (3— cos? 8 + 2 cos 8) 

+|R;— R, |? (&— cos? — 2 cos 8) 

++ 2|R; + Re |? (P+ cos 6)9:---2 LR; = Re|? (1) 0s.0)" 
+4Re (R3+Ra)* (Rs +e) (1-+c0s 6)? 

—4Re (Rs—R,)* (Rs—Re) (1 —cos 9)?. (12) 


The expression for the polarization of the nu- 


cleon after the interaction of an initially unpolar- 
ized photon and nucleon can be represented in the 
form* 


21, (6) <e>, = sin9nIm[(Rs+ Ry) (R; + R;)* (1+ cos 8) 


— (Rs— Ry) (Ri—R:)"(1 — cos §)) 
=2i [kxk’] {R,R;—RiRy+ ReR3—R2Rs 
+[RiR3—RiRs+ R2Ri—R2Rj] cos 9}. (13) 


The well known fact that the cross section I) (@) 


does not change when one replaces electric transi- 
tions by magnetic appears in the fact that Eq. (12) 
is invariant under the simultaneous interchanges: 


Ris Rit Reha bReeee (14) 


It can be seen from Eq. (13) that the expression 
for the polarization of the recoil nucleon also re- 
mains unchanged by this transformation. 


3. Let us now establish the relations between 


the Stokes parameters and the statistical tensor 
moments. As is weil known, the statistical tensor 
moments are defined by the relations 


*Eqs. (19), (23), and (24) in reference 4 contain errors. 
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Too = 1/V3, Ty =S2/V2, T 29 = V2i2s a UE 
T 22 = > USS ara SF + i (SxS7 aie S75x)]} 
eas =- [Sz .S,—1(S,S, + S,S,)]. (15) 
They are normalized so that 

Sp TamT om = 83y-3um. 
By means of these tensor moments the density 
matrix can be represented in the form 


(16) 


Pe Pool'oo + P10T 10 + P207 20 + 227 92 + Peleg. (17) 


Here po = 2/9.) =3°/?. The parameters pyy 
are connected with the Stokes parameters: 


P10 = V2PZ 


In virtue of time-reversal invariance,°* the ex- 
pression for the cross section 1(@, ~) for scat- 
tering of a polarized y-ray beam by unpolarized 
protons can be put in the form 


7 (6, ¢) = 1, (8) (1 + 2<T 25); <T 22>4 COS 26], 


P22 = P,—iP,, 052 5)— P, a iPS: (18) 


(19) 
where 
21, (8) <T22>¢ = sin’ 6 (| Ri |? + | Ral? —| Rel? —| Rs |’), (20) 


<To.>j is the initial polarization of the y-ray 
beam. We note that the expression (20) changes 
sign under the transformation (14). 

4. For practical calculations we use the results 
of reference 2. The deviations from monotonic 
variation of the cross-section for scattering of y 
rays in the immediate neighborhood of the meson- 
production threshold are due to the production of 
mesons in the s_ state. According to the avail- 
able experimental data, the cross section for pro- 
duction of 7* mesons inthe s_ state is much 
larger than the cross section for production of T° 
mesons in this state. Difficult experiments had to 
be done even to establish the fact that 7’ mesons 
indeed are produced in the s _ state. 

The energy v of a photon in the laboratory sys- 
tem (l.s.) and the energy vc in the center-of- 
mass system (c.m.s.) are connected by the well 
known relation 


ve=v/VY1-+ 2v/M. 
Using the expression for the total energy of the 
meson in the c.m.s. 

On (v + m2 /2M)/V 1 + 2v/M 
we find without difficulty that the expression for 
the square of the momentum of the meson produced 
G2 = 2 (v — vo) (Vv + Vo — m2 /2M)/(1 -- 2v/M); 

Vo = Mz (1 + m,/2M) 
can with some accuracy (better than 7.5 percent ) 
be replaced by 
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Gia (Vie) y (leave): (21) 


This then gives 


Ge] Ve ="(v?— wey ir /y, 

Because there is a mass difference between 
neutron and proton and between 7* and 7° mesons, 
the effects near threshold in the scattering of y 
rays by nucleons have a “fine structure.” To make 
reliable numerical calculations one would need a 
much more detailed analysis of the data on photo- 
production than we now have available. Wishing to 
get an idea of the scale of size of the effects near 
threshold, we shall confine ourselves mainly to a 
consideration of 7*-meson production. The quan- 
tities E,, E33, and M33 are taken from the analy- 
sis of Watson and others.* The production of 1° 
mesons is taken into account only in the resonance 
state (through M33). The connection of the photo- 
production amplitudes with the 7-N scattering 
phase shifts is well known (cf., e.g., references 
6, 7).* In the range of energies where we can neg- 
lect the difference between the vp (n°) and Vo (1 ) 
thresholds, when we sum the contributions from 
m* and m° mesons the terms containing the 7-N 
scattering phase shifts cancel each other. For 
example 


| Ms |? + | MS |? = 6 | Mgs |? + 2 | MiP — 22M 2 = 6 | Maal’. 


We have calculated the dispersion integrals by 
using simple expressions to interpolate the energy 
dependence of |E,|? and |M33|? and then inte- 
grating directly. Setting v) = 150 Mev, and here- 
after measuring energies interms of vp, in the 
range 1 <v <v,=2.20 we approximate the en- 
ergy dependence of | E,|* by the following ex- 
pression: 

[E,P=l|ETP=AVV—1/y, 


A = (3.3-107 em/sr ‘)? vy = 0.54 ¢?/M. (22) 


It is just the contribution E} in the dispersion 
integrals that leads to the nonmonotonic behavior 
in the energy dependence of the real parts of the 
amplitudes. As can be seen from (I, 42), the con- 
tribution of | E,|* is characterized by two inte- 
grals 


v. 


1 
2v? Ege 
“\ eho, 
AY SEC) ih 
1 


1 
Substitution of Eq. (22) in the expression (23) gives 


vr 
2v3 | Ey |? av’ 
v’ (v2 — vy?) © 


(23) 


*In the more general form of the problem‘ one requires the 
parametrization of a three-rowed S matrix, which describes both 
the photo-production and scattering of 7 mesons and also the 
scattering of y rays by nucleons. For the scattering of y rays 
effects of deviations from isotopic invariance can give addi- 
tions to the scattering phase shifts (and to the mixing coeffi- 
cients) that are by no means small. 
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piece, ODM alte aon 
tan-! (vy —1) 2 ee TT 2 1/, 2 a y = 
Dy2 | Ey, <2 9 2 (vie) — (vz — 1) 
TE) aad eRe as 
: tan7 (vi —_ Ay (1 — v2)'/2 tan” pee ’ ”, < 1 (24) 
and 
v Sats (v2—1) 2 v(ve —1)'/ Se yntyaes 4)” ea 
( v2 a iB v(v2 —1)2 — wy (v2 —1)2]’ 
= 4 | Ei | dies 2 AS 1 1 Se Ty 
v (v2 == 198) ve— 4" 4—y2 \'/ ve (v? idl) 
4 => ( ) tan} SOE ET na vie de (25) 
vi ve v7 (=?) 
From Eqs. (24), (25), (22), (I, 42), and (I, 32) | E, |? = 1.27 (1 — 0.175y)%e2/ M. (26) 


it can be seen that at the meson-production thresh- 
old the derivatives of the quantities R, and R3; 
go to infinity (approaching threshold from the side 
vy >1), and the derivatives of the real parts of these 
quantities also go to infinity (on the side y<1), 
whereas on the other side of threshold the deriva- 
tives are finite. This result is very general. Thus 
the dispersion relations turn out to contain specific 
effects near the reaction threshold like those dis- 
cussed and analyzed without use of the dispersion 
relations by Wigner, Baz’, Okun’, Breit, Capps, 
Newton, and others.* 

The use of dispersion relations makes it pos- 


sible to examine in more detail the effect on the 
elastic scattering (or on the reaction) of the in- 
elastic processes that occur in a certain energy 
range. Moreover, the interesting effects that oc- 
cur in the immediate neighborhood of the reaction 
threshold (“local effects” which could be discussed 
when one does not use the method of analytic con- 
tinuation given by the dispersion relations) are 
only a part of the total effect of the inelastic proc- 
esses on the energy dependences of the quantities 
that characterize the elastic scattering. 

From the example of the scattering of y rays 
by protons we can see how the presence of the in- 
elastic process of meson photoproduction in the 
energy range v >1 affects the characteristics 
of the elastic scattering, including also effects 
for v<1 (deviation from the Powell formula, or 
from Eq. (1.16) for y<1). The deviation from 
monotonic variation in Eqs. (24) and (25) is charac- 
terized by a sharp drop from the value of the func- 
tion at vy =1 inthe region v <1 (with an infinite 
derivative at » =1) anda slow drop in the region 
v>1 (with a finite derivative at v=1). 

5. In the range of energies 330 —500 Mev (2.2 
< v < 3.34) the quantity | E,|* is represented in 
the form 
" *The writers plan to tum to the application of dispersion 
relations to this problem in another paper. 


The contribution from this energy range to the val- 
ues of the real parts of the amplitudes is small, if 
for the scattering of the y rays we consider the 
energy near and below the threshold. 

The analysis of the photoproduction made pre- 
viously, and particularly the results of Akiba and 
Sato, indicate that 


| Ms |? = 6| Mss |? |E£2|?== Re(E2Ms). —- (27) 


For our estimates we adopt Eq. (27). The polari- 
zation of the recoil nucleons is especially sensi- 
tive to this assumption. In the energy range 
1<vp<2 the quantity | M33 |? can be approximated 
by the expression 


| Mss |? = Byv(v?— 1), BB, = 0.009? / M. (28) 
Consequently, 
| M3 |? = 6| Mg3 |? = Bv(v?—1)’*, B=0.054e?/M, 


and the contribution of this expression, which de- 
scribes the production of mesons in the p state, 
to the dispersion relations is given by the integrals 


Dit, [En emeB ets ed : 
4 \ aw = — v | SOF — 1+ Ci ey 
1 
2 bard 1/, 
1 Vice. a ee 
—— (yi—1)/2 : 
aL a y2 2 (v ) | Ga (v2 — 1)/2 ’ v> 4 
(1 — v4)" tant Y= 1) (1 v2) cae 
a (av LEP _ Bf ot ayn 4 2— ayn OM 
we AVR yy? ba 1N"1 : 2 vy — (v? = 1)" 


1 


17 meee y (vp— 1) 4 (v2 et] 1)'/2 } 
pr nar, Ui Smarr. = 
. Bs ye (v? ies 1) v v (va— 1)2— yy (v2 — 1) /s 
7 sitet 
1—v? V 1)? , 
2 —— tan? ——L "vt 
cs Vai—w)jv 
(30) 


which have the characteristic feature that the sec- 


ond derivative with respect to the energy goes to - 


infinity (again on the side v <1). 
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In the energy range 2 < vp < 3.34 
6 | Mss |? = 2.17 (1 — 0.244v)’e2/ M. (31) 


The contributions of the expressions (28) and (31) 
are given by integrals of the forms 
ho) = = \ Se ay 


T v’ (v’2 — y?) 
Vg 


etl Ve — v\e+Bv-+yv? / yo + y \a—By-tyv? / y, \20 
a Gl lieess) ereaay ) ie (32) 
2v? dv’ (a ‘ 2 
OO ep 


My 
v 


=F {21 mw) + @+ pfin(Va 4’) 


¥y— Vv veoty 


2 


aaa )} ea) 


6. The energy dependences of the real parts of 
the amplitudes R,,.. 


1, a,b. The half-widths of Re (R,) and Re (R,) 


FIG. 1. Energy dependences of the real parts of the ampli- 
tudes R, and R, (a) and R,, R,, R,, and R, (b) (the values of 
the functions are expressed in terms of e”/M as a unit). 


are v,/10 and v)/20, respectively, and are 
mainly due to the square of the ratio of the real 
part to the coefficient A in Eq. (22): 


e=1—v=-—(ReR)*/A’, (34) 


In a general analysis of the nonmonotonic be- 
havior near the threshold A. I. Baz’ has given for 
the width of the peak restrictions of the form 
ry (1—v?)'/2 «1 (where ro is the interaction 
radius). The more detailed treatment of the 
present paper has automatically given the more 
accurate criterion (34). The effect of the inelastic 


.,Rg (in the l.s.), calculated 
by means of dispersion relations, are shown in Fig. 


processes on Re (R3) is very strong, although 
the contribution of Re (R3) to the observable 
quantities is small, so that the experimental study 
of the energy dependence of Re (R;) is a difficult 
problem. The energy dependence of Re (R,4) and 
Re (Rg) is given with great accuracy by the gen- 
eral relation (1,18). The departure from zero of 
Re (R,) and Re (Rs) is entirely due to inelastic 
processes, but the production of mesons in the s 
state does not contribute to these quantities. 

The differential scattering cross section (in 
the c.m.s.) (12) can be written in the form 


I, (9, v) = Ao(v) + Ax (vy) cos 8 
+ Ag (v) cos? 8 +A 3 (v) cos? 8. (35) 


The results of calculations for the scattering 
angles 90° and 0° are shown in Figs. 2 and 3. We 
at once note the marked difference between the 
energy dependences of the cross sections at @ = 0 
and at 90°. 


FIG. 2. Energy dependences 
of the differential cross section 
I, (90°) (curve 1), the total scat- ? 
tering cross section (curve 2), 
and the differential cross sec- 
tion with the dispersion part 
not taken into account (curve 3) 
(the values of the functions are 
expressed in terms of (e?/M)? 
as a unit), Experimental data 
from reference 9. 


/ 


Gb 

FIG, 3. Energy de- 
pendence of the differ- 
ential cross section 
I, (0°): curve 1 is for 2 
the cross section in 
the l.s.; curve 2, for 
the c.m.s. (values of 
the functions in units V/ Up 


(e?/M)’. 0 


05 ! 15 


The function I, (0°, v) has been calculated 
earlier by Cini and Stroffolini.2 We have improved 
the accuracy in the region near the threshold. Out- 
side this region there is good agreement between 
the two calculations. Our results relating to 
I) (90°, v) in the energy region near 200 Mev also 
agree with other published calculations.? A new 
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contribution is the careful treatment of the region 
near threshold, in which there are effects not dis- 
cussed previously. 

Figure 2 shows the energy dependence of the 
total cross section for elastic scattering, and also 
shows for comparison the energy dependence of 
the cross section calculated from Eqs. (16) and 
(18). The effects near threshold are practically 
imperceptible, but the difference between the two 
curves shows the general effect of inelastic proc- 
esses on the elastic-scattering cross section. 

The local effects are much more prominent if 
we calculate the difference 


95/4 — I (90°, ¥) 


or the dependence of A, on the energy v (Figs. 
4 and 5). To get experimental data on A, one 


O5 
FIG. 4. Energy depend- 
ence of 2[0,/47-I, (90%] 
(in units (e?/M)’). 


V/Yy 


FIG. 5. Energy depend- 
1 ences: 1—of the photon 
polarization 2<T,, (90°>; 
05 2—of twice the coefficient 
A,(@) of the cos? @ term in 
Z the cross section (values 
of functions in units 


(e*/M)’). 


‘ Qs / 7 

needs only to study the cross sections I) (06, v) 
at 6 = 45°, 90°, and 135° with sufficient accuracy 
to find the energy dependence of the difference 


I, (45°) + J, (135°) — I, (90°). 

It is interesting to note the energy dependence 
of the polarization of the recoil nucleon. Below 
the meson-production threshold the imaginary 
parts of the quantities R,,...,Rg vanish in the 
e? approximation, the right member of Eq. (13) 
is zero, and there is no polarization of the recoil 
nucleon. Below threshold, in virtue of invariance 


under time reversal, the cross section for scatter- 
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ing by polarized protons does not differ from I) (@). 
Above the threshold for production of 7 mesons 
there is a nonvanishing polarization of the recoil 
nucleons. The values of the imaginary parts of 

the amplitudes above threshold are shown in Fig. 

6. The results of calculations on the dependence 

of the polarization at 0 = 90° (angle in c.m.s.) 

on the photon energy (in the l.s.) are shown in 

Fig. 7. It can be seen that over a rather wide 

range of energies, 180 — 220 Mev, the polarization 
reaches 20 to 25 percent. 

{ ]mR 

06 t 


mk, =|mRy 


06 
FIG. 6. Energy de- 
pendence of the imagin- 4 
ary parts of the ampli- 
tudes (in units e?/M). @2+ 


a4 <O?, ° 
FIG. 7. Energy de- 
pendence of the polari- 7 
zation of the recoil , 
protons at 0 = 90°. 0 
1 1d v/y 


The values of the polarization are rather sensi- 
tive to the assumptions made in the analysis of 
the photoproduction data, and in particular to the 
assumption (27). Consequently, the experimental 
study of the polarization of the recoil nucleons 
could give valuable information about the photo- 
production of mesons. 

In the expression (20), as compared with I) (0), 
there is a decided decrease of the contribution of 
|R,|?, and |R;|? occurs with the negative sign, 
so that the dips near the threshold are particularly 
marked in the energy dependence of <Ty (90°) > 
(Fig. 5). 

7. A detailed examination of the scattering of 
y rays by nucleons in the region near the meson- 
production threshold, made by the use of disper- 
sion relations, has made it possible to see what 
effect the production of mesons in the s_ state has 
on the anomalies near the threshold. The scatter- 
ing of y rays by nucleons and by nuclei is an ex- 
ample of the sort of process in which the energy 
dependence of the amplitudes is especially strongly 
affected by inelastic processes and the effects ex- - 
tend over a wide range of energies. In y-N_ scat- 
tering the local effects on a number of observable 
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quantities are quite appreciable, but rather severe 
requirements are imposed on the procedures for 
experimental studies, expecially as regards reso- 
lution in energy, since the widths of the dips in 
question are of the order of 5 to 10 Mev. 

The treatment given in the present paper shows 
that the effects near threshold are sometimes 
masked by the strong energy dependence of the 
scattering amplitudes. Therefore it seems that 
the most favorable conditions for the experimental 
study of such effects should be found at small en- 
ergies, and also for the interaction of particles 
with small spins. 

In the case of y-N scattering, besides the con- 
tribution of the “peak” amplitudes R, and Rs, 
there are large effects from other amplitudes, par- 
ticularly from R,. The effects of these “smearing- 
out” factors may be smaller in the scattering of 
y rays by helium nuclei (cr other spinless nuclei), 
since in this case the transition matrix will have 
the form 


M = Rj (ee’) + Ro(ss’). 


A treatment of the scattering of y -ray quanta by 
deuterons near the threshold for the photodisinte- 
gration of the deuteron, where local effects will 
evidently be large, will be presented in another 
paper. 

From the point of view of the general effect of 
some processes on others it is interesting to ana- 
lyze the photodisintegration of the deuteron in the 
energy range near and below the threshold for 
meson production. Noting the results of the calcu- 
lations on the y-N scattering, we can evidently 
suppose that the well known “resonance” energy 
dependence of the cross section for the photodis- 
integration of the deuteron is due to meson-pro- 
duction processes above threshold and can be 
treated by a method using dispersion relations. 

It is commonly assumed that at quite high y-ray 
energies the y-N scattering cross sections will 
be almost entirely due to inelastic processes, i.e., 
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to the imaginary parts of the amplitudes. In this 
connection it may be very interesting to study 
y-N_ scattering, and especially the polarization 
of the recoil nucleons, near the thresholds of re- 
actions of the production of new particles, such as 


oN ose KG 


and a number of other processes. In this case 
the difficulties associated with the size of the 
cross section and the low energy of the recoil 
nucleon may very probably be smaller. 

The writers are deeply grateful to B. Ponte- 
corvo and Ya. Smorodinskii for helpful discussions. 
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The ultrasonic absorption coefficient a is calculated for metals in strong magnetic fields, 
where r <2 <I (r and 1 are the characteristic orbital radius and the free path of the 
electrons, and 2 is the length of the acoustic wave in the metal). Closed electron orbits 
are considered, with an arbitrary law of electron dispersion. It is shown that in a strong 
field the quantity @ becomes saturated regardless of whether ny =n, or ny #ng. For 

k 1 H (k being the wave vector, H the magnetic field, and n, and n, the number of 
“electrons” and “holes” respectively) the saturation value is kl > 1 times larger than its 
value a) for H=0; otherwise a@ ~ a). Comparison of theory with experiment? shows 


good agreement. 
1. INTRODUCTION 


ExperImenTAaL study of ultrasonic absorption 
in metals located in a constant magnetic field at 
low temperatures!~ has led to the observation of 
fluctuations in the coefficient of sound absorption 
as a function of the magnetic field H. Pippard’s 
qualitative theory of the phenomenon! and the more 
detailed calculations of V. Gurevich® have shown 
that the magnetic fluctuations of the absorption 
coefficient are related to an unusual “spatial reso- 
nance” when an extremal diameter of the electron 
orbit in the direction perpendicular to the vectors 
k and H (k being the wave vector of the sound 
wave and k 1H) becomes an integral multiple of 
the acoustic wavelength >}. From an experimental 
study of the anisotropy of the fluctuations it is pos- 
sible to determine the extremal diameters of the 
Fermi surface for the electrons in the metal, and 
in certain simple cases to establish its shape com- 
pletely. 

The fluctuations inthe absorption coefficient occur 
in a range of relatively weak magnetic fields, where 
1 < kr «kl. It is of some interest to discover 
which of the properties of the Fermi surface can 
be determined by a study of the absorption in a 
strong magnetic field. The present paper is de- 
voted to this question. 


2. STATEMENT OF THE PROBLEM. THE BASIC 
EQUATIONS 


In this paper we limit ourselves basically to 
the consideration of closed Fermi surfaces only. 
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More precisely, we shall determine the contribu- 
tion made to the absorption coefficient by the 
closed electron trajectories. We shall assume 
that the vectors k and H are mutually perpen- 
dicular, and that the magnetic field is sufficiently 
strong that kr «1 and y=r/l<«1. At the same 
time we consider that the magnetic field is not so 
large that it is necessary to take into account the 
“skin effect,” i.e., the non-uniformity of the alter- 
nating electromagnetic field. The latter condition 
reduces to the requirement that the “skin depth,” 
i.e., the length 6 of the corresponding electro- 
magnetic wave in the metal, with the same fre- 
quency w as the acoustic wave, should be the 
smallest parameter with the dimensions of a 
length in the problem.* 

The absorption coefficient a@ is found from 
the quotient 


%=|Q|/é, 


where Q is the dissipative function and @ 

= Zpw*|uz| is the energy density in the sound 
wave. p is the density of the metal, and u(r, t) 
= Up exp (iwt —ik-r) is the displacement vector 
in the sound wave. 


(2.1) 


Q=-T3\pwee(I—NnU—A+finf, (2.2) 


where T is the electron temperature in energy 
units, the integral represents the entropy of the 


*5 = c/(27a0)”, where, in calculating the electrical con- - 
ductivity o, the effect of the magnetic field and the spatial 
dispersion are taken into account. 
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electrons in the metal, f(r, p,t) is the electron 

distribution function, dTp is the volume element 

in momentum space, and h is Planck’s constant. 
The function f satisfies the kinetic equation 


at (a +4) Vi- (e+ £[% 4a] x H+ ye) 


c P 
+ Ban? 


where e, €, and 0¢/dp are the charge, energy 
and velocity of the electron and c is the speed 

of light. Following the work of Akhiezer, Kaganov, 
and Lyubarskii® we consider that the energy of an 
electron in the field of the acoustic wave is equal 
to 


(2.3) 


e(r, p, t) =e (Pp) + AxOu; / OXe, (2.4) 


where Ajk(p) is some tensor of the second rank 
which will, generally speaking, not be symmetrical 
in the indices i and k. 

The second term in (2.4) is connected with the 
assumption that the frequency w is much smaller 
than the collision frequency v, so that at every 
instant of time there exists a thermal equilibrium, 
in which the electrons acquire some additional en- 
ergy proportional to the tensor du; /dx,. €% is the 
energy of the electron in the absence of the sound. 
A change in electron energy leads to a change in 
_ the chemical potential w =~)+ py’ and in the tem- 
perature. The latter, as has been shown in refer- 
ence 6, can be neglected because T < pp. 

In order to determine the rotational part of the 
electric field it is necessary to use Maxwell’s 
equations, which upon elimination of the alternat- 
ing magnetic field take the form 


V7 Eg = (4niw/c*) jp, (2.5) 
where the index 8 refers tothe y and z axes 
(the Ox axis is chosen along k, and Oz along 
H). In order to find the longitudinal components 

of the field it is necessary to make use of the van- 
ishing of the space charge density, which by virtue 
of Maxwell’s equations is equivalent to the equation 


eT (2.6) 


In the case where the length 6 of the electro- 
magnetic wave in the metal is small compared 
with all the other dimensions, equation (2.5) re- 
duces to ip = 0, which, together with (2.6), leads 


to the equation 
iO (2.7) 


from which the electric field vector is determined. 
Let us now linearize the kinetic equation (2.3): 


f= fo (e—v) — xOf,/ 0s, 
fo(e—v) = [exp {(e—p)/T}+ 177, (2.8) 


where yx is a new unknown function. After some 
simple calculations we obtain 


ad. Chie one, 1G 
Q=—Re,\ cla ge (Zh) dep (2.9) 
0 fa) fe) , du, 5 4 
+ AVA) a OF + G ae Naa — eE*y. 
: é (2.10) 


where 7 is the dimensionless time of the orbital 
motion of the electrons in the magnetic field;" 

Q = eH/me is the frequency of revolution of an 
electron in its orbit; m= (27)7! 9S (€9, Dz )/9€q 
is the effective mass, S(€ 9, pz) is the area of 
the intersection of the surface ¢€)(p) = const 
with the plane pz =const, and 


Vv = 0s, / Op; eE* = cE + <[u x H] + Vp". 


Averaging (2.9) over the angle in momentum 
space, and making use of the conservation law for 
the total number of particles, we obtain 


dS dS 
Gara | Sag Ss (2.11) 
Ey=Uo Eo= Po 
The current density is 
ee” Ohne 
j= se \ de Ho Xy, (2.12) 


Noting that ali the quantities in (2.10) depend on 
time and the coordinates in the manner exp (iwt 
—ik-r), and assuming that it is possible to intro- 
duce a relaxation time* ty) (p) = 1/v(p), we shall 
re-write equation (2.10) in the following final form: 


(im — ikv + v) x + Qdy / dt = Adj0 uu; | OX, —eE*v, (2.13) 


where 
e d 
Akin = hig — Chik> + Sie \ ho dr, / \ = (<x> = 0). 


The solution of equation (2.13) which is periodic 
in T has the form 
4 ° du, 
VA the ay \ dt, E hig (Dries 


——{5.9) 


— eE*v (t;) | exp (ae dz) (2.14) 


and gives the expression for x which is valid for 


*This assumption does not affect the qualitative nature 
of the results. 
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arbitrary magnetic fields. Let us consider the 
behavior of y in the strong-field region. Making 
use of the fact that the function preceding the ex- 
ponent in the integral (2.14) is periodic in 7, it 
can easily be shown’ that y(T) is equal to 


ese cae 8 


Tt 


x \ dty (Ar (1) 5 oe — eE*v (=) exp (2 — <2) 
ToT 7 (2.15) 


(we have neglected the small quantity w in com- 
parison with v in all the exponents). In equation 
(2.15) the bar denotes the average over a period 
Zge bol. We 


o=(l / 2x) b 9 (x) de. 

In the case which we are considering (a closed 
Fermi surface, and k 1H), we have k-v=0 
because’ 

1p 4 dp, 
Op == P— de 0, 


“m dt 


Noting that the quantities v and |k-v| are « Q, 
we may expand all the exponentials in series, ob- 
taining as a result 


dt, (Adi (71) Ou; / Ox, — eE*v) 


ee Aatieayrkey 2 
; q 24 ak Q dz, |). 


(2.16) 


Finally, in order to find the non-equilibrium con- 
tribution to the distribution function it is necessary 
to calculate the electric field E* from equation 
(257). 


3. DETERMINATION OF THE ELECTRIC FIELD 


There is a fundamental difference in the forms 
of the function x in the two cases n, #n, and 
ny =Nny, where ny (or n,) is the number of elec- 
trons (or holes) in the definite volume bounded by 
the surface ¢€(P)=py) within which the energy is 
less (greater) than py (see reference 7). 

Let us first consider the case ny # ny. Substi- 
tuting (2.16) into formula (2.12) for the current 


density, we obtain 
je = cinEn — fi, (3.1) 


where the electrical conductivity tensor is equal to 


2e2 ( m ¢ 
on, = ae \4P2 5a b dtu; ( 


v1 T 


x {1+ | (ig) de +5 It + — 14) des)", 


7 =v/Q, 


ay dt Vx ( (73) 


q = ko, / Q, (3.2) 


and the expression for i is obtained from oa, ike 
by replacing eEfV, (7,) in (3.2) by the quantity 
ANik (71) 80; /OXk- 

The field E* is found from (2.7): 


E; = Pinde, (3.3) 


where pj, = (o')j_ is the electrical resistivity 
tensor. 
When the resistivity tensor is evaluated, it 


leads to the following results: 


2 
Yolxx Yolxy {otxz 


Sik = | Yoyx Jovy Yotyz + qeAye (3.4) 


me 
\YoGzx YoAzy a5 Golzy Azz 


Here yy = H)/H «1; Hp is the field for which 
the characteristic radius rq of the orbit is equal 
to the characteristic free path; qg =kry « 1 al- 
though q) > Yo, but qe, generally speaking, may 
be comparable with y, (this is why two terms 
have been retained in the oyz and ozy compo- 
nents ). 

The expansion of the quantities aj, in yp and 
do) begins with terms which do not depend on the 
magnetic field, and whose form, generally speak- 
ing, depends on the nature of the collisions. The 
exceptions to this are the components oyx = — Oxy 
=ecH"! (ny—Nn,), which do not depend upon the 
collision integral because they are due to the drift 
of particles across the magnetic field (Hall cur- 
rent). The quantities aj, are of the order of oo, 
the static conductivity of the metal when H = 0. 


The “deformation” current j’ is equal to 
ike? eCdS\( Ae evades Th es ai 
Jx eH? he \ v \2 Py 5 PyYPy = Dy, = piv Akiz a 
Bite 2 AP ORS. A u 
lo re ( = UxPxAhip a , 
. DRO eas Sel = Tarisi di? 
Ee \> - (PyVz— Pyd2) Ariz oe (3.5) 


The matrix of the resistivity tensor oj, has 
the form 


ovo Osx Yo Og Oxz + Wo Ove 


We ae Xo Oyx Ove Oye ? (3 a 6) 


1 2— Ty" 
bez 7 YoYo Dzx On, b= 


where all components of the tensor bik, with the 
exception of pyx = —pxy = H/ec (nj—n,), depend 


on the collision integral and are of the order of 


Op. 


Substituting pi, from (3.6) into (3.3) for the 
electric field, we obtain 
Ex = Pxyjy ~ (qo/ YoCUo) Ad Ou; / OXx, 
Ey = Pykie ~ (Fo / Up) AdiOti: / OXp, 


Ez = pzsis ~ (qo / ed) AinOtiz / Axe. (3.7) 
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Upon substituting E* into the expression (2.16) 
for x, it is easy to verify that the terms contain- 
ing the electric field can be neglected, since at 
most they are 1/q) > 1 times smaller than the 
terms containing A)j,,90; /Ox,. 

Thus, in the case where ny ~ Ng, 


X= (1/v) Ang (Odi; / Oxy). (3.8) 


In the case where ny =n, an analogous treatment, 
taking into account the electric field (to which the 
component Ey makes the chief contribution) leads 
to the following result: 


i= — {Brin — = Sie Vim» DS (S*v1/m? Ne & 


ae 
where 


S; (> Pz) = > Det py. it (27)r ok 
ro 


is the area of the section of the j-th surface 

€j (p) = by the plane p, =const. The sign of 
the area depends on the direction of the contour 
path:’ for surfaces bounded by states of lower en- 
ergy (“electrons”), S >0; for “holes,” S <0. 
The summation extends over the entire surface 

€j =o, and m is the effective mass. 


4, THE ABSORPTION COEFFICIENT. SOME 
REMARKS 


When the function x is known, it is easy to 
find the dissipation function, and with it the coeffi- 
cient of ultrasonic absorption also. In the case 


ny * No, 
4 OS ree ; 
|Q| yea \ al Azz (Ot: , (4.1) 
£7 =o 
When n, = Np, 
4 fe A ees 
(2 2x dS 1 Gu; 
IQ hs Re hig Ox, 
a e . 
2 Sie umy(>) (S74? >) (4.2) 


In both cases the absorption coefficient a is of 

the order of magnitude 

a —~ Niroaty / ps®, 
where s_ is the speed of sound in the metal and 
N~ ny. 

The expression mae 3) for a@ agrees in form with 
the absorption coefficient in the absence of a mag- 
netic field, in the frequency and temperature range 
where kl «1 (cf. reference 6). When kl > 1 
the absorption coefficient is kZ times smaller in 
the absence of the magnetic field. Consequently 


the ultrasonic absorption coefficient saturates in 
strong magnetic fields, while at the same time the 
magnitude of the absorption under saturation condi- 
tions is considerably larger than the absorption in 
the absence of a field. This conclusion agrees qual- 
itatively with the experiments of Galkin and Korol- 
yuk? on ultrasonic absorption by single crystals of 
lead in strong magnetic fields. 

In this connection, however, a few qualifying re- 
marks are necessary. The fact is that the experi- 
ments mentioned above showed a strong anisotropy 
in the absorption in strong fields. The absorption 
coefficient a@ varied by a factor of 5 or 6 for dif- 
ferent orientations of H with respect to the crys- 
tal axes. This difference may be due to the exist- 
ence of open electron trajectories, over which the 
mean value of the velocity component vx does not 
reduce to zero. 

This would lead to the appearance of v — (ikvy/Q) 
instead of v in the denominator of the expression 
for x, the second term being much larger than the 
first. 

In the case where the direction of an open tra- 
jectory* is perpendicular to the vectors k and H 
(or inclined at a small angle 3 « y,), the contri- 
bution to the absorption coefficient from the open 
(or extremely elongated) trajectories turns out to 
be considerably smaller than the contribution from: 
the closed trajectories. For example, in the case 
of a Fermi surface in the shape of a smooth cyl- 
inder, the absorption coefficient is kl times 
smaller than when the trajectories are closed, 
and its order of magnitude is the same as that of 
the zero-field absorption coefficient (H=0). The 
asymptotic value of the absorption coefficient de- 
pends greatly on the nature of the open surface and 
on the angle between the magnetic field and the di- 
rection of the open trajectory. A study of the pe- 
culiarities of strong-field ultrasonic absorption by 
metals with open Fermi surfaces will be published 
in a Separate paper. 

For the same reason, an analogous reduction in 
the acoustic absorption coefficient should also take 
place for closed trajectories, when the wave vector 
k is not perpendicular to H (cos ¥' >1, where 3 
is the angle between k and H). 

In conclusion I should like to thank M. I. Kaga- 
nov for valuable advice and comments. 


*For example, in the case of a Fermi surface of the 
‘‘fluted cylinder’’ type, the direction of the cylinder axis; 
in the case of a ‘‘three-dimensional grid’’ type of surface, the 
line of intersection of the plane perpendicular to H with the 
nearest crystallographic plane. 
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Within the framework of the unified model with strong coupling, we investigate the collective 
properties of si??, si*! and Ne”, by analyzing the experimentally observed reduced widths 

for neutron capture in (d, p) stripping reactions. The analysis shows that Si*! apparently 

has an oblate shape with a Nilsson parameter 6 < 0, but it is not possible to establish the 
shape of the deformation for Ne??, though it does confirm that this nucleus is highly deformed. 
The result for Si®° does not agree with the theoretical estimates, which raises doubts concern- 
ing the applicability of the strong coupling scheme to this nucleus. 


Ir is known that the low-lying levels of light nu- 


clei in the region up to A= 40 in many cases show 


a well developed rotational structure, which is de- 
scribable by the uniform model of the nucleus! in 
the form proposed by Nilsson.” Analyses within 
the framework of this model have been made of 
the experimental data for Al®® and Mg”,? Sice 
for nuclei in the region 4 < A < 32,° etc. In par- 
ticular, it was shown! that Si”? apparently has an 
oblate shape, with deformation parameter 6 
~—0.15, although the question of the existence of 
oblate nuclei remains an open question. It there- 
fore seems desirable to further investigate the 
collective properties of light nuciei. In this paper 
we consider the possibility of experimental con- 
firmation of the deformation of the nuclei Si*®, si*! 
and Ne??, which have been studied in stripping re- 
actions,°*’ by using the measured values of the re- 
duced widths for neutron capture. 


The expressions for the reduced widths for cap- 


ture into rotational states of deformed nuclei were 
calculated by Satchler 2 


in the spheroidal potential is described by the 
single-particle wave function ygQ = 2jCjvj, where 
j is the angular momentum of the external nucleon 
and Q its projection on the symmetry axis of the 
nucleus. The coefficients Cj were computed by 
Nilsson. Because of the orthogonality of the single 
particle wave functions, the reduced widths , in 
the reaction A(d, p)B, for capture of the neutron 
into an orbit with definite j, 2 will be propor- 
tional to | Cj |; 


2 ~ [(2La + 1) / (20a + 12) | F aiKa® | [aK y "| C;). 


In the case of strong coup- 
ling with the surface, the motion of the odd nucleon 
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For an even-odd initial nucleus, 


| Ci |? ~ (20a + 1) 478), 1580, Kp» 
where 6 is the delta function, and K is the pro- 
jection of the total angular momentum of the nu- 
cleus on the symmetry axis. 

The nucleus Si*! has j = ¥, in its ground state, 
and is a convenient example for investigating the 
sign of the deformation, since in the uniform model 
the potential energy of a nucleus with an odd par- 
ticle having angular momentum j = % is degen- 
erate, with values Q=%, 6<0, and Q=%, 

6 >0. Within the framework of this model, the 
sign of the deformation for Si*! can be established 
from knowledge of the value of 2 =K. Analysis! 
of the 1-forbidden f transition Si%! — p*! gives 
jHQe= i, for the state of the external nucleon in 
Si*!, The value of ‘2 =K_ can also be determined 
from the quantum numbers of the sequence of 
levels in the rotational band, as predicted by the 
uniform model. Unfortunately, the spins and pari- 
ties are known only for the ground and first ex- 
cited states of Si*!, The determination of the 
quantum numbers of the next two levels at 1.70 

and 2.32 Mev would give still another possibility 
for determining the sign of the deformation in Sipe, 
A direct comparison of the experimental values of 
reduced widths from the Si*?(d, p) Si*! reaction 
with the values of |Cj |? does no good in this case, 
since the reaction was studied at a deuteron energy 
of 4.3 Mev, which is almost equal to the Coulomb 
barrier for this nucleus, so that the values of y° 
are greatly reduced by Coulomb and nuclear inter- 
actions.® For this reason, the table compares the 
ratios of reduced widths, multiplied by appropriate 


160 V. G. SUKHAREVSKII 


aaa auEuEenEEEE PUREE] SEEESEENNNEANUNNGINE 


Level WCET +4) 
Nucleus | energy, | /p=//7| Mev cm ae s< 0 ss 
Mev ee alti ¥2(2/ p+ 1) 
ic 2 2 
Sit 0 jot | 0.081" | 0.45) Cire’ 3, Cilk=% 
CD MSH Sereno cy 9 ay aa 5) ‘ 
Sick 0.76 1/ot 0.017* Chea, IC Ka 
cs 2 
News 0 see 1.02028 110280 ie CilRa% ms ICika% _ 6. 
. a . S — . ) < 
Ne?s 0.98 1g 0.017 Cileau, ICilK—% 
Sie 0 0+ 0.087* | 0.15 
0.3—0.2 
Sis? 2.24 ait 0.057* 


*Because of a numerical error, incorrect values of y’ (and of 6”) were given 
in reference 6. However, this does not change the conclusions of the paper. 


statistical factors, with the ratios of the coeffi- 
cients |Cj |? for the Nilsson orbits for the ground 
and first excited states, for the cases 6 <0 and 

6 >0 (columns 7 and 8 of the table). Q=K=% 
corresponds to the eighth Nilsson orbit, while Q 

= K = f, is the eleventh orbit. The absolute values 


of the equilibrium deformation |6| given in column 
5 are taken from reference 5. Column 4 of the table 


gives the values of y’ computed omitting and in- 
cluding the isotropic part of the angular distribu- 
tions. The ratio of the | Cj ls for 6<0 is just 
bracketed by these values. A similar situation 
occurs for Ne?*, which was studied in the reaction 
Ne”*(d, p) Ne?®. For this nucleus, j = ae (the 
fifth Nilsson orbit), but the ratio of the | Cj |?’s 

no longer determines the sign of the deformation, 
though it is known that in the region A = 20 —25 
the nuclei are deformed and have a prolate shape 
(6 >0). It is possible that, in both cases, part of 
the isotropic angular distribution, which is usually 
attributed to a reaction which proceeds via com- 
pound nucleus formation, may be caused by the 
stripping mechanism. Thus the analysis of re- 
duced widths from stripping shows that the nu- 
cleus Si*! apparently has an oblate shape with 
deformation parameter 6 < 0, but it is not pos- 
sible to establish the sign of the deformation for 
Ne?3, although it is confirmed that this nucleus 

is highly deformed. 

In the case of even-even final nuclei, the prob- 
abilities of capture to levels of the rotational band 
differ only in their statistical factors and the cor- 
responding Clebsch-Gordan coefficients 
<IpQ|Iajlag-IaA>.® For 4,Si*° the experimental 
ratio of reduced widths from the reaction 
Si?°(d, p) Si®®, multiplied by the corresponding 
statistical factors, is equal to 0.3 to 0.2, whereas 


the theory gives 1 for the case of strong coupling. 
In the experiment® it was not possible to separate 
completely the proton groups corresponding to the 
transition to the 2.24 Mev level of S79 and to the 
ground state of Si? from the reaction on Si2? which 
is present as an impurity in the target. As a re- 
sult the ratio of the reduced widths is apparently 
reduced by 25 —30%. However, this cannot explain 
all of the difference between the experimental and 
theoretical values. It may be that, for Si” as for 
certain other nuclei in the region 28 <A < 32, the 
strong coupling scheme is not valid. To clarify this 
question it will be necessary to determine the spins 
and parities of higher excited states of Si%?. 

Very recently doubts have been raised concern- 
ing the validity of using reduced widths for analysis 
of nuclear structure,? since in addition to the usual 
stripping reaction there may be other direct reac- 
tions, such as the ejection of a proton by the deu- 
teron with capture of the deuteron. However, when 
the usual stripping process is allowed, the cross 
section for other direct processes, especially when 
the deuteron energy is around the value of the Cou- 
lomb barrier for the target nucleus, will be prob- 
ably much smaller than the stripping cross section. 
The use of reduced widths for analysis therefore 
seems to be justified. 
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The techniques of many-body theory are applied to a study of pair correlations in finite sys- 


tems with an odd number of particles. 
developed. 


PeopERtizs of low-excited states of Fermi sys- 
tems with an even number of particles differ essen- 
tially from those of systems with an odd number of 
particles. If one considers the application of many- 
body theory to nuclei, then one encounters the prob- 
lem of finding the Green’s function for odd systems 
in order to calculate the moments of inertia, mag- 
netic moments, excitation spectra and electromag- 
netic transition probabilities in odd nuclei. Migdal! 
developed techniques for studying pair correlations 
between particles in finite systems with an even 
number of particles. In the present work, the ex- 
tension of these techniques to finite systems con- 
taining an odd number of particles is considered. 
The Green’s function is calculated for such sys- 
tems and perturbation theory is formulated. 

For our purposes, it is convenient to write 
Gor’kov’s system of equations?! separately for 
the Green’s functions G*(x;, xX.) and G(x, xX) 
respectively for T=t,-—t,>0 and T< 0. 


(id | Ot — H) G* —iAF* 

=0, (id /dct + H* — Qu) F* + iA’*G* =0, (1) 
(id | Ot — H) G — iAF- 

= 0; ((0/d:-+ H* — 2) FAG = 0. 


ji _F (T1, To, «) bos (2) 
where 
G (x1) %2) = — i (Dy, b (x1) or (Xe) Do), 


G~ (x1, Xo) =i(D), > (¥5 21% (x1) Dp ) 


FY (xi, %2) = (ONT, Ot (x3) O* (ea) D8), 


F(X, %2) = — (@a's $* (x2) $* (41) MO). (3) 
Here oN is the wave function for the ground state 


of the N-particle system; ¥(x), ~*(x) are par- 
ticle annihilation and creation operators in the 
Heisenberg representation. At t=0, one has the 
usual commutation relations for y(r, t) 
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The Green’s function is found, and perturbation theory 


{h (ri), P* (r2)} = 6 (ty — 12), 
{D(t1), P (T2)} == {P" (ti), $* (r2)} = 0. (4) 
The chemical potential is defined by 
wu = "/e[E,(N + 2)—E,(N)I, 
where E,)(N) is the ground-state energy of the 
N-particle system. The parameter y character- 
izes the effective interaction which leads to the 
pairing. We will assume A to be constant in our 
system. 

We are interested in comparing properties of 
systems of different parity in particle number; 
therefore, we neglect everywhere differences in 
properties of neighboring systems of the same 
parity. Boundary conditions on G and F can 
be written, using their definitions (3) and commu- 
tation relations (4), in the form 


i[G*— G]pxo = 8 (fy — Pe); [F* — Fo ]eay = O. (5) 
We expand G and F in terms of eigenfunc- 
tions of the single-particle Hamiltonian H 
Gs (1, T2, t) = > Giy (t) © (r1) Qn’ (re), 


AN 
F* (ry, 19,0) = >) Fix ( 
AN 
where Hp, = ey. If A is constant, only the 
diagonal terms remain in these expansions.! 
Therefore, instead of Eqs. (1), (2), and (5) we obtain 


(id {Ot — &) Gy — iAFE 


=) x (Fa) $x: (Fe), 


= 0, (i0 / Ox +e, — Qu) FF + iA’G* = 0; (6) 
AT 4 dF (0) ga(r) a(n); (7) 
i (Gt (0) — Gz (0)] = 1, Ft (0) — Fy (0) = 0. (8) 
The solution of (6) has the form | 
Gi (t) = a a {i (Ex — p) t} + Cy exp {—i(E, + p) 4}; 
FQ =p 8; CheptiG—w9 ey 
ae >. cs exp {—i(E, + p) 7}. 


(9b) 


In (9b) any in the following, €, is measured 
from wu as origin. 
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Using the initial conditions, Eqs. (8), it is pos- 
sible to eliminate two constants: 


Gie= Gye (Epeh eT Oy Cy Cn 


P(E + 83) 265. 


In order to determine two other constants, we 
compare the solution obtained with the exact ex- 
pression for the Green’s function of the N -particle 
system. We consider a nucleus in which there are 
Ng particles with positive projection of angular 
momentum (+A) and Np particles with negative 
projection (—A). An exact expression for the di- 
agonal part of the Green’s function can be put in 
the form:? 


Gi = i DN(E)s0/? 
S 


xexp {— i[Es(Na + 1, No) — Ey (Na, No)]t}, 


Gy = —iD\(@)o?? 


x exp {7 [Es (Na — 1, No) — E, (Na, Ns)] *}, 
Gee ilar). | 

xexp {—i[E;(Na, Ne + 1)— E,(Na, No)J7}, 
f= ae >| (G_») so |? 

xexp {i[Es(Na, No — 1) — Ey (Na, No)lt}, (10) 
-where Eg(N+1) is the energy of the s-th state 
of the system of N+1 particles. We use the no- 
tation 2E)(Ngt+1, Np) — Ey (Natl, Npt1) 


— Ey) (Na, Np) = 2A. Comparing exponents in (9a) 
and (10) for Gx and G?*,, we obtain 


Poy Nee — 2. (Not. 1, Np), (11a) 
E,—A=e (Na+ 1, Np), (11b) 
Ree (N.. Np 4 1)— Eo (Na +1, N,) +A 

= —8 (Na, No+ 1), (11c) 
E,x,—E,(Na No+1)+£,(Nat+ 1, Ns) —A 

=e (Na, No+ 1). (11d) 


Comparison of exponents for Gj, and Gy 
gives equations coinciding with Eqs. (11). The 
quantity €5 (Ng, Np) = Eg (Na; Nb) — Eo (Na, Np) 
is positive by definition. We will show that the 
condition €g, = 0 sets definite restrictions on the 
solutions of Eqs. (9a) and (9b). 

We define the ground state of a system with 
particle number N+1 = (Ng+1, Nb), setting 
ef) = Ey, —~K=0, where Ay is a state near to 
the Fermi surface. Then the conditions Eqs. (11) 
take the form 
Ex + Ey, =— 8? (Na+ 1, No)s 
B,—Exn= es (Na+ ts No), 


(12a) 
(12b) 


Ex + Eo (Nas No +1) —E, (Na+ 1, No) 


+ By, =—e® (Na, Ne -+ 1), (12c) 
E,— Eo (Na, No+ 1) + E,(Nat+1, No) 
— Ey, = 8" (Nay No + 1). (12d) 


The quantity E) (Ng, Npt+1) — Eg (Ngt+1, Np) 

= AE can be considered to be the excitation energy 
of the nucleus (Ng+1, Np). Thén the conditions 
(12a) and (12c) cannot be satisfied for any >A. In 
accordance with Eq. (12b) we set AE=0. Then 
the conditions (12b) and (12d) coincide, and are 
satisfied for arbitrary A. Therefore, in Eqs. (9a) 
and (9b) we should set 


Clin =0, Crern = 0. 


The functions G and F become 


OER 
Ga (2) = —i Gg — exp {i (Ex + 4) 2, 


= } By se, : 
Gin) =i Ey exp {i (Ex, — p) t}, 
+ A : 
Fag) = coe se (Ex +) 7}, 
= A ; 
ee) are DE, exp {i(E, — 4) +}. (13) 


Since —iG}) (0) =p, is the density matrix of 
the particles, it is easy to see that the solution 
found corresponds to an even system (py = p_y).- 
At the same time, from Eq. (12b) we determine 
the excitation spectrum for odd nuclei: 


&= Ex,— Bas 


where the quantities E,, E,, contain the» AS oF 
the even system. 

In a Fourier representation for 7, the func- 
tions G, and F) take the form 


(E,+&)/2E, | (E,—s)/2E) 

G) (@) = o—E, +18 o + £,—i8 p) (14) 
iA 4 al 

F, (@) iets ine an a oeaie | a) 


An analogous result is obtained if we determine the 
ground state of the N+1 particle system from 
Eq. (11c) . 

We now consider another possibility. Let the 
ground state of the N+1 particle system be de- 
termined from the relation 

— (No +1, Ns) = Ea, + A=. 


Then the conditions [Eqs. (11)] take the form 
(16a) 


(16b) 
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E, + Ey(Na, Ne+1)—E, (Na+ 1, Ns) — Fo, A of the odd nucleus can be determined, knowing 
the value of the energy gap in the excitation spec- 


Ft) RU al eee tra of the neighboring even-odd nucleus. 
E,—E, (Na, Ne+1)+ E)(Nat+1, No) + Fa, Calculating F, (0), we obtain from Eq. (7) the 
equation for A of the odd system given earlier in 
= es! (Na No+ 1). (16d) peference 1: 
Condition (16a) is satisfied only for > =A g, and eat geet easy ee 
condition (16b), for all A. The quantity AE = be ¥ 5 2B, gar) gr(r). (18) 
Eo (Na, Np+1) — Ey (Ng+1, Np) corresponds to a 
the minimum excitation energy of the nucleus In the Fourier representation for T, the 
(Na+1, Np). Therefore, in accordance with Green’s function of the odd system with the odd 
Eq. (16b), AE = E),+ E),> where A, is a state particle in state A, has the form 
near in energy to the state A). Then Eq. (16c) is (E, +) / 2B, (EB Se jibe 
not satisfied for any A, and Eq. (16d) becomes G)(@) = o—E, +100,,, | o +E, —100,_5,’ (19) 
i 4 4 
E,— Ey, =&s(Na, No + 1). BO) = ke —E, +100, ot E,— ree » (20) 
In deformed nuclei, the energy levels are doubly where on 
degenerate, and this relation is satisfied for all On, = (i abil a 
A # Xo. Therefore, in the solutions to Eqs. (9a) ; : 
and (9b) we should set The case of spherical nuclei needs separate 
consideration. In this case the levels are multiply 
Cin = Con = 0, AED degenerate, and, consequently, E) = E), for all 
Ce Ont 0. Coie Con 0, states A corresponding to a given energy level. 
In this case, G and F take the form Then Eqs. (16d) and (16a) are satisfied for any of 


pan these X. Therefore, in order to fill in the missing 
Gi (t) =—i oF *8na, exp (i (Ex — #1) 2} supplementary condition, it is necessary to turn 
By s, to considerations connected with conservation of 
al ore gwia Seek D ge (En + #2) 7} the total angular momentum of the system 


Ee : 
Gy (e) =i 4 (1 — bn) exp F(x) 9} dex pa (iz),Pr- 
Xr 
peas E i i i 
a we 2S yd exp = (ER- chs Assuming that the nucleons pair off into states of 
z zero angular momentum, we find Jz =0 for even 
A ; = (j : i 
eae A bua, exp (7 (Ex— 2) 2 systems and Jz = (jz )Ay for odd ones Pro this 
it follows that p,,=1 and, consequently, GR.(9) 
= (1 — 8,~2,) exp {— i(E, + p)t}, = 0. Therefore, if one exponent is missing in Ghy> 
a then, on account of the initial condition, the other 
Fo 5 (1 —8),) exp {i (Ex — ps) 2} one will also be absent. From the condition p) 
‘ r =p-r for all A # +9, it follows that the coeffi- 
£ OB, xr EXP {—i(E, + p) t}. (17) cient in front of the exponential, according to con- 
dition (16a), is zero. Then the expressions (19) 
In calculating the density matrix p,, we see that and (20) can also be applied to the case of spher- 
Pr = p-p (A # +A), Pr» = OF Py = ae Thus, the ical nuclei. 
solution obtained corresponds to a nucleus with an Migdal! showed that for small, time-independent 
odd number of particles where the odd particle is perturbations, corrections to the functions G and 
in state -—A,) with probability 1, and the corre- F take the form 


sponding state Ay is empty. If we determine the 


Gay = GVay Gy + FxVin-Fy +iG Min Fy + iF AyGy, (21 
ground state of the system from Kq. (llc), then a fi nN ED ATR iB Gil gS a aa 


we obtain an analogous result with the odd particle Poe — DV eke RVs 

in state Ay. Equation (16b) gives the excitation BUMor Be A em 

spectrum of the even system oh HEXANE Noel sO (22) 
ee maar RIS XF arr (F) pr (Fr). (23) 

It should be noted that in this case the A of the For an odd nucleus, G and F are determined by © | 


odd system enters into E, and E),: Therefore, (19) and (20), and D is 
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Ds al (E, — 8) / 2E, (Ex = &) / 2E, 


POS Ey o+ 8, — 720, (24) 


Substituting (19) and (20) in (21), and integrating over w, weobtain the correction to the es matrix: 
Vane 8,8 — EE x) — APVy + A (8, A}, +e,.A5,) 
ghee 2E,Ey, (Ex + Ey.) 


ae eae (Ex = ®) (yr = Ey) + AV yy +A [Ay En = €2) + Ady (Ey  — =)] 


. 2E,, (EX — E?.) 
Voar (Ene + 8) (Ene + ey) — AV) + A [AQ (Eye + ey ) + Aya (Ey + &)I 
2E,, (EX,— E?) 


3 Vo (Ey — 8) (@,,— £,)+ AV): +A [A (E, — 8) + Ay (E, —=))] 
QE (ES HE?) 9 


Van (Ey + 8) (EB + 841) — AV 90 + A [Aj (Ey + &/) + Ajy: (Ey + &)] 


r Orr, oe 
: 2E, (EX — E,) 
for E, ~ E)’; 
ie eA (Ana Any) — A® Vay + Van) L (3 Be ae A? (Vayr + Vane) + A [Ay (Ey — &) — yy (Ey + &)] 
w= SE (OKs I Og 
453 SES 


2 (Vane + Vix) +4 [Aja (E, — &) — Aya: (Ey + &)] 


(One Sey = =e SE (25) 


for E) = ie 


Analogously, we find the correction to the function F: 


2 B (EV ane + &,V gn) — Ana (ExEne + 8x89) FAA A [Eye — 8) Voge — (Eye +) Vigel — AQ}. (Exe + &9) (Ex: — 89") — APAj>. 
rn! Se a nay Sy NG SRR SS T Orn’—Ay 2 5 ana 
nEn (Ex + Ey’) 2E (ES Ex) 


A (Ey, + &y-) Vane — (Eye — 8) Vand + Ange (Exe — 8) (Er + 897) + APAQY 
2B, (ER = ED 


+ 07/2, 


A [(Ey, — &y+) Vay — (Ey + &) Vin) ina Ay: ME et 83) (By ey) A*A},, 
2E,(EX — E2) 


{ IN 
=p ON 


A [(E, + 8x) Vaye — (Ex — &) Vand + Aya (Ex — &) (8 + Ey) + APAga- 
2E, (Es — EF}. ) 


for E, # Ey’; 


Bey Var + Vine) — Ann (EX + 89) + A2Ag (3 a alley (Vane + Va) (Ey — 2) FAG — APAQ) 
= MORI a Oe 


Puy = 4E3 SES 


A (E, + &) Vay + Van) + (Ey +)? Anny — A?Ajy) 
8E3 


SOKO.) = (26) 


for EX = Ey7. 
Substituting (26) in (23) and ie the equality 


A ser area ON oi “ « LOG = Oe, 
A’ (r) = = vas ae g, (r) Py: = 2E,, ieee > Araw 9, g,, DE ; 


we obtain an integral equation for A’(r): 


A” 12h? ee BAe Vane, 55) 1 
Se, (re (r) an’ 2A? + (&, — &/)?] Wr = a De Pall ate pane (r) ¢% (r) [2A (Ex, + £2) Vago 
> (T) DEE (Ee Ey) ee (Ee 
22! i 


— 2A (Ey, — €r5) Vien + 22s, + Ada 2 (Ens + &2) (En —8),) F Sin (EX — EdD] + (0) 9), 124 (En, + 224) Vor 


, re xX ; 4} 2 9 1 ot 
B55) Vie” DANIAN oA 2(Ex, —8,) (En, 2, ae Aas (En 25 I) ch > meee {¢,, (rT) 9; (r) 
. 6) yn 0 2E4, 
(E,=E),) 
KA (ope) (V xox ct Vig eee Noe Arr (2En &,, + AD + (r) #2, (Fr) [— A (Ex + 8.) Vary Vir) 


— A?Ajn, + An, (2Er,&,,— A} =0 (27) 
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As a check, Eqs. (25) — (27) were also obtained by 
using Eq. (1) without going to the Fourier repre- 
sentation. 

In the present work, a theorem about the form 
of the Green’s function of a nonspherical nucleus 
was proved. It turned out that, in spite of the ef- 
fect of pair correlations, the odd particle was in 


a definite state with probability 1, and that the con- 


jugate state was completely empty. However, the 
pairing of particles in the nucleus leads to the ex- 
citation spectrum of the nucleus differing essen- 
tially from that of the usual one-particle one con- 
nected with excitations of the odd particle: €, 
=E,-E),, Ex =vA*+ «§ . It is easy to see that 
for small excitations (|¢€,|< A) the density of 
levels of the odd nucleus turns out to be roughly 
2A/|«€, | times larger than in the one-particle 
model. The formulae (25) — (27) obtained from 
perturbation theory at the end of the article are 


and ZARETSKII 


essential for application of the theory considered. 
They make it possible to calculate effects con- 
nected with the influence of the odd particle, e.g., 
moments of inertia of odd nuclei, or magnetic 
moments. 

The authors would like to express their grati- 
tude to A. B. Migdal, V. M. Galitskil and S. T. 
Belyaev for valuable advice and discussion. 


14. B. Migdal, JETP 37, 249 (1959), Soviet 
Phys. JETP 10, 176 (1960). 

21. P. Gor’kov, JETP 34, 735 (1958), Soviet 
Phys. JETP 7, 505 (1958). 

3V. M. Galitskii and A. B. Migdal, JETP 384, 
139 (1958), Soviet Phys. JETP 7, 96 (1958). 


Translated by G. E. Brown 
36 


SOVIET PHYSICS JETP 


VOLUME 11 


» NUMBER 1 JUDY, L360 


PERIPHERAL INTERACTION OF 9 Bev NUCLEONS 


I. M. DREMIN and D. S. CHERNAVSKII 


P. N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor July 18, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 229-232 (January, 1960) 


The peripheral interaction of two nucleons (EZ, 


is considered. The cross section for such processes is estimated. 


= 9 Bev) arising in the exchange of one pion 
It is found that excited 


nucleons in such peripheral interactions are in states with isospin 1b 


These following features were observed! in the in- 
teraction of 9 Bev nucleons: 1) in the case of col- 
lision of two protons (to be referred to as p-p 
interaction), the distribution of secondary particles 
was anisotropic in the center-of-mass system 
(c.m.s.); 2) in the case of neutron-proton colli- 
sions, the distribution of secondary charged par- 
ticles was asymmetrical; namely, in the majority 
of cases the secondary proton is emitted in the ini- 
tial direction (“the proton conserves its charge” ). 

Tamm has shown? that all of these facts can be 
explained by assuming that in peripheral interac- 
tions of the two nucleons, both nucleons are simul- 
taneously excited to the isobaric state with isospin 
¥, andmass M®=1.3m (m is the mass of the 
nucleon). 

We shall investigate here the peripheral inter- 
action in the exchange of one meson by two nucleons 
of energy Ey, = 9 Bev. We shall concentrate mainly 
on the question as to how well justified the assump- 
tion (made by Tamm in reference 2) about simul- 
taneous isobaric excitation of both nucleons is, and 
what the cross section for such a process is. It 
should be noted, that the calculation of peripheral 
collisions of two nucleons where both nucleons are 
excited should be carried out in perturbation theory 
(see reference 3); the Weizsacker-Williams method 
gives incorrect results in this case. 

The calculation was carried out, starting from 
Feynman diagrams (see the figure). Using the 
general rules, the expression for the probability 
of the process can be written in the form 


; 2 
— k) Mo (do, #) _ Mx (Por =’ )Ma (dos 
soy (ep 1 (Pov — k’)Ms (4 ! 


7 "9 g 
oe eine! 
n,n’| 
n’ 


MOL Py Dy 9) Po — 4%) Tee I Il ear 
i j j 


where py and q) are the 4-momenta of the col- 
liding nucleons, pj and qj are the momenta of 
the secondary particles, k = py — 2)Pi =Po — Pi; 
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2 
ie 


Oa; 


Qn)’ 


4; 


Yj 


k’ = pp - 2) gj; kK? =k’- kj; M, and M, are the 
matrix elements corresponding to the first and 
second vertices of the diagram. 

It should be noted that the denominator of the 
first term is small only in the region of smail 
angles 3 ~ u/py (2% is the angle between py and 
P,); the denominator of the second term is small 
in the region 3’ ~ ™-yp/py. It can be shown that 
the square of the first term in the region ¥ ~ u/py 
has the same absolute value as the square of the 
second term in the region 3 ~ 1-—p/po. The inter- 
ference term is small compared with these terms 
and is of comparable size only in the region 3 
~ 1/2, where all three terms are small.* Because 
of this, the interference term can be neglected, and 
the interaction probability can be written as 


2 (22) 
= here De | Mx i?| Mal?’ 


dp; 
(25)8 


ee 
is 


oo) ee 


Calculation of the matrix elements M, and M), 
requires knowledge of operators for the angular 


Z 


x (Sp: + I Po 
i 


*In integrating over the angles %, the contribution from the 
interference term is smaller by a factor of pj/p’ than the con- 
tributions from the squares of the first or second term, if the 
angular dependence is assumed to be determined by the denom- 


inator. 
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parts, which is not known at these energies. There- 
fore, it is more convenient to use known results 
about the magnitude of the pion-nucleon interaction 
cross section. Noting that the probability of inter- 
action of a meson (with 4-momentum k) with 

a nucleon (of momentum qg) is equal to 


we (kt) = 


n’ 


n’ a 9; 


|M (qo; nite (34a &) laa 
i 


(2m)? 


wo = Vke+ pe, (2) 
it is possible to rewrite the expression for the 
cross section for peripheral collision of nucleons 


O(Qo, Po) as 


E,E,J¢ (Po, ) 
8 ( d* Py 
ae (a)s Jk" i>) 


E,oJ® 3, (w) E,oJ2 , (o), (3) 
where E, and E, are the energies of the colliding 
nucleons (they are equal in the c.m.s., E; = E, 

= Ey); w is the energy of the meson, o(w) is 
the cross section for pion-nucleon interaction; Jz 
is the relative.current of ™ mesons, so that 
Jqo(W) = Wr. 

The quantity wEJ;o(w) is invariant with re- 
spect to Lorentz transformations and can depend 
only on invariant combinations of the momenta py 
and k. It should be noted that the momentum of 
the virtual 7 meson enters into these invariant 
combinations; however, the degree of its “virtual- 
ness” in peripheral interactions is small: k? + p? 
~ ie 

In the future we neglect any differences in these 
expressions from those for the interaction of a real 
m™ meson with a nucleon. This neglect is equivalent 
to the assumption that wEJza(w) depends less on 
the angle # between py) and P, than does the de- 
nominator (k? + y*). In fact, it is easy to see that 
for small imaginary values 3 ~ iy/Eo, the “vir- 
tualness” k? + yp? =0 and the quantity wEJ,o0(w) 
coincide with the expression for real 7 mesons. 
Extrapolating this value into the region of real 
small angles (considering the dependence of 
WEJ_o(w) on angle to be both analytical and 
small), we find that in the region of real angles 
this expression is near to that for real 7 mesons. 
In this case, the quantities wE,J%o,(w) and 
wE,J?o,(w) depend only on the quantities m? 
and pw? (yu is the meson mass), and algo on the 


ioe Dt 


and 3 = —| i qj |?) which can activentahtly be 


quantities Mi and me 


j 
introduced since they represent masses of excited 
nucleons which then rapidly decay into secondary 
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particles.* The differential d‘P, can be expressed 
as 


(4) 


The cross section can then be put into the form 


= ape \ 2 | ty 4 (0s 9) 
0 


aPy= se M, AM, ModM, 2rd (cos 9). 


¢ (Ep) 


V2— mp2V y — mp? 
[p? + x? + 2p? (1 — cos 9) ]? 


m? — y?)/2, y = (93 — m? — p*)/2 


2 = zy [EX + (2+ y) [2zy + m? (z + y)] / 4Eo. 


From this expression it can be seen that the 
angular distribution of excited particles is aniso- 
tropic in the c.m.s. and concentrated in the region 
of small angles 8? ~ (y? + «?)/p%. As will be seen 
from the following, x? ~ »? and, consequently, the 
angles # are ~u/py, in agreement with the gener- 
ally accepted picture’ that p Steenca®. paces 

Integrating over angles, we obtain the total cross 
section as 


On (2) on (Y), (5) 


where z = (M?- 


2max Ymax ee 
o(E,) = | a ee re 
OY ES Ae 2) a? ms) Oe ee 
. w 52/,59/,-+ — Oey, a1, + = oy, oy, for p-p interactions 


G4, I, + — oy, oy, + 2 1,0,for p-n Se Gacae 

Here 03/2 and 04/2 enter separately; they are 
the cross sections for pion-nucleon interaction in 
states with isospin ve and ves 

In accordance with the above, we used experi- 
mental values for the pion-nucleon cross section 
for o(z/m) and o(y/m). 

In order to evaluate the cross section, it is 
necessary to integrate (6) numerically, since the 
values of o(z/m) and o(y/m) are given numer- 
ically. The main contribution to the integral comes 
from the region mm? Sythe sm Ste 2 Eo (e2~ 2), 
since the denominator increases rapidly with larger 
values of M, and Mbp. 

It should be noted that in our case, where Ey, 
= 9 Bev and Ey = 2.3 Bev, this region coincides 
with the region of maximum cross section 
03/2(Z/m), so that 03, makes the overwhelming 
contribution in all expressions. 

We give now the results of calculations.t 


*We note that here and in the following calculations, the 
masses St; and Nt, are considered to be variables which can take 
on arbitrary values and are not yet set equal to the mass of the 
isobar. 

tExperimental data on the cross section for pion-nucleon 
interactions up to 7-meson energy w = 1.9 Bev’ was used in the. 
calculations. The maximum angle was taken equal to 
3u/Po- 


omax = 
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The quantity 0372 3/2(E 9) — the cross section 
for the process in which both excited nucleons are 
in the state with isospin 4 — is equal to 


(7) 


2, °/2 oO, t 10n 


The quantity 0372 1/2(Eo) is the cross section for 
the process in which one of the excited nucleons 
has isospin 4 and the other ',: 


0.48 mb for p-p interactions 
0.17 mb for p-n interactions. 


(8) 


95/,, 17, (Ey) = oa, 27, (Eq) X 


Further, 


0.01 mb for p-p interactions 
S1/,, 1), (E5) ~~ Os/,, 5/o (Eo) x { P P 


0.05 mb for p-n interactions. 


From this it follows that the main process is that 
with two isobars. 

It should be noted that Eq. (6) does not include 
processes in which at least one of the mesons re- 
mains unexcited. The contribution from these 
processes can be estimated, assuming that the 
angular operator in this process is equal to ys. 
This contribution turns out to be equal to 


6, (E,) ~ 10°02), +, (Eo). (9) 


From this it can be seen that it is negligible in 
comparison with (7) and (8) and has no effect on 
the conclusions drawn above. 
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In conclusion we note that (6) can be employed 
at higher energies and in cases where the nucleons 
are excited differently. 

In the high-energy region it gives more com- 
plete information than either the Weizsacker- 
Williams method or the expression in reference 3, 
obtained under rougher approximations, for peri- 
pheral interactions. 

In conclusion, the authors would like to thank 
Academician I. E. Tamm, Academician V. I. Veks- 
ler, and Professor E. L. Feinberg for fruitful dis- 
cussions. 
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Translated by G. E. Brown 
37 


SOVIET PHYSICS, JE TP 


VOLUME 11, 


NUMBER 1 JULY, bIG0 


ON THE NONLINEAR THEORY OF STATIONARY PROCESSES IN AN ELECTRON PLASMA 


F. M. NEKRASOV 
Khar’kov State University 
Submitted to JETP editor July 17, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 233-238 (January, 1960) 


We have used a transport equation without a collision integral to consider nonlinear problems 
of oscillation modes of an electron plasma and of the interaction between plasma beams. We 
have obtained relations between the wavelength and the frequency and the amplitude of the os- 
cillations. We determine the maximum field for which periodic processes are possible in a 
plasma. We have found the conditions for the propagation of large amplitude waves both for 
a plasma at rest and for a plasma of moving beams. 


lee Boltzmann-Vlasov transport equation,! which 
is based upon a model of particles that interact 
through a self-consistent field, is a good approxi- 
mation to describe an electron plasma. The field 
describes the so-called long-range collisions of the 
particles, i.e., the interaction of the particles which 
is connected with the slow decrease of the Coulomb 
forces. The short-range interaction is described 
by the collision integral. 

This paper is devoted to a study of stationary 
processes in an electron plasma using this equa- 
tion. We consider in the paper the propagation of 
electrostatic waves with a constant phase velocity 
both in a plasma at rest and in a plasma of moving 
beams in the nonlinear approximation. Similar non- 
linear problems have been solved earlier by a num- 
ber of authors;?~4 they considered the interaction 
of beams in the hydrodynamic approximation? and 
the interaction of a hydrodynamic beam with a 
plasma described by a transport equation.?*4 

For the sake of simplicity, we consider in this 
paper an unbounded plasma. We assume that all 
quantities depend on one coordinate x only. The 
ion motion and effects of short-range collisions 
both with charged and with neutral particles are 
not taken into account. The first neglect is based 
upon the large difference in mass between ions 
and electrons, and the second one can be assumed 
to be fulfilled if we consider a high temperature 
plasma with a high degree of ionization. 

To consider solutions of the type of moving 
waves we Shall go over to a system of coordinates 
in which the wave is at rest. Under the above as- 
sumptions the electron plasma is described in this 
system of coordinates by the equations 

Of , ¢ do of 
Oy Oh i dx av 


; eat 4ne | \ i, ode no} y (1) 


‘ 
(7) 


=U) 
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where f(x, v) is the electron distribution func- 
tion in configuration space, g(x) the self-con- 
sistent field potential, e and m the electronic 
charge and mass, and ny the constant positive 
charge density. We must say a few words about 
the domain of integration over the velocities in 
the Laplace equation. One usually integrates be- 
tween the limits -—~ <y<+%, i.e., one assumes 
that at every point in space there are particles 
with zero kinetic energy. We shall consider an 
electron plasma in which there are no bound par- 
ticles, i.e., where there are no particles for which 
the region of motion is limited on two or on one 
side by the electrostatic potential barrier. The 
limits of integration are in that case determined 
as follows. 

Let Go be the total energy of that plasma par- 
ticle at x =x) which possesses a minimum energy. 
The other particles at that point will then satisfy 
the relation 


mo*]2 — ep (Xq) > 8. 


Since the particle with minimum energy performs 
an infinite motion during which its energy is con- 
served, the relation 


mo*/2 — ep (x) > 8B 


must be valid for all particles at any point x. This 
relation determines the domain of integration over 
the velocities. 

A particle may be captured if it loses energy 
through an interaction that is not connected with 
the self-consistent field. The capture of a particle 
leads to a decrease of the depth of the potential 
well of the self-consistent field. This is the normal 
mechanism of damping of the field when short-range 
Coulomb collisions and collisions with neutral atoms 
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are taken into account. These processes are not 
taken into account in the present paper, since we 
have assumed that the interaction takes place only 
through the self-consistent field E (x). 

The presence of captured particles is connected 
with the character of the establishment of a station- 
ary State in the plasma. In the present paper we 
assume that it occurs without capture of particles. 
For waves whose phase velocity is much larger 
than the average thermal velocity of the electrons, 
this assumption is well justified. 

Let us find the electrical field distribution in 
the plasma in its dependence on the form of the 
distribution function and the magnitude of this 
field in an arbitrary point x = 0; i.e., let us solve 
the Cauchy problem for Eq. (1) under the following 
initial conditions: 


(0) =0, —d(0)/dx = E,, 
[ (0. v) = Aexp{— m(v—v,,)?/2T} if mv/2> mv?/2, 


PO} 0y-=0 if mv?/2 < mo?/2, 


(2) 


where i, mv? is the minimum energy at the point 
x=0, Vph the constant phase velocity of the wave, 
T the electron temperature in ergs, and A is de- 
termined from the normalization condition 


A ( exp{— m0 —o1)?/2T} do'= ny. (3) 


2 
EA 


The form of £(0,v) and the normalization condi- 
tion are chosen in such a way that the electron 
velocity distribution in the laboratory system of 
coordinates goes over into the Maxwell distribu- 
HOD TORE Cx) ==0: 

The quantities v3 and Ey are connected with 
the character of the establishment of the self-con- 
sistent field. One may assume for the oscillations 
of a free plasma that the field Eg, is caused by the 
density fluctuations of the electrons. In the follow- 
ing we shall assume that v3 ~ 0. Analysis shows 
that if v2=0 a perturbation connected with the 
density fluctuations of the electrons will be con- 
centrated in a bounded region. Its dimensions 
are determined by the perturbing field. The de- 
tailed problem of the choice of vi is considered 
later on. 

The distribution function satisfying the trans- 
port equation and the initial conditions is as fol- 


lows Pal. & a 
f(x, v) =| Aexp Ee; (-:Y &—“2— 0] 
fn oe 
0 if mv? /2—eo < mv? /2 (4) 


HAL 


The + signs in front of the radical correspond 
to v>.0 and v < 0, 

It is convenient for the following to introduce 
the dimensionless quantities 


mv? /2T = u?, ep /T =z, x V 4ne'ny /T = x/dp = 6, 
moe /2T = us, myZ,/2T = ud. (5) 


The Laplace equation takes on the following form 
in this notation 
Sep yl + exp = E+ gy) 2 + tal 
dz Uy 
dtz == iat oT OOS? . SE arhpt Cale a ite aan ras ers” ies 
\ texp[—(¢— 4,1 + exp [— (+ 4") at (6) 


ae 
Here uy =+V ug . Integrating this equation twice 


and taking the initial conditions into account gives 
ie (dz /V E53 —2V @), (7) 
0 


where 
E? = (dz (0) / dt)? = E®/AnnoT, 
Vi2)j=z2 


| fexp [— (4, ] + exp [= (4 4) (VE 2 — 0) tat 
Say 


? 


(fexp[—(¢— 4)" + exp (+ gat (8) 


V(z) is defined in the interval —ue BV ARS Cob, i Wi (( 7A) 
decreases monotonically in the section —u} <z < 0, 
and increases monotonically in the section 0 =z 
<«, The point z=0 is a minimum of V(z). It 

is well known (see, for instance, reference 5) that 
(7) defines z as a periodic function of ¢ for those 
z which satisfy the condition 


2V (2) =< E. (9) 


This relation, however, defines for Z=—u} the 
maximum field strength Oypaains for which station- 
ary processes are possible in a plasma which is 
described by Eq. (1). 

The period X of the function z is determined 
by the usual expression 


22 


i Me (10) 


a 
\ V E2—2Vv (2) 


where z, and Zz, are the roots of the equation 


E2—2V (z) =0. (11) 


The difference z)—z, determines the amplitude of 
the self-consistent field potential in its dependence 
on the magnitude of fee 

Equations (7) — (11) solve the given problem 
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about the propagation of electrostatic waves of 
constant phase velocity in an electron plasma. 

All required results can in the general case be 
obtained by numerical integration of the corre- 
sponding equations. 

We need an explicit expression for —E and Ug 
for further evaluations. One can see from (8) that 
Eo is determined by the ratio of the energy density 
of the electrostatic field to the average kinetic en- 
ergy density of the electrons. For fields which are 
caused by fluctuation processes this quantity is of 
the order of unity. We shall choose u from ther- 
modynamic considerations, assuming that an elec- 
tron plasma in its equilibrium state is a perfect 
gas described by the distribution function 


f (u) du = n~exp {— (u — u,)”} du. (12) 


The factor 17'/2 corresponds to a normalization 
to one particle. The most probable value of ue 
will be the average value u2. 


One can then write 


ug = uw? — Au?, (13) 


where Au? is of the same order of magnitude as 
the average fluctuations in energy Vv (Au2)2. From 
the physics of the problem, ua corresponds to the 
minimum energy so that we must take for Au* a 
quantity somewhat larger than vy (Au2)2 , 


Au? = AV (Aw)2, Ast. 


From these considerations, however, it follows that 
we must choose the minus sign in front of Au?. 
From (12) we get 


Vie (u*)* 


We see ioe, (13) and (14) that if Uph < 1 the 
magnitude of u is basically determined by fluctu- 
ation processes, i.e., for phase velocities less than 
or of the order of the thermal velocities, the oscil- 
lations have a purely fluctuation character. In that 
case us <1. Calculation shows that the frequen- 
cies of these oscillations are much less than the 
Langmuir frequency Wy = (4mye?/m )!/2, their 
wavelength much less than the Debye screening 
radius Ap and the energy density of the electro- 
static field much less than the energy density of 
the thermal motion of the electrons. When uph 
> 1 we get from (13) 


u? = 1/, + Teen “(Au2) =V 2u2,+} /2. (14) 


We el A tee) (15) 


The coefficient for the fluctuation correction is 
dropped since the magnitude of A is defined up 
to a factor of that order. 

One can linearize Eq. (6) when: Ey) « 1. It 
goes over into the equation for harmonic oscilla- 
tions with a dispersion relation 


wo? = w?2 (1 + 37 / my), 


which is practically the same as the well known 
results of the linear theory. For the maximum 
field we get from (8) and (9) 


Eo max | CES No My, ew YD (1 6) 


The ratio of the terms omitted in the last equation 
to those retained is of the order of magnitude 
(T/mvph)"/*. 

Electrostatic waves of large amplitude (the 
term “large amplitude” must here and in the fol- 
lowing be taken in the sense of ER /noT > 1) can 
thus be propagated in a plasma if the phase veloc- 
ity of the wave is much larger than the thermal 
velocity of the electrons. One can neglect the in- 
fluence of fluctuation processes on these waves. 
Physically this result is completely understandable. 
For processes which take place with velocities 
larger than the thermal velocity of the electrons, 
one can consider the plasma as a collective medium, 
the behavior of which is completely determined by 
the average value of the density np, the tempera- 
ture T and the law of interaction between the 
particles. 

It is not difficult to generalize this to the case 
of the propagation of waves in a plasma of moving 
beams. We shall again give our considerations in 
the system of coordinates in which the wave is at 
rest. We shall assume for the sake of simplicity 
that the temperatures of the beams are the same. 
We take as the equilibrium distribution functions 
of the beams Maxwell distributions. The statement 
of the problem and the solutions of the transport 
equations for the beams are exactly the same as 
before. 

The Laplace equation in dimensionless quanti- 
ties is of the form 


dz | de? = a,\ Fy (i) (42 + 2)- ade | Fy (1) dt 


Ug Un 
co 


ee fale (t) (42 + 2)~“hidt |\ F, (2) yeaa 


un Uo 


Fa (4) = exp[—(¢— uy,9)"] + exp[—(@ Fa) 7) 


and together with the notation (5) we have intro- 
duced the new symbols 


1 = N/M, % =Ny/ Mo, ure = M (Uy. -+ Upn)? / QT, 


where m and np are the equilibrium densities of 
the first and the second beam; vy, and v2, there 
average velocities in the laboratory system of 
coordinates. Positive values of vy and v. corre- 
spond to a motion of the beams against the wave, 
i.e., uy and u, characterize the relative phase 
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velocities for the first and the second beam. 

The condition for the existence of stationary 
solutions of Eq. (7) is the condition for electrical 
neutrality of the plasma: a, + a, =1. Integrating 
(17) twice leads to 


V E2—2W @) 
V (2) = z— 2ay | F(t) (VP +2z—2) tdt | \ Fiat 
— 201, \ F,(t)(V2+2z—2) tdt /\ Fs (t) dt. (19) 
We shall put, as before, the quantity uj equal to 


the sum of the average value u? and a fluctuation 
correction for a particle described by the distribu- 
tion function 


f (u) du = [a,n—2 exp {— (u — uy)*} 


+ aor exp {— (u — ue)?}] du, (20) 
ixe.5 
uw = u2(1— AV (Aw)? / 2. 
We get from (20) 
(Au2)? = + + 20,u? + Zou? — a2ut — a2ud + ous 
+ M4 — 2a, %2u2u?. (21) 


Solutions describing stationary processes of 
large amplitude with characteristics that depend 
weakly on the fluctuations are of interest. For 
them the conditions 


msl, V(AwP?/e2<1 (22) 


must be satisfied. We shall assume that a, # 0, 
a, =0, and vy Vv». These cases go over into 
the one considered earlier. Let a,u} be the 
larger of the quantities au? and au; we can 
then write the conditions (22), using (21), in the 
form 


V a, /o, [1-02 /u2| <1. (23) 


For beams with equal density we obtain the follow- 
ing conditions for the propagation of large ampli- 
tude waves: 


m(¥,—0)2/2T > 1, tye—(%it%)/2 (24) 


au? Sule 


In particular, there can exist a standing wave with 
large amplitude in two beams going in opposite di- 
rections with the same velocity. If the densities 
in the beams are very different there is only one 
condition for propagation: 


m(v, + ¥,)°/2T > je 


where v, is the velocity of the denser beam. 


The maximum field for which stationary proc- 
esses are possible can be determined from (19). 
An estimate for uy, > 1 and u, >1 gives 


Emax | 8" = = nym (0; + 9,)? + Frm (v2 + 9,)%. (25) 


The character of the stationary processes oc- 
curring in a plasma at rest or in motion is thus 
determined by the relative phase velocity. If the 
latter is equal to zero the field of a perturbation 
is screened by the electrons of low energy and is 
localized in a bounded region of space (in our 
considerations this corresponds to uy =0 and 
Uph = 9). When the phase velocity increases the 
number of electrons which can screen the field of 
the wave diminishes and for phase velocities much 
larger than the thermal velocities the screening 
action of the electrons can in general be neglected. 
The maximum fields which can then occur are de- 
termined by the relative phase velocity of the wave. 
The order of their magnitude is given by (16) and 
(25). 

In a plasma of two beams of comparable density 
with different velocities there exist waves of two 
kinds. One has a phase velocity equal to the arith- 
metic mean of the values of the beam velocities. 

It is propagated along the faster beam. The con- 
dition for its propagation is a large relative veloc- 
ity of the beams. The phase velocity of the second 
beam must be much larger than the velocity of 
either beam. With regard to this wave the beams 
may be considered to be a plasma at rest. 

For small fields, waves with a large phase ve- 
locity have a harmonic character and their fre- 
quency is practically the same as the plasma fre- 
quency w,, while the dispersion law of these waves 
is determined by the well-known relation from the 
linear theory. 

In conclusion the author expresses his sincere 
gratitude to Ya. B. Fainberg for suggesting the 
topic and for valuable discussions and to A. F. 
Popov for a discussion of the results. 
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It is shown that the so-called Redmond procedure is not unambiguous. This conclusion is not 
changed when the requirements of renormalization invariance are taken into account. 


area rion has recently been called to the pos- 
sibility of using dispersion relations (d.r.) for the 


elimination of the fictitious pole of the boson Green’s 


function in quantum field theory.! A simple analysis 
(see Sec. 1) shows, however, that this procedure 
does not possess the necessary property of unique- 
ness. As can be seen from the results of Sec. 2, 
this conclusion remains valid also when one takes 
into account the requirements of renormalization 
invariance. 


1. ON THE AMBIGUITY OF THE REDMOND 
PROCEDURE 


We confine ourselves to a consideration of quan- 
tum electrodynamics. It is not hard to show that if 
the Kallén-Lehmann d.r. 


et Imaucyee 
pero se (1) 


holds, where 
(Ruky — 26,v) d (z) = — Dw(k) 2, z= ki — k?, 


then an analogous dispersion relation also holds 
for the polarization operator 


pi 
| 
d (z) = 1+ 11 (2). (2) 

For the proof it suffices to note that, because of 
the condition Im d(z) < 0, the function d(z) has 
no zeroes either in the complex z plane or on the 
negative Ssemiaxis Rez < 0. 

An important point is that in general the con- 
verse proposition is not true: for the d.r. (2) for 


II(z) to have as a consequence the d.r. (1), we 
have as the necessary and sufficient condition 


Im If (€) d@ 
Ol ie ies 


II (2) 


co 


—\ at also ca (3) 


= 
In fact, as can be seen from Eq. (2), and also from 
the condition Im Il = —Im d/|d|? = 0, the inequal- 
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ity (3) assures the absence of poles of the function 
d(z) outside the semiaxis Rez > 0. 

It is important to emphasize that the condition 
(3) is entirely identical with the well known inequal- 
ity (8) of the paper of Lehmann, Symanzik, and 
Zimmermann.” The function F(z) contained in 
that inequality is connected with II(z) by the re- 
lation F(z) = 2z Im II(z). Though it does satisfy 
the d.r. (2), the asymptotic expression for d(z) 
obtained in the “three-gamma” approximation (cf., 
e.g., reference 3) is nevertheless in contradiction 
with the condition (3) [Im I(z) = 7a, a =e?/3r]. 
Therefore a fictitious pole appears in d(z) and 
the d.r. (1) is violated. 

The recently proposed procedure,! having as 
its purpose the removal of this difficulty, consists 
in using a summation of the “main” terms of the 
perturbation-theory series to calculate only the 
quantity Imd(z). The function d(z) itself is 
reconstructed by means of the relation (1). By 
what has been said, the d.r. (2) and the condition 
(3) then hold, as can also be verified directly. 
This procedure, however, is not unambiguous. In 
fact, any function Im II that satisfies (3) and goes 
over for a@-—0 into the corresponding expression 
of perturbation theory (to a given order in q@) can 
be used to reconstruct the photon Green’s function 
by means of Eq. (2). The function so obtained will 
obey the d.r. (1) and agree with perturbation theory. 

As an example let us consider the following ex- 
pression: 


Im HI (z) = na/(1 + z/2,), (4) 


where by the condition (3) z) < m? exp(1/a). 
Simple manipulations give 


d'(z)=1— 


a cube hy pa ite ren ie ye 
Z+Z% \~0 me Romer ese aes Zy > mM. 


For correspondence with perturbation theory it is » 
enough to require that as a decreases z) increase 
faster than any finite power of a@!. If, in particular, 
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we Set Zp) = m? exp (q71/2), we arrive at an expres- 
Sion that has no resonance properties and does not 
lead to strong coupling (d7!(«) = 1-1/2), 

In the removal of this ambiguity a large part 
could be played by general requirements of causal- 
ity and unitarity of the theory. In this connection it 
is important to emphasize that the conditions ex- 
pressed by the d.r. (1) are only necessary, but by 
no means sufficient to secure causality and unitar- 
ity. 

A treatment of this circle of questions is impos- 
sible, however, in the language of one-particle 
Green’s functions; it is necessary to bring into the 
argument Green’s functions of higher orders, in 
terms of which Im II(z) is expressed. It cannot 
be excluded that the expression obtained for the 
Green’s function in reference 1, which has its real 
part nonanalytic in q@ and its imaginary part ana- 
lytic in a, may be in contradiction with the condi- 
tions of unitarity and causality, which closely re- 
late the real and imaginary parts of matrix elements. 


2. ON THE RENORMALIZATION INVARIANCE 
OF THE PHOTON GREEN’S FUNCTION 


The condition of renormalization invariance 
(r.i.) of the photon Green’s function d(z, A, a) 
is of the form! 


and (2Z, d, O) =ayd(z, ’, aw), (6) 


where A is the square of the normalized momen- 

tum [d(A, A, ox) =1], 2 =k} -—|k\*, and ay 

ad ef /3m is the corresponding coupling constant. 
Starting with Eq. (6) and assuming that for z 

> m?* the function d depends only on z/A and 

a, (the perturbation-theory series has this prop- 

erty), it has been proved*** that the renormalized 

d function, i.e., the function corresponding to 

A =0, must have the form 


d(Z, %) = a1F (In (z/m?) + $ (%)). (7) 


Here F and @ are mutually inverse functions. 
From this a number of important conclusions have 
been drawn: that the shape of the effective charge 
distribution of the electron is independent of ap, 
that the value of the bare charge is independent of 
Q@ and strong coupling inevitably appears (in the 
case of a finite charge renormalization), and so 
on. We would like to emphasize that these conclu- 
sions do not have the force of inevitability, being 
connected not only with the requirement of r.i., 
but also with definite assumptions about the struc- 
ture of the Green’s function. 

In themselves these propositions are by no 
means obligatory (particularly in the case of 
finite charge renormalization). Thus the use of 
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the dispersion relations in finding the photon 
Green’s function!»® leads to the appearance of 
terms nonanalytic in a, which change decidedly 
the behavior of the d function in the high-momen- 
tum region. Although even in this case the per- 
turbation-theory series depends for z >> m? on 
the combination z/A_ only, the exact expression 
d(z, A, a) does not have this property. 

It is therefore important to ascertain whether 
the requirement of r.i. by itself imposes any limi- 
tations on the structure of the d function. For 
this purpose we turn to the general solution of the 
functional equation (6). It is easily verified that 
this equation can be written in the form 


ad a By, Oa) Oe (Gay fa (Z, XH (a, d)), (8) 


where the renormalization-invariant (unchanged by 
a change of X) function a)(a,,A) is given by the 
relation* 


oo == ot + In(— A/mm). (9) 


It is obvious that the function d(z, aj) that ap- 
pears here is identical with the renormalized 
Green’s function. 

Thus from any given expression for the renor- 
malized Green’s function one can reconstruct a 
renormalization-invariant expression d(z, i, a) 
that for 7 —0 goes over into the original expres- 
sion. According to Eqs. (8) and (9) this task re- 
duces simply to the introduction of the factor a/a 
and the replacement of a) by an invariant combina- 
tion of a, and A.T 

In particular we get a renormalization-invariant 
expression for the Green’s function (5) considered 
above. Confining ourselves for simplicity to the 
region m2? <« |A|< zp, we have from Eq. (9) 

49 = 0 + In(—d/m?). (10) 
Using Eq. (8), we get (z > m? throughout ) 


/ 
/ 


(zo In(+-) + zIn (—)), ay 


a. (Z h, X) = || 


Z-—- 2 


From here on we must express Z) and ap in 
terms of a, and A by means of Eq. (10). In 
particular, setting Z) = m2? exp (1/a¥/2), we get 


ise: (a h, Xa) 


1—a, In (z/) + (4, / do) (4 — V ao) (z / 20) 


1+ 2/20 be 


*The relations (8) and (9) are in complete agreement with 
the results of Ovsyannikov.’ 

+In the general case the requirement of r. i. imposes one 
relation on the arguments of d(z, A, a,). Therefore the func- 
tion d(z, «,) is, generally speaking, an arbitrary function of 
two arguments. 
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This expression is in contradiction with Eq. (7), 
and at the same time satisfies the requirement of 
r.i. and the Kéllén-Lehmann equation and goes 


over into the perturbation-theory series for a— 0. 


Only for the special choice z) = Cm? exp (1/a)), 
(C <1) does one get an expression consistent with 
Eq. (7). 

Summarizing, we can say that the requirement 
of r.i. does not in itself impose any réstrictions 
on the renormalized Green’s function. Even the 
further requirement that for @— 0 the function 
must go over into the perturbation-theory series 
does not lead with necessity to the relation (7). 
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The m phase shifts for scattering in large orbital angular momentum states are described 

in terms of the mm -interaction coupling constant. If the results obtained can be extended to 
the / = 2 case and if the assumption is made that the m7 scattering amplitude exhibits no reso- 
nance at low energies, then a disagreement with experiment is obtained. 


As was shown by Okun’ and Pomeranchuk,! mm 
scattering in large orbital angular momentum states 
is dominated by the diagram shown in the figure. 
This diagram contains the m scattering amplitude 
and the mm scattering amplitude. Consequently ex- 
perimental data on m scattering phase shifts in 
large orbital angular momentum states may in 
principle yield information about the magnitude 

of mm scattering. 

Sud JEW 


SY 


oN 4 
D4 
SS 
wtp ie ‘yok {oO Principal diagram for mn 
7? SS 
i = scattering in large orbital an- 
Be gular momentum states. 
ie 
/p \vrg 


The scattering phase shifts in large angular 
momentum states are determined by the value of 
the amplitude in the vicinity of the nearest singu- 
larity in the momentum transfer q’. In the case 
under consideration the nearest singularity occurs 
at q? =4y? and the next one at q’ =16y?. The 
large interval between the two nearest singulari- 
ties encourages the speculation that the indicated 
- diagram for m scattering will also be dominant 
for not very large angular momenta. 

The general expression for the mm scattering 
amplitude is given by 


Vosys (Pir P2r Ps Pa) = Abapoys Bbaybp8 4- C8s508, (1) 


where A, B, C are functions of the momenta pj. 
We have here the following symmetry conditions: 


Pi — Pa, Bi Cs; P2 —~ P3> Av—B; Pi —~ P3> A—C. 


Using the notation indicated in the figure we get Pp, 
=K, pp =k—q/2, pp=—-K+q, p= —k — q/2 and 
to the substitution k — —k corresponds A —C. 

The general expression for the m scattering 
amplitude is given by 


iCal 


(1) a 


i = (Ds res Pr) M 
— ieapyty (L® + 4 (p2— p,) M®]| up,) (2) 


and we have the symmetry conditions (py, p3 — 
meson momenta, po, py — nucleon momenta) p, 
—p;, L@)—-L®@, m@)— —m@), In the nota- 
tion of the figure: pj = -k+q/2, py =p, p3=k 

+q/2, py=—p-—q and for k—-—k we have 


fap (P1, Po, Pas Pa) = (ep, [eas We 


L® + RM® —» — (L® +. kM), 
The amplitude corresponding to the diagram in 
the figure may be written as follows: 
May (9?) = ger \Vasis (Ki k-4, —K +q,—k—4) 
x foo(—k+f. p.k+4, —p—a)Alk, gate, 


A(R, q) = [(R — 4/2)? — wy? [(R + 9/2)? — wy? (3) 

or, after substitution of (1) and (2), as follows: 

May (9°) = saz \{8ay(A + C+ 3B) upg] L® + BM™ | up) 
= iG, ets (A — C)\Upag LE RM” | up) Aen ayaa) 


When calculating scattering phase shifts in large 
angular momentum states values of q? near 4p? 
and small values of the variable of integration k 
in (4) are of importance. An estimate of the ef- 
fective values of k? may be obtained by consider- 
ing the integral (q? = —2p*(1—cos @) with @ the 
scattering angle and p the momentum in the c.m.s.) 

i 
Hie \ M (9) P; (cos 9) d (cos 9), 
=i 
in the same way as was done previously? for the 
nn scattering amplitude. Such an estimate leads 
to 


| ere|= vr? /L, (5) 
b= l):/V eee. ype (6) 


it is assumed that the inequality L > 1 holds. 
Since A+ C+3B and L") + kM”) are even 
functions of k, and A-C and L®) +kM®) are 
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odd functions of k one may, accurate to first order 
terms in 1/L, omit in (4) the term proportional to 
€wyoto- Thus, for L>1, the m scattering am- 
plitude is independent of isotopic spin indices: 


May (9°) =M (q°) Says 
M(q’) = 7\(A+C + 38) 


2 
X (Upag| LO + BM | up) A(R, 9) ath. (7) 


If A+C+ 8B is a sufficiently smooth function 
of k inside the region (5) it can be taken out from 
under the integral sign in (7): 


M (q?) = — or | ota] LY + RM | up) A(R, g) ate, (8) 


where we have set —5A = (A+ C + 3B);~» 

The dependence of the scattering phase shifts on 
the mechanical spin variables can be obtained with- 
out a knowledge of the explicit form of L®) and 
M). As a matter of fact L@) and M®) are func- 
tions of the vectors p, q and k. In carrying out 
the k-integration in Eq. (8) we will obtain either 
(Up+ql 4! up) or (Upiq/P| up) in place of 
(Up+g/klup). But (Up.g/G/up) =0 and 
(Up+g lp | up) =m (Up+qUp). It then follows that 
the spin dependence of M is contained in the 
factor (Up+qUp), i.e., 


M (q’) = (Up-+9ltp) C7”), (9) 


where the function F(q?) depends on the precise 
form of L™) and M"), 

Passing from the four-component spinors u to 
the two-component v we obtain 


M (q*) = (0 | mm (E + ©) (f + ie [KXK’]¢) |v), (10) 
where 
mtE pt i 
ap GA eae 


P= 3(E + 0) (E +m) 


_(t=cos 6, w = meson energy, E = nucleon energy). 


We next expand the amplitudes f and g in 
Legendre polynomials (see, e.g., reference 2): 


f = (2i|p|)~2 D>) (+1) exp (228; ) 
L 


+ Lexp (2i87) — 2! — 1] P; (2) 


2p? D101) er 4 Pr, (12) 
© = (2i | p|8)~2 >) (exp (287 ) — exp (2i87 )) dP; (t) / dt 
L 
= —(|pPV1—#)> >) (8 — 87) PP (0), (13) 
Ll 


where oT are the scattering phase shifts in states 
of orbital angular momentum IJ and j=12%. 
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Consequently* 


(1+ 1) 87 + 087 J/(2l-+1) 


+1 
a ige EITMI  y p2/ 5 14 
~  4(B +0) Vf Emme | Fg") Pr (t) at, ( ) 
el 
Aas os | pis 2l-+4 
o; —% =— FEE m) (Eo) (0+ 4) 
pL 4 
el (b= tty A Pepa. (15) 


“1 
For L> 1 the following formula holds:? 
+1 A ee 
\ F (q°) Pi(t)dt = =O + 28%) \ e--8 (AF) sds, (16) 
a 0 
where Q 7 is the Legendre function of the second 
kind; 


$= V1 = Vt ae (17) 


and (AF) is the jump in the function F (q?) 
across the cut in the complex s -plane running 
from s=0 to s=~%., 

Taking irlto account the fact that dF/dt 
— (4é%s)"!dF/ds, as well as that (AF) =0 at 
= (0 we obtain [forsK1:t=1+2é4, 1-+? 
— 4&7 (1+ &)) 


(2+ 1) 8; + 18; J / (2 + 1) = —0,6Q, (2 + 2%), (18) 
8; —8; = —e2bQ;(1 + 28), (19) 


| @ 


where 


vs E +m 
mE+o ( 


y= pee =) 2 


(E + m)? 


ne. A 2u3 VI + Be 
l m(E+ m)(E+o)’ 


C= 


ioe) 


fess =\ e-£s (AF) sds. 


7 


(20) 
0 

It is obvious that cy, « c,. In the nonrelativistic 
approximation for the nucleons when |p| <« m, but 
Ip |~u, the ratio c,/c;, is of the order of V2 
x (u/m)’ © 0.03. It then follows that 67 and 67 
are almost equal. This conclusion is a consequence 
of the assumption that A +C + 3B is a sufficiently 
smooth function within the region (5), i.e., that the 
mn Scattering amplitude has no resonances for low 
meson energy. If this assumption is not justified 
then in addition to the matrix element (Up+qlp); 
M will also contain the matrix element 
(Up+q | KI Up) and the sign dependence of M may 
be substantially altered. 


~ *We make use of 

a Ql (1+ 1) 
PY @) P® adr pee 

| PPO PP (d= 0,2 E0, 


4 
dP/(t) (dt = — p® (4 
fl Ll ( ) / sin i) ( No 


d[(1— 22) F (q®)| | dt = (1 —12) dF / dt for LY4. 


SCATTERING IN LARGE ORBITAL ANGULAR MOMENTUM STATES 


According to the experiments of Mukhin and 
Pontecorvo? 63 * —63, which disagrees with (18) 
and (19). Thus, if it is true that the two-pion inter- 
action (see figure) is already dominant for 1 = 2, 
the discrepancy with experiment would indicate the 
existence of a resonance in the mz scattering am- 
plitude at low energies (about the ma resonance 
see also references 4 and 5). 

For a quantitative determination of the m scat- 
tering phase shifts for L> 1 it is necessary to 
evaluate F (q?) and b. We obtain 

ae 
(Rg / 2)? + 2p (k + Gf 2) 


a | 
Fase == Ty Oar =) 3 TyTy 


P 
(k= @/ 2)? — 2p (hk 


q/2)’ 
(which is in agreement with Galanin et al???) from 


where, making use of the results obtained in refer- 
ence 6, we deduce 


Fg?) = 2" | (a 


8m 


beara 28) | , 


where €=y/m and a=1.2. Carrying out the 

s -integration in Eq. (20) we get (see reference 6; 
it is assumed that —5A = (A+C+3B),,~) is inde- 
pendent of q’): 


b = (5g | 16V=L")/x— ua Vxt(1 |, 


where it was assumed that 1« L<« 4m?/y” and 
t=eVL/2<«TI, and terms quadratic in ¢ were 
taken into account. 

In this way the values of mm scattering phase 
shifts for sufficiently large i provide an opportu- 
nity for obtaining » which determines the m7 in- 
teraction. The qualitative discrepancy with the ex- 


/ 
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perimental data (indicated above) on the signs of 
the D-wave phases, due either to a mz amplitude 
resonance or to the fact that an orbital angular 
momentum two is not sufficiently large for the 
considerations here outlined to be valid even as 
an order of magnitude estimate,* precludes the 
use of the Mukhin and Pontecorvo data? on the 
D phase shifts for a determination of the constant 
a 

The author expresses his indebtedness to I. Ya. 
Pomeranchuk, B. L. Ioffe and L. Be Okun’ for use- 
ful advice and discussions. 
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*Lowest order perturbation theory gives D phase shifts of 


opposite sign and gives a 5+ phase (which is determined more 
reliably experimentally) amounting to a significant part of its 

experimental value. This circumstance indicates that / = 2 is 
apparently too small to apply the theory developed above. The 
author is grateful to Prof. Chew for indicating this possibility. 


SOVIET PHYSICS GET P 


Letters to the Editor 
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In many papers, in calculating cross sections for 
various “direct” nuclear reactions at low and me- 
dium energies, the authors use perturbation theory, 
the applicability of which is not justified (because 
of the absence of a small parameter). However the 
results of the computations appear to be in good 
agreement with the experimental data (for inelas- 
tic scattering of protons,' and for the stripping re- 
action), probably because in these reactions higher- 
order processes do not produce any special features 
in the angular distribution. Nevertheless, the study 
of processes associated with the appearance of 
“higher-order effects” is of fundamental interest. 

Apparently the most favorable reaction for study- 
ing the role of second-order effects should be the 
inelastic scattering of deuterons. In this case, the 
first-order process is process a, as a result of 
which the neutron or the proton in the deuteron in- 
teracts with the nuclear surface and transfers part 
of its energy to it.2*> According to Huby and Newns, 
at low and medium energies the maximum in the an- 
gular distribution, for 1=2 (where lJ is the angu- 
lar momentum transferred by the deuteron to the 
nucleus), occurs at medium angles. But because 
of the low binding energy of the deuteron, one of 
the second order processes, the process b of 
“double stripping” (for example d—p—d’) should 
give a maximum in the angular distribution at zero 
degrees, if the orbital angular momenta of the neu- 
trons which are transferred from the deuteron to 
the nucleus (Jj) and back (lg) are small. 

In many cases the experimental angular distri- 
butions show, in addition to the maximum associ- 
ated with the first order process, a maximum at 
an angle close to zero. A maximum at zero de- 
grees cannot be explained by the “focusing” prop- 
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erties of the nucleus® (since the transparency for 
deuterons is much less than for protons,° and the 
angular distribution has a shape different from — 
that given by the “focusing” properties of the nu- 
cleus), or by the effect of Coulomb excitation of 
the nucleus, since at these energies the angular 
distribution from Coulomb excitation is practic- 
ally isotropic (for low energy transfer) and the 
cross section is many times less than that ob- 
served in experiment. 

Process b was first treated theoretically by 
Fairbairn,’ using the method of “matching” the 
wave functions at the nuclear boundary. However, 
no direct comparison of the formula with experi- 
ment could be made. In the present work, to calcu- 
late the differential cross section do/dQ for in- 
elastic scattering (process b), we use the results 
of the general theory of scattering.’ In the Born 
approximation, the reaction cross section is given 
by the square of the matrix element of the transi- 
tion: 


1~\ Piva (tote)¥] OVnw (tote) {\ g (tots tatnibs Volt pte) 


xexp [ika (r, + r,)/21x (4, —1,| 82 © dr)dr dé’} drjdrqnd ea 
(1) 

where % -q is the wave function of the initial deu- 
teron wave, W%j(&) and W¢(&) are the wave func- 
tions of the ground state and final state of the nu- 
cleus, Vnp = Vod(Pp— Ty) is the neutron-proton 
interaction potential, x(|r%p—ry|) is the internal 
wave function of the deuteron, g (Yplp3 TnTp; &, &’) 
is the Green’s function for the (d, p) reaction. 
Writing the wave functions of the intermediate sys- 
tem as a product of the wave function of the initial 
(even-even) nucleus and the wave function of the 
captured nucleon, we perform an expansion of the 
plane waves into spherical partial waves and sum 
the resulting expressions over the magnetic quan- 
tum numbers of the initial and final state, using 
Levinson’s method. 

The computation was carried out for the reac- 
tion Mg*4(d, d’) Mg*4* (with AE = 1.37 Mev, 
Ey = 15 Mev). The summation over states of the 
intermediate nuclei (Iy) was limited to the low- 
est levels of Mg®® and Al, having spins of Hp 
%*, and ¥%*. The transitions Ij —Iy occur via 
the transfer of an s -nucleon or via the transfer 
ofan s- or d-nucleon; the transitions Iy— I¢ 
involve the transfer by the nucleus to the free nu- 
cleon of an s-nucleon or a d-nucleon. The re- 
sults of the computation are shown in the figure 
together with the experimental data* and the value 
of do/dQ for process a. By normalizing curves 
a and b, we can apparently explain the experi- 
mental angular distribution. 
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The maximum value (do/dQ)max for process 
a depends weakly on Eg. With increasing Eg, the 
first maximum shifts toward smaller ¥, but does 
not go beyond zero, since mg = mg and |kg—- kj| 
— 0 for increasing Eg. According to Eq. (1), for 
process b the dependence of (do/d&),,,, on Eg 
should be stronger, since even for ordinary strip- 
ping (do/d2)max depends on Eg approximately 
as Eee: while the first maximum in the angular 
distribution is shifted, for large Eg, to the left of 
zero angle (since |k,—kg| for a given # varies 
approximately as EY 2). Apparently these qualita- 
tive conclusions are in agreement with the presently 
available experimental data on excitation of first ex- 
cited levels by inelastic scattering of deuterons on 
Mg?4 (references 4 and 10), Be? (references 4 and 
11), and Mg”! with excitation of the 4* level.!® In 
the last case, the absence of a maximum at 3 ~ 0 
is explained by the fact that to excite the level it 
is necessary that 7; and lg be large (for example, 

; =%=2). With increasing 1; and lg, the reac- 
tion amplitude drops if Eg is not very large, while 
the peak in the angular distribution is shifted toward 
large scattering angles. 

In the scattering of deuterons by nuclei with dif- 
ferent external shells, different intermediate states 
give the main contribution to process b. Thus, in 
the scattering of deuterons by C, apparently the 
lp -state is most important, for Mg"4 the main con- 
tribution is from the 1d+2s states, and possibly the 
2p states, for Ca!°, the 2p states. 

In conclusion the authors express their gratitude 
to G. S. Tyurikov for aid in carrying out the numer- 
ical computations. 
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COMPETITION BETWEEN NEUTRON EVAP- 
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I; this work we use certain experimental results! 
to estimate the relative importance of two compet- 
ing processes — neutron evaporation and fission — 
in the de-activation of the compound nuclei formed 
when heavy elements are bombarded by multiply 
charged ions. 

As is well known, the reaction cross section 
Oxy for the evaporation of x neutrons when a 
particle interacts with a nucleus can be written 


Sun (E) = 9¢(E) GaP (E, x). 


We used this relation to approximate the experi- 
mental values of the cross section for neutron 
evaporation. og(E) is the cross section for for- 
mation of the compound nucleus and was calculated 
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‘Mean’? 
Reaction re pa rit, T, Mev 

nucleus 

il Th222 (C12, 4n) Cm?4° Cm?242-5 0.22 thse 

2 nee? ers” Sy meats @m?272 0527 abd) 

3 L238 (C12, 4n) Cf246 Cf248-5 0.24 les 

4 U238 (C2, Sn) Cir C {248 0.24 1.3 

aig U238 (C18, 5n) Ci246 Cf249 0.29 Ao 

6* U288 (C18, 6n) Cf24 Cf248-5 0.29 1.6 

4 Pu24t (OR. An) Fm?2°° Fm252:5 0.12 1.3 

8 U238 (O18, An) Fm? F225 0.09 1.4 

From the comparison 

9 reactions 2 and 1 Cm nee 

10) reactions 5 and 3 Chin oe 

i reactions 6 and 4 : 


*In approximating the data for these reactions, we took into account the fact, 
demonstrated by supplementary experiments, that the energies of the C** ions 


quoted in reference 1 were 2 Mev too high. 


using the experimental results in reference 4 and 
the formula obtained by Maksimov.® P(E, x) is 
the probability that the nucleus de-excites itself 
by the emission of x neutrons and was calculated 
on the basis of Jackson’s model,® as modified for 
fissionable nuclei.’ The calculations were carried 
out for various nuclear temperatures T so as to 
obtain the best possible fit to the experimentally 
measured position of the maximum for the reac- 

Ty 
In + I¢ 
compound and intermediate nuclei, and was chosen 
so as to give a best fit to the absolute values of the 
cross section. The results are shown in the table. 
In rows 1 to 8 are given average values of [',/T¢, 
obtained from the relation Ty/I'¢ =Gp/(1-Gy), 
while rows 9 to 11 give values of [y/I'¢ for in- 
dividual nuclei. 

It is interesting to compare the values of Ty,/T¢ 
so obtained with values of T,/I¢ for the same nu- 
clei obtained in a different way: for example, with 
He‘ ions. Sucha comparison is of interest be- 
cause in the interaction of heavy ions with nuclei, 
states of very high excitation and angular momen- 
tum can be formed, and such states are particularly 
likely to fission.® The figure shows Ty,/I'¢ asa 
function of A for the nuclei Cm, Cf, and Fm, the 
solid circles (®) corresponding to heavy ion reac- 
tions and the open circles (©) to He* ions. Data 
for reactions initiated by He* were taken from ref- 
erences 9 to 11. From the figure it follows that 
values of IT,/I'g¢ obtained with ions C!, cl, and 
or agree fairly well with values obtained for He’ 
as the bombarding particle. The values of [y/T¢ 
from heavy ion reactions do tend to be somewhat 
smaller but by an amount within experimental er- 
rors. There seems to be no evidence for some 
effect associated with the heavy ions. Thus in- 


tion. GX is the ratio , averaged over the 
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creasing the angular momentum of the compound 
nucleus from 25h (reactions initiated by 44 Mev 
He* ions) to 45h (reactions initiated by 80 Mev 
Cc! and C}8 ions, and by 95 Mev O'8 ions) does 
not significantly decrease [Ty,/T¢. This is a very 
important fact for the synthesis of new elements 
using accelerated heavy ions. 

In conclusion, the author would like to express 
his gratitude to Prof. G. N. Flerov for discussion 
of these results. 
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A systematic study of shock waves in a magne- 
tized plasma must also take account of its aniso- 
tropic properties. Such a study is very difficult 
because of the cumbersome character of the initial 
equations, and can be carried out only by numerical 
integration. However, one can obtain a quantitative 
estimate of the thickness of the shock front in the 
plasma in a quite elementary way, and study the 
qualitative peculiarities of the effect of conduction 
anisotropy on the structure of shock waves. 

We shall begin with the induction equation for an 
anisotropic plasma, which for the stationary case 
can be written in the form! 


c {V'H — curl [curl H x H)} (1) 


Here o = me*/m is the electrical conductivity, 
w =eH/me is the Larmor frequency for electrons, 
and 7 is the time of free flight; the remaining no- 
tation is standard. We assume that the plane of the 
front coincides with the coordinate plane x =0. In 
passage through the front of an oblique shock, the 
conditions of conservation of mass flow j = pu, 


= const, of momentum flux (we need only the tan- 
gential components uy,z = HxHy,z /4nj), and also 
Hy = const. Taking it into account that all the pa- 
rameters in our case change only with x, Eq. (1), 
written in components with account of the conser- 
vation conditions, can be integrated once. We get 


H, (uz — H2 /4nj) = 7 (Hz —ocHH,, / H) + const, 


Hy (tx — H2/4nj) = <— (Hi, + otH,H/ A) const, (2) 


4n6 


and the x component of Eq. (1) vanishing identic- 
ally. If the dependence of ux and wTHy /H on 
the coordinates is not taken into account, integra- 
tion of (2) gives 


Wee Hindal i lal 
Ata (Oa ited) a (3) 


{ 2 
H, iH, ~ exp \* a hoe } 
In the perpendicular wave Hy =0, (2) reduces to 
equations already considered (see, for example, 
reference 2). The thickness of the front here is 
of the order Ax = c*/4moux. Thus the conduction 
anisotropy has no effect on the structure of the 
perpendicular shock wave. 
In an oblique gasmagnetic shock wave, Hy = 0. 
It then follows from (3) that the vector {0, Hy, Hz} 
inside the front rotates about the x axis with 
period 
Wt COS @ 


ie Onc? 1-5 (wt, | H)? page 
25 ee H? ) nj : 


~ 4n6 (y,— H2 /4nj)ocH,/H 


This effect can be considered as a generalization 
to nonlinear motion of the well known rotation of 
the plane of polarization of waves in an isotropic 
medium. An appreciable change in the absolute 
value takes place at distances of the order 


c2 1+ (wtH, / H) 
teu — HY [dj 


c2 = (wt cos ©)? 


2 
~ 


i 5 ; 
AMS y — jel [4Arj 


pM FZ 5 
which must be considered in the thickness of an 
oblique shock front in an anisotropic magnetized 
plasma. Here g is the angle of inclination of 

the front to the magnetic field. Thus the conduc- 
tion anisotropy leads to a very great increase in 
the front thickness of oblique gasdynamic shocks. 
It should be noted that the front thickness of oblique 
gasmagnetic shock waves is proportional to the 
square of the magnetic field intensity. 
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In studying the energy distributions of products of 
reactions in which several particles emerge, which 
occur via a direct interaction with subsequent decay 
of the residual nucleus, it is necessary to take into 
account the interaction of the decay products in the 
final state. The question of the effect of final-state 
interaction on the shape of the energy spectra of re- 
action products was first considered by Migdal,} 
and later by various other authors.” The effect of 
interaction of the reaction products in the final 
state is that, independently of the mechanism of 

the decay itself, the interaction of the products 
from the decay of a system changes the magnitude 
and shape of the effective cross section, and the 
energy and angular distributions of the decay prod- 
ucts. The final state interaction is assumed to be 
strong, of short range, and to affect the wave func- 
tions of the reaction products until they go beyond 
the range of the nuclear forces. For this treatment 
it is essential that the energies of the particles in- 
teracting in the final state be small. 

In the present note it is shown that the spectra 
of products of a reaction from which several par- 
ticles emerge can be explained quite well by com- 
puting in the Born approximation and taking account 
of the interaction of the particles in the final state. 
The wave function describing the relative motion 
of the particles interacting in the final state de- 
pends on their separation p, and must have a dif- 
ferent form inside (p< py) and outside (p > po) 
the range of the nuclear forces. The parameters 
determining the nuclear interaction of the particles 
in the final state are found by matching the wave 
functions for p< py and p> py at the boundary 
of the region of action of the nuclear forces.® 

As an example, we calculated the energy distri- 
butions of He® nuclei from the reaction T +d 
— He? +n+n for various angles, for a deuteron 
energy of 12 Mev, taking into account the interac- 
tion of the neutrons in the final state. This reac- 
tion can be regarded as a direct interaction accom- 
panied by the decay of the residual system, since 
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two neutrons cannot form a bound state. In writing 
the matrix element it was assumed that the reac- 
tion proceeds via a direct process of temporary 
capture, i.e., the deuteron pulls a proton out of the 
triton and there is a 6-function interaction between 
this proton and each of the nucleons in the deuteron. 
Evidence that the reaction proceeds via a direct 
process comes from the anisotropic angular dis- 
tribution of the He® nuclei, which are ejected 
preferentially forward.* 

The computation of the energy distributions of 
the He® nuclei for different angles of emergence 
was made using the formula 


do/dEd3 ~| Hya\?f (E), 


where f{(E) is the density of states of He’, while 
Hpa is the matrix element for the transition in- 
cluding the interaction of the two neutrons in the 
final state, which was taken to have the form of a 
square well with radius pp = 2.8 x 1073 em. 

The wave function describing the internal state 
of the potentially scattering neutrons, has the form 


b(p) = ee + fF (8) e /p, 


for p> po, where q is the wave vector of the 
relative motion of the two neutrons and f[(@) is 
the amplitude of the scattered wave. For an in- 
cident deuteron energy of 12 Mev, the energy of 
relative motion of the two neutrons does not ex- 
ceed 1.6 Mev, so that the only contribution to the 
differential cross section comes from the S-wave 
part of the partial wave expansion of the wave func- 
tion for the relative motion of the two neutrons. 
The spin function for two neutrons must be anti- 
symmetric (s = 0) because of the Pauli principle. 
For the S-state, the radial wave function of the 
relative motion of the two neutrons for p > py has 
the form 


pY (¢) = elelats 


Te (eae — ef4e) 4. V 4rapte—iae , 
where a= —(a—iq)~! is the neutron-neutron 
scattering length in an S-state. The interaction 
energy of the neutrons in our case is 70 kev. In- 
side the region of interaction, p< pp, the radial 
part of the wave function for the relative motion 
of the two neutrons has the form pp) =A sin k’p, 
where A is an arbitrary constant and k’ is the 
wave vector of the relative motion of the two neu- 
trons within the region of action of the nuclear 
forces. A and k’ are found by matching the 
functions and y) at the boundary of the 
region of action of the nuclear forces. 

The figure shows the energy distributions of 
He? nuclei at angles of 25 and 75° in the center -of- 
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mass system, computed including (solid curve) 
and omitting (dashed curve) the interaction of the 
neutrons in the final state, and the experimental 
energy distribution’ of the He® nuclei (the points 
on the figure). As one sees from the figure, the 
energy distributions of He® nuclei, computed in- 
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In magnetohydrodynamics, under the condition that 


Bm [Br <_Minllol (1 /yMit 1/2 Mm + 1) ue 
+ 3/2Mm]/(y + 1), (1) 


the principal role in the diffusion of the shock front 
is played by thermal conductivity, while magnetic 
viscosity can be neglected. Here and below we use 
the dimensionless quantities 


US 0/05 Mi=vi/a, Mn=i/ ah 


Brn med /%4h1, Br =x fi ol, 
where 


On = Hi / 4np,, ay = %P1/ p1- 


Here, vy = c?/4mo0 is the magnetic viscosity, x 
the coefficient of temperature conductivity, and / 
the mean free path of the ion. The system of co- 
ordinates moves with the velocity of the wave in 
the direction of its propagation (for example, from 


cluding the potential scattering of the neutrons in 
the final state, give a good description of the ex- 
perimental results. 

In conclusion it should be mentioned that, on the 
basis of these considerations, one can not only ex- 
plain the energy distributions of products of reac- 
tions which lead to emission of several particles, 
but one also gets a value for the parameters of the 
interaction of these particles in the final state. 
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right to left). The remaining notation is universal 
in magnetohydrodynamics. 

Account of thermal conductivity alone leads to 
the appearance of an isothermal discontinuity. It 
is well known that in the absence of a magnetic 
field, a gradual change in the hydrodynamic quan- 
tities takes place only at gas velocities smaller 
than u, = (y+1)/(3y—1) by +, whereas in this 
case Mj? = (3y-1)/y(3~—y) (see, for example, 
reference 1). We call the velocity u,=uj, for 
which the isothermal discontinuity appears, the 
limiting velocity. If the magnetic field is not 
equal to zero, then the limiting velocity can vary 
from uj = (y+1)/(3y-—1) to1, depending on the 
values of M2 and M%,. These three quantities 
are related in the following fashion: 


My = 2[y—(2—1) 4) /1161 —7) 4; 
+(5—y7)u,—(37— 1) 44-7 — I)], 
Mi, = Iy—(2— 9) 4) /4187—14,—1y—-1. 2) 
The region in front of the isothermal discontinuity 
is especially clearly seen in the diagram of M3, 


Moe The connection between uy, M? and M% has 
the form 


Min = (Ye + 2—1)/U(y + 1) ue 
6) Sip 2 Oey Pte (3) 


In shock waves with parameters taken from the 
shaded region, the changes of all variables take 
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place smoothly. The drawing shows that the mag- 
netic field creates more favorable conditions for 
the formation of an isothermal discontinuity: the 
isothermal discontinuity appears for smaller am- 
plitudes of the waves the larger the field in the 
medium. 

It is easy to obtain values of quantities charac- 
terizing the wave directly in front of the jump. For 
example, the velocity is 


u=1/2{1/yMj+1/2Mn+ 1—u+[(1/yMi 

+ 1/2Mi 5)? + 2 Jug? 1"). (4) 
I thank K. P. Stanyukovich for discussions. 
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‘Tue frequency of extensive atmospheric showers 
with different numbers of charged particles was 
investigated by many researchers at different alti- 


tudes.! The most widely used research method 
consists of measuring the dependence of the num- 
ber of multiple coincidences of discharges in 
counters on the effective area of the counters 

(the so called “density spectrum”). The value 
spectrum of extensive atmospheric showers can 
be obtained from the density spectrum by using 
the well known lateral distribution function of par- 
ticles in the shower (in the particular case when 
this function is independent of the number of par- 
ticles in the shower) and under the assumption 
that the value spectrum of the showers obeys a 
power law with a constant or slowly-varying ex- 
ponent (see the paper by Migdal?). The latter 
assumption is connected with the fact that the 
axes of the registered showers may pass at vary- 
ing distances from the particle flux-density detec- 
tor; when counters are used it is also connected 
with the random character of the registration of 
the shower particle flux density. 

With the development of methods for the regis- 
tration and investigation of individual extensive 
atmospheric showers, direct data have appeared 
on the value spectrum of showers.*’> However, 
when the number. of shower particles is small, 
it becomes difficult to register individual show- 
ers and determine subsequently the number of 
particles by comparing the particle flux density 
at certain points at the level of observation. In 
this connection we used a modification of the 
method of measuring the density spectrum of 
extensive atmospheric showers. The modification 
consisted of registering only the fourfold coinci- 
dences of counter discharges which were not ac- 
companied by threefold coincidences in any of the 
three groups of counters in the same area, located 
~6m from the center of the array (Fig. 1). The 
counter area o in all the registration channels, 
including the anticoincidence channels, was changed 
simultaneously (o = 0.4m?; 0.2m, 990cm?2, 330 
cm’, and 165cm*). This method of registration, 
while not differing in principle from the measure- 
ment of the density spectrum, makes it possible to 
reduce substantially the difference between the 
number of particles in the showers causing opera- 
tion of the setup at a given counter area. This is 


FIG. 1. Plan of the im 
array: a — group of 
counters connected for 
fourfold coincidence, 
b — group of counters [a] 
connected for threefold CJ 
coincidence. 
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due to the fact that the probability of registering 
showers whose axes pass outside the center group 
of the counters of the array is considerably re- 
duced, because of the conditions of anticoincidence 
of the discharges in the central group of counters 
with the discharges in any peripheral group. 
Numerical calculations of the number of regis- 
tered showers were performed under the assump- 
tion that the integral spectrum of extensive atmos- 
pheric showers has the form f (>N) = A/N!-45, 
and the function of lateral distribution of the 
charged particles does not depend on the number 
of particles in the shower and corresponds to the 
experimental data of Abrosimov, Goryunov, et al.8 
The results of calculations for the counter areas 
o=0.4m? are given in Fig. 2. To reconcile the 
calculated number of showers with the experimen- 
tally observed one (H = 200m above sea level) it 


1 ae 

¢ dlog N 

a8 FIG. 2. a — shower 
spectrum by number of 

6 particles N, registered 
by the array at o = 0.4 

Qa Z : m?; b — number of show- 


ers causing coincidence 
02 of discharges in coun- 
ters of the same area. 


5 logN 


3 4 a 6 7 


log N 


FIG. 3. Intensity of extensive atmospheric showers S (in 
m7hr) with different number of particles N: 1 — data of pre- 
sent investigation (H = 200 m), 2 — data of reference 7H= 
60 m), 3 — data of reference 5 (H = 60 m), x — data of refer- 
ence 3 (H = 200 m), 0 — data of reference 4 (H = 180 m). 
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is necessary to assume in the foregoing spectrum 
avalue A=9x104m~*hr7!, which differs some- 
what from the corresponding value given by Nor- 
man! (1.15 x 10° m~"hr7!), but is in better agree- 
ment with the data obtained by individual investi- 
gations of extensive atmospheric showers.° 

Comparison of the shower spectrum by number 
of particles which we obtained with data of other au- 
thors is given in Fig. 3. 

The authors express their sincere gratitude to 
N.S. Il’ina for help in the measurements. 


1K. Greisen, Progr. in Cosmic Ray Physics 3, 
Amsterdam, 1956. 

2. B. Migdal, JETP 15, 313 (1945). 

3G. V. Kulikov and G. B. Khristiansen, JETP 
35, 635 (1958), Soviet Phys. JETP 8, 441 (1959). 
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Scheib, Nature 180, 406 (1957). 

3 Cranshaw, de Beer, Galbraith, and Porter, 
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Ir has been emphasized by Blank and Shirkov! 

that it is inconvenient to use conventional (“direct”) 
dispersion relations when the imaginary part of the 
amplitude for some process becomes larger than 
the real part since one then deals with a small in- 
tegral of a large (and generally speaking, alternat- 
ing in sign) quantity. To overcome this difficulty 
Blank and Shirkov proposed “inverse” dispersion 
relations and derived them explicitly for the pion- 
nucleon scattering process. In contrast to direct 
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dispersion relations the inverse relations express 
the imaginary part of the amplitude in terms of a 
Cauchy integral over the real part of the same 
amplitude. 

The aim of this note is the construction of in- 
verse dispersion relations for pion photoproduc- 
tion on nucleons.* Direct dispersion relations for 
pion photoproduction on nucleons were obtained by 
several authors.‘~® In the following we make use 
of the notation and the results of Logunov, Tavkhe- 
lidze and Solov’ev.® 

Using the same method as Blank and Shirkov 
did, we obtain inverse dispersion relations in the 


Here 
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following form (for the case when the nonphysical 
region is contiguous with the continuous spectrum 
region ): 


4 bgt 


Aj (E, p*) = — = se es im a Di(E, P’) 
Z dE 7; typ’ 
ees ca 
En 
nee E’+E, 
+ = Ai(E, P’) Ine. | 
4 E,tE,p M 2 
is eee (qi) In E, =e Panel Ei. (1) 


ioe bg 5S el ae 

leal= = Sok 7 (Hp + Bn) —+1 + Un) Teun | “+ Pn) 
a TpeE, —= — Un) (up — tn) a Be By She 
Po=VeP+M, p?=wM/4(M+y), En = (p? + p?/4)/p, 


e, f are the electromagnetic and mesonic coupling 
constants; Hp, My are the anomalous magnetic 
moments of the proton and neutron; M, w are the 
nucleon and meson masses. Although the large 
function A appears under the integral sign in the 
right hand side of the expression (1) its contribu- 
tion to the integral (for high energy photons ) 
should generally speaking be small because it is 
multiplied by the logarithm.f Unfortunately at this 
time the experimental data needed to carry out a 
detailed estimate are not available. 

For practical purposes it is convenient to have 
the inverse dispersion relations expressed in the 
barycentric frame of reference. We shall not 
write them out since they can easily be obtained 
from the direct dispersion relations. 

Inverse dispersion relations for pion photopro- 
duction may be written in another form? which dif- 
fers from the preceding in that the imaginary part 
does not appear under the integral sign. 

For the case when the nonphysical region is 
contiguous with the continuous spectrum region 
they are given by 


ie n| ti (E, sl a AOE \ Rel’ (E, p®) n,,dE" 
2 ae @lppt) W/o pe 
V Be Pe )V Eee 
we ie ee M 4 
ELE wii) ui Po V Ee Be 


(2) 


In order to obtain these relations in the bary- 
centric frame® from the direct dispersion relations 
it is necessary to multiply the one-nucleon term by 

[2M Fl) OM ea 4a) = 
and replace in the left hand side ReU;(W, v,) by 
— {Im U; (7, v3)} 
VW (M+ 1? V0? — Wet OM + 1 — 4M, - 
and under the integral signs ImUj(W, v,) by 

{Re Ui (W, v;)} 

Vw? Ve aa 

Lastly we observe that in expression (2), in con- 
trast to expression (1), there appears under the in- 
tegral sign a factor ~1/E. This circumstance may 


turn out to be useful if it is necessary to discard 
the high energy part of the integral.. 


(M + 1)? 


*For the analysis of experimental data on pion photoproduc- 
tion using direct dispersion relations, see references 2 and 3. 

tAn analogous situation also occurs for inverse dispersion 
relations for pion-nucleon scattering’ where estimates indicate 
that the contribution of A to the integral does not exceed 20%. 


‘V. Z. Blank and D. V. Shirkov, JETP 33, 1251 
(1957), Soviet Phys. JETP 6, 962 (1958). 
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Tae existing data on galvanomagnetic phenomena 
in indium and aluminum!~ refer to specimens in 
which the resistivity decreases less than a thou- 
sand-fold between room temperature and 4.2°K. 
We had at our disposal metals of appreciably 
greater purity which enabled us to reach a region 
of larger effective fields® than in previous investi- 
gations. Besides increasing the range, a study of 
aluminum in large effective fields is of interest in 
connection with the results of Liithi and Olsen.’ 
The indium specimen was a Single crystal, 
1.84 mm in diameter and 12.55 mm between the 
potential leads. The aluminum specimen was a 
polycrystalline strip, 0.27 mm thick, 3 mm broad, 
and 36 mm between the leads. The temperature 
dependence of resistivity is shown in the table. 
The measurements were made with the current 
normal to the magnetic field. A rotation diagram 
was taken for indium of the resistance change and 
Hall effect, and the measurements showed that the 
Hall constant is isotropic and is independent of 
field in the range 10 —28 x 10° oe; its value is 


189 


[ro ()/ro (273)1] «104 
10 °K HS 
| Al 
R = 1.5 x 107? egs magnetic units. The ratio of 
Hall field, Ey, to the field in the current direc- 
tion, Ex, increases linearly with magnetic field, 
as is shown in Fig. 1 (curve 1). The Hall field is 


nearly 20 times greater than the field in the cur- 
rent direction at the largest magnetic fields. 


bdo 


In 
0. 
4, 0.8 
2 


wwe 


9 


20 4,0e-104 

FIG. 1. Hall effect and magnetoresistance in In, T=4.2°K. 
Curve 1—E,/E,; Curve 2—Ar/r for the direction corresponding 
to the minimum effect; Curve 3—Ar/r for the direction for max- 
imum effect. 


The anisotropy of the relative change of resist- 
ance was found to be small, the greatest difference 
from the mean value not exceeding 25%. Curves 2 
and 3 of Fig. 1 show the resistance change in a 
magnetic field for directions which show the maxi- 
mum and minimum effects. It can be seen that in 
high fields the resistance tends to a limiting value. 
The results agree with those of other authors.?’*4 

The results for aluminum are shown in Fig. 2. 


FIG. 2. Hall effect and 7 
magnetoresistance in Al, 
T = 4.2°K. Curve 1—Ar/r; 
Curve 2—Ey/E,; 4—data 
of Lithi and Olsen. 


a 10 20 


H.0e-109 


Here again we have a linear increase of Ey /Ex 
(curve 2) with increasing magnetic field and the 
resistance (curve 1) tends to a limiting value. 
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The Hall constant in high fields is constant and 
equal to 9.4 x 1074. This agrees with the results 
of E. S. Borovik.® (We should point out that in 
this paper the value given for R was incorrectly 
an order of magnitude greater). 

The data of Ltithi and Olsen’ are represented by 
the triangles in Fig. 2. Koéhler’s rule has been 
used to reduce the effective fields to our scale. 
Clearly, there is disagreement for large fields 
and we are inclined to regard Olsen’s results as 
in error. The source of error could be the incor- 
rect neglect of the Hall field on the results for the 
resistance change. It can be seen from Fig. 2 
(curve 2) that the Hall field is nearly 10 times 
greater than the field in the current direction. 

We found an upward trend to the curve, as in 
Liithi and Olsen’s work, when the potential leads 
for the measurement of resistance were not 
mounted on the same current line. The effect we 
found was weaker and started in larger fields 
(21,000 oe). The source of the error found for 
such a disposition of potential leads has been 
elucidated by Alekseevskil, Brandt, and Kostina.!? 

The results obtained for indium — the absence 
of anisotropy in the Hall coefficient and the small 
anisotropy of magnetoresistance — enable us to 
state that indium belongs to the group of metals 
with closed Fermi surfaces.!! The form of the 
dependence of resistance and Ey/Ex on field 
shows that indium is a metal with unequal numbers 
of holes and electrons.® 

From the relations obtained for the Hall effect 
and magnetoresistance in high fields, ignoring 
Olsen’s results, we may suppose that aluminum 
also belongs to the same type of metals, but meas- 
urements on a single crystal would be necessary 
to make sure of this. 

As has been shown by Lifshitz, Azbel’, and Kaga- 
nov,!! the difference between the concentrations of 
electrons and holes can be derived rigorously from 
the Hall constant in high fields by the formula R 
= 1/nec (where n is the concentration difference). 
We have derived this from the data given above. 
For indium n = 4.2 x 1022 and for aluminum n 
= 6.7 x 1072. These values are in agreement with 
earlier determinations.® 
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2 Foroud, Justi, and Kramer, Phys. Z. 41, 113 
(1940). 

3&. S. Borovik, Dokl. Akad. Nauk SSSR 69, 767 
(1949). 

4&. S. Borovik, Dokl. Akad. Nauk SSSR 75, 639 
(1950). 


LETTERS «TO THE 2 DErOrR 


5&.S. Borovik, JETP 28, 83 (1952). 

6G, B. Yntema, Phys. Rev. 91, 1388 (1953). 

7B. Liithi and J. L. Olsen, Nuovo cimento 3, 
840 (1956). 

8. S. Borovik, Izv. Akad. Nauk SSSR, Ser. Fiz. 
19, 429 (1955), Columbia Tech. Transl. p. 383. 

9M. Kohler, Ann. Physik 32, 211 (1938). 

10 Alekseevskil, Brandt, and Kostina, JETP 34, 
1339 (1958), Soviet Phys. JETP 7, 924 (1958). 

11) ifshitz, Azbel’, and Kaganov, JETP 31, 63 
(1956), Soviet Phys. JETP 4, 41 (1957). 


Translated by R. Berman 
48 
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We consider the motion of a charge in mutually 
perpendicular uniform electric and magnetic fields. 
It is assumed that a damping force my(v)v acts 
on the charge. The z axis is taken in the direc- 
tion of the magnetic field, the y axis is in the di- 
rection of the electric field, and we assume that 

Vz = 0. We convert from the variables vx and 

vy to the new variables a and %, using the re- 
lations 


Ux = 02 + acosh, vy =v? —asing, 


jones cE/H 
x ened -Fivei(On)/ Ot nel cae 


Gee T (Y%)/@ zy cE 


14+ 72(v)/o% A” i 
It is apparent that v° ( sees vy) is the drift velocity 
while a and w are the amplitude and phase of the 
Larmor rotation of the charge. If the damping is 
linear (y independent of v) the Larmor rotation 
disappears in the course of time and only the drift 
motion remains. 

The situation is changed, however, if the damp- 
ing is nonlinear. Here we have the analog of a self- 
oscillating system of the Thomson type, with the 
Larmor rotation of the charge acting as the “tank | 
circuit.” The amplitude of this rotation does not 
vanish in the course of time, but approaches a 
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constant stable value, given by the relation 


TT 


1 
= \ (a + vy cos) y (VV v2 jd 1320, cos >)idy=0,.. (2) 


0 


The drift motion remains and is determined by the 
relations in Eq. (1). 

Equation (2) has a root 0<a< vy if the condi- 
tion 


ie RGhe 2 
1 (Yo) Cae ne U ‘ ” 


which is the oscillation excitation condition, is 
satisfied. 

The theorem proposed applies if the parameter 
y/wry is small, and can be verified by averaging! 
the equations for a and jy. It will be apparent 
from the expression for y(v) given in reference 
2 that a charge in a plasma can oscillate. In this 
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ln this note we follow the terminology used in the 
paper by Tumanyan et al.,' in which 25 cases of 
production of visible tridents were analyzed in the 
experimental part. Up to this time 29 additional 
visible tridents have been registered as a result 
of a study of the photon component of two high en- 
ergy (2 10'3 ev) nuclear interactions* and a study 
of three isolated electron-photon showers. 

The energies of the electron-positron pairs 
created by the photon component were determined 


X, rad. units 


case the excitation condition (3) is given approxi- 
mately by cE/H>v7y. Here v7 is the thermal 
velocity of the charges which surround the charge 
and damp its motion. 

In conclusion we wish to thank Ya. P. Terletskii 
for discussion of the present work. 


'N. N. Bogolyubov and Yu. A. Mitropol’skii, 
ACMMNTOTMYCCKKE MeTOAbI B TEOPMM HEAMHEMHBIX 
konseOanuk (Asymptotic Methods in the Theory of 
Nonlinear Oscillations) 2nd ed., Fizmatizdat, 1958. 

2L. Spitzer, Physics of Fully Ionized Gases, 
Interscience, New York 1956, Russ. Transl. IIL, 
1956, p. 93. 
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from measurements of relative multiple scatter- 
ing. In the isolated electron-photon showers the 
energy of the primary electron-positron pairs was 
also determined from the characteristics of the 
longitudinal development of the electromagnetic 
cascade.” | 
In a total length of electron track of 107.5 radi- 
ation length units 54 visible tridents were observed, 
which should be referred to an average electron 
energy of 20 Bev. The true number of tridents ob- 
tained with the help of the results of a Monte Carlo 
calculation! turned out to be 19.6. Our results on 
the determination of the mean free path A, together 
with the results of other authors, are shown in the 
figure (taken from the paper by Weill et al.? which 
contains references to the literature for the appro- 
priate sources; our data are represented by the 
star and the crosshatched cell). The curves show 
the theoretical dependence of 2 on the electron 
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energy. The upper curves a’ and a correspond 
to the calculations by Bhabha® as corrected by 
Block, King, and Wada‘ for the cases of no screen- 
ing (a’) and complete screening (a). The two 
lower curves b’ and b (b’~— no screening, 
b — complete screening) were calculated by us 
from the results of Murota, Ueda, and Tanaka,° 
whose calculation is more exact than Bhabha’s. 

As can be seen from the figure, the totality of 
the experimental results on the determination of 
dX for an energy interval of primary electrons 
1—100 Bev is in satisfactory agreement with the 
theory of Murota et al. A certain disagreement 
between experiment and the predictions of the 
above mentioned theory for electrons in the en- 
ergy interval 0.1—1 Bev is apparently due to an 
illegitimate extrapolation into the indicated energy 
region of the correction calculated by Koshiba and 
Kaplon!’ for the number of false tridents, which 
should lead to a substantial underestimate of the 
true number of tridents. 

Thus the experimental results on the determina- 
tion of the cross section for direct electron-posi- 
tron pair production by electrons should apparently 
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‘Tae propagation of electromagnetic waves ina 
magnetoactive plasma at frequencies w, close to 
muy? (m=1, 2,....; where w& is the gyromag- 
netic frequency of the electron and wt, is the gyro- 
magnetic frequency of the ion) is characterized by 
strong absorption; this absorption is due to the 
thermal motion of the electrons and ions (cyclo- 
tron absorption )!~6 and is of interest in connection 
with problems of microwave diagnostics and radio- 
frequency heating of plasmas. 

The damping of waves characterized by w 
~mw&, m= 2, 3,...., is especially pronounced 
in the case of a double resonance, i.e., when Mwy 
~wW,, where w, is the frequency given by the 
condition 

A=1—u,—v,-+ u,v, cos’6 = 0, 


2 
’ 


Ue = (oH ii w)”, Ve = (Q./ w) 


be considered as being in agreement with the pre- 
dictions of quantum electrodynamics up to 100 Bev 
energies for the primary electrons. 

I am grateful to Prof. I. I. Gurevich for valuable 
advice received in the course of this work. 


*These events were found by A. A. Varfolomeev’s group. 
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Q, is the electron Langmuir frequency, and @ is 
the angle between the direction of propagation of 
the wave and the direction of the magnetic field. 
As is well known,” when w © w, the index of 
refraction for the extraordinary wave n, become 
very large and a plasma wave can appear. When 
w* mwy ~ w, and m =3, 4 the complex indices 
of refraction for these waves, determined from the 
dispersion equation which has been reported ear- 


lier,” are 


1’ = Neg + i% 3, 
where 
Ma.g = {— Ay + (Ao — 482B)Ai)} / 282A > 1, 
X93 = Om Sin” 0 (1 — u,) n3(2B, + Agnzs) 2, 
By = (2 — ve) ue — 2 (1 — 0)? — uev, cos? 8, 
A; = — 0¢ {3cos* 8 (1 — u,) + cos’ sin” 6 (6 — 3ue + u2) 
X(L—u,)? + 3sint 6 (1 —4u,)7}, 


V rmem—2 sin2?”—2 9Q2 


e A 2 
“FFE cos bang (PeM2.8)°™—* exP (— 2), 


Zim = (1 — moj / ©) (V 2 Bene,3 cos 8), 


e 
on = 


Be = (Te mace 
(1) 

Te is the temperature of the electron gas and me @ 

is the mass of the electron. If, however, w ~ ZW 


~ 
~ WwW 
wr 
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Ren ~Imn' ~8," for |1—20%/| <8", | A, P< 


We now consider cases of ion cyclotron reso- 
nance. If w wh, the indices of refraction for 
the ordinary and extraordinary waves (when Bic 
<«< Va <c) are given by the expressions 


5 1 cos?6 oT Ve, 
~ cos? Q 


ce? | V2 
ae mcicmcsttay, (2) 
where c?/V4 = (Q;/w}y)? (the subscript i used 
in the quantity fj denotes the quantity fg with the 
electron mass replaced by the ion mass mj and 
the temperature of electron gas replaced by the 

ion temperature Tj). The expression for n, given 
in (2) applies when |1 = tt, /w| > BiN,cos 6; in 
this case the cyclotron Brant of the ordinary 
wave is exponentially small. When |1- wh, /w | 

<« BiN, cos @ however, this wave is highly damped: 


pee ee hes 


The extraordinary wave also experiences cyclotron 
absorption: 


c? (1 + cos? 6) \* 
Va B, cos? 8 f : (3) 


x» = B,N® cos @sin* 6 exp (— 24°) /V 8x | w (zi) P (1 + cos? 6)’, 
(4) 


where 


2, = (1 — on / 0) ass cos 6), 
ae fe 


The extraordinary wave is weakly damped: 
since BjN. «1. When fjc ~ VA propagation of 
both waves is impossible because of the strong 
damping: nj,9 ~ Kj,2 ~ 1/8j if w~ why. 

In the case of multiple resonances 


i == 2, Spee Nye = Na+ ixys, 


WZ) 


o> MoH, 
where 


N®, = fe, (1 + cos’ 0) = [ [e7, (1 cos" 6)" 


—Acos’0 (et) + eta) / 2cos” 8, (5) 
19 = Ons {(1 + cos* 6) N3. + 281; — 2 ie} {2.cos” ONS 
— 1, (1 + cos’ 6) NL}, (6) 
; f— _2M—2 «+ 2M—2 a2 ve i 
ci, = Lem sin (iN 2) exp (— 2) 


27m! cos eV’, 
= (1 — moi, /o) (V28:N cos 8), ©, = 1—9;/(1 — 4), 


19 = — lo; /V us (1 — 0). 
If zi, |< Sl, then Ki, o/Ny ~ (BiN a: 


Waves characterized by meeucies wW~ wi 


Ky “K N_ 
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(w not necessarily close to mw ) are also 
damped as a consequence of absorption in the 
electron gas (Landau damping). The refractive 
indices for these waves are given by Eq. (5) and 
the damping coefficients are 


%o,3/N4 = Im {— [e1, sin” @N’4, + (2e12€93 cos6 sin® — e%3 cos”6 
— (eh: + 2) sin” 6) N2%, +-e4,6%5] + &59 (6:1 — cos? ON2.) } 
x {2e1, (1 + cos’ 6) V4. — 4 cos? 6N4} 7, (7) 
where 
€o3 = —-itan6v,(1 + iV meow (26) /V wi, 
S99 = 12 Vr (me / m,) sin? bv;26w (26) B2N?. / us, 
833 = (2m; / me) 0; (20)° (1 + iV'x 25m (20), 
= ().2)-Ng cos 0a. 


The damping (7) is small; 
Ay ees i 
~ Me/mj. 


Ko,3 K< Ny. Even if 
i.e., VA ~ Bec, we find ky 5/N, 
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CURVES FOR THE PHOTOPROTON YIELD 
FROM THE C**® NUCLEUS 
E. B. BAZHANOV 


Leningrad Physico-technical Institute, Academy 
of Sciences, U.S.S.R. 


Submitted to JETP editor August 14, 1959 
J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 267-269 
(January, 1960) 


A previously described! scintillation telescope 
was used to investigate the depencence of the photo- 
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proton yield from the C!* nucleus on the peak en- 
ergy of bremsstrahlung y rays. Yield curves 
were Simultaneously obtained for three proton en- 
ergy intervals: 18.6 —24.2 Mev, 24.2 —29.9 Mev, 
and 29.9 —38.7 Mev with average energies of 21.4, 
27.0, and 34.3 Mev respectively. All the measure- 
ments were made with an angle @ = 57.5° with re- 
spect to the direction of the y beam, and the maxi- 
mum angular resolution of the telescope was +6.0°. 
The target, 150 mg/cm? thick, was placed perpen- 
dicular to the beam. The absolute doses of the 

y rays that had passed through the target for each 
peak y energy were measured with a thick-walled 
copper ionization chamber, which had been cali- 
brated with a calorimeter.” The sensitivity of the 
ionization chamber to bremsstrahlung y rays was 
practically independent of the peak y energy within 
the energy interval used. 

Figures 1, 2, and 3 present the experimental 
results for the average proton energies given 
above. Smooth curves (labeled a) were plotted 
through the experimental points, and after a pre- 
liminary procedure to smooth out the original 
variations, the Penfold-Leiss® method was used 
to convert them into cross section curves (labeled 
b). The statistical accuracy of the experiment was 
insufficient to prove the existence of a second max- 
imum in the cross section curve in Fig. 1. How- 
ever, Since the yield curve is seen to rise gener- 
ally right up to the largest energies, it appears 
altogether probable that there is a long “tail” like 
the one indicated in Fig. 3. The curves labeled c 
represent Dedrick’s calculations’ based on a quasi- 
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FIG. 1. Photoproton yield and cross section curves for C? 
with Ep = 21.4 Mev. The right ordinate scale refers to curve a 
and the left to curves b and c and the shaded areas. The 
errors are Statistical. 
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_ FIG. 2. The same as in Fig. 1, but for photoprotons with 
Ep = 27.0 Mev. 
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FIG. 3. The same as in Fig. 1, but for photoprotons with 
E, = 34.3 Mev. 


deuteron mechanism of y-nucleus interaction. It 
must be noted that agreement with the experiment 
for high energies is entirely satisfactory. Similar 
agreement has been observed? in the case of photo- 
protons with an average energy of 37 Mev. The 
arrows to the right along the abscissa indicate the 
minimum y energies necessary for the formation 
of protons with a minimum energy for the corre- 
sponding interval. These energies were obtained 
from the known kinematical relation, which is 
based on the conservation laws for the interaction 
between y quanta and a quasi-deuteron in the nu- 


cleus: 


2E » 


1 EL/M + p cos@/M 


2 > 


{ 
Ep == EE omin, a > E binding (y pn). 


In our opinion the wide maximum observed in 
the case of comparatively low y energies is toa 
considerable extent due to a contribution by the 
Cl? (yp) B" reaction. In favor of this view is the 
good correspondence which exists between the ex- 
perimental thresholds for the reaction and those 
predicted on the basis of the relation 


15h min = joe min SF Epinding (xp)), 


where Ebinding (yp) = 16 Mev (the arrows to the 
left). Shklyarevskii® has used the harmonic oscil- 
lator potential to investigate the interaction of y 
quanta with any individual nucleon in a nucleus or 
with the remaining non-participating nuclecns on 
the basis of an independent particle model. The 
shaded areas in the figures represent the contri- 
bution by (1p)* and (1s)? shells as determined by 
Shklyarevskii’s formulae. The parameter € = hw, 
which represents the separation between the shells 
is assumed to be equal to 15.5 Mev on the basis of 
Hofstadter’s data.’ The dependence of the well 
depth, Vy, on the proton energy® was also taken 
into consideration. The effective well depth was 
computed from the following relation: 


> 


co 


v=\ nim (r) V(r) Grim (r) dr, 


0 


Vote z= Vo (Ep) <7 Ve 


where @ylm (r) is the oscillator wave function. 
When 1=0, V9=*%¢€; when 1=1, Vi= ,€: The 
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contribution from the (1s)? shell does not exceed 
6% of the contribution from the (1p)* shell in all 
cases. 

Shown below for comparison are the integral 
cross sections computed with the Shklyarevskii 
formulae and those obtained experimentally: 


Interval of proton energy, Mev 18.6—24.2 24.2—29.9 
Integration interval of experi- 

mental data, Mev 34-63 42—70 
Integral cross section obtained ex- 

perimentally, 10°°° cm? Mev/sr 135.2+20.6 120.6+18.9 
Computed integral cross section, 

10°*° cm? Mev/sr 10.5 8.8 


The difference by a factor of ten should be consid- 
ered too large, even making allowances for the ap- 
proximate nature of the theoretical computations, 
as well as for the fact that a quasi-deuteron inter- 
action mechanism may also introduce a certain 
contribution to the experimental integral cross 
section. The 5—7 Mev shift toward high y ener- 
gies of the experimental maximum that can be seen 
in all the graphs relative to the computed contribu- 
tion from the (15)* shell can be explained by the 
fact that all of Shklyarevskii’s calculations are 
based on the assumption that the final nucleus re- 
mains in the ground state, which, of course, is 
hardly probable. 

The author wishes to thank Prof. A. P. Komar 
and his laboratory associates for their interest in 
this paper and also L. E. Lazarev for kindly mak- 
ing possible the use of the tables’ for computing 
the cross section curves. 
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MAGNETIC ANISOTROPY OF THE DIS- 
ORDERED ALLOY Ni;Mn AT HELIUM 
TEMPERATURES 


N. V. VOLKENSHTEIN and M. I. TURCHINSKAYA 


The Metal Physics Institute, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor August 28, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 270-271 
(January, 1960) 


For polycrystalline specimens of the alloy Ni3;Mn 
in the disordered state, a number of workers!~? 
have shown that the reversible magnetization 
curves taken at liquid helium temperatures lie 
significantly below the curves taken at liquid hy- 
drogen temperature and do not attain saturation 

at tens of thousands of oersteds. Magnetization 
curves of this type could be due to a rapid tem- 
perature variation of the magnetic anisotropy. To 
resolve this question a study is required on single 
crystals — the magnetization curves being taken 
in various crystallographic directions. We have 
performed such a study. 

From a large single crystal of the alloy Ni;Mn 
with face-centered cubic lattice in the disordered 
state, specimens of prismatic shape (1.2 x 1.2 
x lie mm?) were cut, the long axes of which were 
parallel respectively to the three crystallographic 
directions: [111], [110], [100]. The reversible 
magnetization curves of these specimens were 
taken at room temperature and at liquid nitrogen, 
hydrogen, and helium temperatures. 

The results are given in the figure. From the 
curves it is seen that at room temperature for all 
crystallographic directions there is a linear de- 
pendence of induction on field, and there is no 
anisotropy. 

On going to nitrogen temperature the character 
of the curves undergoes a marked change. Firstly, 
the curves 47I(H) assume a form typical of a 
ferromagnet. Secondly, magnetic anisotropy ap- 
pears; it increases on lowering the temperature 
to liquid-hydrogen temperature, but does not 
change essentially on further cooling to liquid- 
helium temperature. The crystallographic direc- 
tion [100] remains the difficult, [111] the easy, and 
[110] the intermediate direction throughout the tem- 
perature interval studied (from 77.8 to 4.2°K). In 
spite of the fact that the magnetic anisotropy (a 
measure of which is the area included between the 
curves for the [100] and [111] axes) does not in- 
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crease significantly on changing the temperature 
from 20.4 to 4.2°K, the curves for the easy and 
difficult directions at 4.2°K lie considerably below 
the curves at 20.4°K and magnetic saturation re- 
quires large fields. 

It should be remarked that the saturation fields 
at all temperatures are much smaller than the sat- 
uration fields obtained earlier! in polycrystalline 
specimens. Measurements of the coercive force 
He show that at nitrogen temperature for all crys- 
tallographic directions it is fractions of an oersted, 
but at hydrogen temperature it is of the order of 
oersteds. This data differs greatly from the data 
obtained on polycrystalline specimens in which we 
obtained for He more than a hundred oersted at 
nitrogen temperature and a thousand oersted at 
hydrogen temperature. The main explanation for 
this probably resides in the fact that, because 
various types of structural distortions are present, 
polycrystalline specimens are much harder mag- 
netically than single-crystal specimens of the same 
material. 

An analysis of the results obtained shows that 
the increase of saturation field with decreasing 
temperature — even for the easy direction of mag- 
netization (see curves for the [111] axis at 77.8, 
20.4, and 4.2°K) — cannot be due to an increase 
in the magnetic anisotropy when the ferromagnetic 
alloy studied is cooled to a low temperature. A 
more reasonable assumption is that, at tempera- 
tures below nitrogen in the disordered alloy Ni3Mn, 
a transition is possible from a ferromagnetic to an 
antiferromagnetic state with comparatively low 
critical fields (< 10° oe) at which magnetic satu- 
ration is attained (parallel magnetizations of the 
magnetic sublattices ). 

From what has been said follows the necessity 
for neutron diffraction studies and detailed meas- 
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urements of the temperature dependence of the 
magnetic anisotropy constant, in order to resolve 
definitely the unusual magnetic properties of Ni;Mn 
alloys in the disordered state at low temperatures. 

The authors are grateful to Dr. R. Bozorth and 
Dr. K. Williams for kindly providing the single 
crystal for the investigation. 
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ASYMMETRY OF URANIUM FISSION AT 
HIGH PROTON ENERGIES 
A. I. OBUKHOV 
Radium Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor August 28, 1959 
J. Exptl. Theoret. Phys. (UiS:S.R.), 08,1272 7o 
(January, 1960) 


Ar low bombarding-particle energies, the fission 
of uranium is mostly asymmetrical. The mass 
curve of the fission product yield has two maxima 
with a deep trough between them. As the particle 
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energy increases, the contribution of symmetrical 
fissions increases and at a certain energy the 
curve becomes a single-hump one (see, for ex- 
ample, the survey article by Lavrukhina!). At the 
same time, a certain broadening of the mass curve 
takes place.!~> When uranium is bombarded with 
660-Mev protons, a relative increase is observed 
in the number of fission events which are asymmet- 
rical in range with increasing nuclear excitation 
energy.* 

We have investigated the asymmetry of the 
ranges of fission fragments of uranium in P-9 (ch) 
nuclear emulsions at proton energies of 460 and 
660 Mev. The asymmetry in the ranges of the fis- 
sion fragments corresponds in general to the asym 
metry in the masses. 

Figure 1 shows the distribution of fission events 
as a function of the ratio of the ranges of the light 
and heavy fragments. The figure shows also the 
corresponding distribution for the case of fission 
eau by thermal neutrons.’ A comparison of the 
distributions shows that as the proton energy is in- 
creased from 460 to 660 Mev, the fissions that are 
strongly asymmetrical in range make a relatively 
larger contribution. 
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According to the liquid-drop model, the lowest 
barrier for uranium fission is possessed by the 
symmetrical form of fission.’ Calculations based 
on this model give a difference of ~ 6 Mev in the 
value of the energy of deformation for the asym- 
metrical uranium fission (with dimensional asym- 
metry of 1.5) and the symmetrical form.® If AE 
= Eg — Eg is the difference in the activation ener- 
gies for the asymmetrical and symmetrical forms 
of fission, then, according to statistical theory, 
the ratio of their probabilities is 


WV —— g,/6g~ exp (AE/T), (1) 


where T is the temperature of the nucleus. 
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As the temperature of the nucleus increases, 
the relative contribution of fissions which are 
asymmetrical in mass will increase at AE > 0, 
in accordance with (1). We employ this expression 
to explain the increase in the contribution of the 
product of asymmetrical (A = 67) and approxi- 
mately symmetrical (A =115) disintegrations in 
the bombardment of uranium by protons of 70 — 340 
Mev.’ We assume that these are all the fission 
products prior to the evaporation of the nucleons, 
since the yields of these products are vanishingly 
small at low excitation energies. We use as the 
nuclear fission temperature the temperature cor- 
responding to average excitation energy of the nu- 
clei. The average excitation energy was calculated 
on the basis of the laws of conservation of energy 
and momentum and the assumption that the momen- 
tum of the cascade particles is carried away by a 
single particle in the direction of the incident pro- 
tons. The values of the front component of the nu- 
clear momentum necessary for this purpose were 
determined by interpolating the known experimental 
values at certain proton energies. According to (1), 
log W should depend linearly on 1/T at AE 
=const. Figure 2 shows the experimental values 
of 0445/0¢7 vS. 1/T in a semilogarithmic scale. 
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FIG. 2 


It was assumed that T =2.92VU/A, where U is 
the excitation energy and A the mass number of 
the fissioning nucleus. If a straight line is drawn 
through the points, the slope of the line determines 
the difference in the activation energies. For the 
selected products, AE ~ 8 Mev. As the excitation 
energy is increased, this fission asymmetry will 
correspond to products with lower mass numbers. 
If A = 67 and 115 is invariably used for the fission 
products at the given asymmetry, this analysis 
will lead to approximately double the value of AE. 
Consequently, and also in view of the roughness 
with which the nuclear temperature has been deter- 
mined for symmetrical and asymmetrical fissions 
from the average excitation energy and in view of 
the possible contribution due to fission after emis- 
sion of a certain number of nucleons, the value 
given for AE is only tentative. 

At high particle energies the mass curve is a 


198 


result of superposition of fission products of ura- 
nium nuclei before and after evaporation of the 
nucleons. The fission asymmetry of nuclei with 
small excitation energy is determined by the in- 
fluence of certain factors, among which the shell 
effect can play a large role. At large excitation 
energy the influence of these factors apparently 
does not manifest itself during the instant of fis- 
sion. If it is assumed that fission asymmetry of 
such nuclei is determined by Eq. (1), so that the 
most probable is symmetrical fission, and that the 
relative contribution of the asymmetrical form of 
fission increases with increasing excitation energy, 
then the change in shape of the mass curve of the 
fission products of uranium with increasing par- 
ticle energy becomes understandable. Fairhall 
et al.® have shown that nuclear fission near bis- 
muth at excitation energies up to ~ 40 Mev occurs 
prior to neutron evaporation. The increase in the 
fraction of asymmetrical fission with increasing 
temperature, in accordance with (1), agrees quali- 
tatively with the observed broadening of the mass 
curves of the fission products of bismuth with in- 
creasing excitation energy.’’? The broadening of 
the mass curve of the fission products with increas- 
ing atomic number of the target, found in bombard- 
ment by 450-Mev protons,!° may be, in particular, 
the résult of the increase in the average excitation 
energy with increasing atomic number of the target. 

Among the experiments performed up to now on 
the fission of nuclei, two groups can be segregated. 
In accordance with the experiments of the first 
group, the fission of nuclei near uranium com- 
petes successfully with the evaporation of neutrons 
over a broad range of excitation energies.!!*!* The 
investigations of the second group!® are evidence 
that the fission of uranium bombarded with high 
energy protons occurs essentially after the exci- 
tation energy has been removed by nucleon evapo- 
ration. The “cold” nucleus can have a large angu- 
lar momentum. Consequently, and also as a result 
of the change in the composition of the nucleons, 
the fission characteristics of such a nucleus, in- 
cluding the asymmetry, may differ from the char- 
acteristics of nuclear fission in the case of small 
particle energies. 

In conclusion, the author expresses his grati- 
tude to Prof. N. A. Perfilov for interest in this 
work. 
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ON THE CROSS SECTION FOR COMPOUND 
NUCLEUS FORMATION IN THE INTERAC- 
TION OF ATOMIC NUCLEI 


V. V. BABIKOV 
Joint Institute of Nuclear Research 
Submitted to JETP editor September 18, 1959 


J. Exptl.. Theoret. Phys. (U.S.S.R.) 38, 274-276 
(January, 1960) 


dese available data! on the nuclear reactions in- 
duced by multiply charged ions indicate that one 

of the basic processes in these reactions is the 
formation of a compound nucleus with high energy 
of excitation and its subsequent decay. 

The cross section for compound nucleus forma- 

tion, o(E), can be calculated on the basis of a 
model in which the colliding nuclei have a sharp 
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spherical boundary and are completely absorptive 
for particles entering the sphere of nuclear inter- 
action. 

The fact that the problem contains the large 
parameter* 7 = Z,Z,e"/tiv > 1 indicates that in 
this model the cross section o(E) must be close 
to the classical value o(E) = 7R?(1-B/E) for 
ion energies above the Coulomb barrier B 
= Z,;Z,e*/R (R=R,+R, is the radius of the re- 
gion of nuclear interaction). The condition of 
quasi-classical motion for an ion with angular 
momentum 7h near the boundary r =R, 
| dxz (r)/dr | «<1, can be written in the form 
(we take advantage of the fact that in reactions 
induced by multiply charged ions the parameter 
p =R/x(“) >1)t 

FY La 2 
Ey pa 2, a) 
According to the classical model of a Biden sphere 
the values of 7 satisfying condition (1) with an 
equality sign give the following contribution to the 
cross section: 

ie ris | 


CS wie 1 
The contribution from angular momenta which do 
not satisfy condition (1) can be calculated for arbi- 
trary values of 6 with the help of a simple quantum 
mechanical model close to the classical model.¢ In 
view of the large excitation energy and, hence, of the 
high level density of the compound nucleus it is ap- 
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propriate to use the resonanceless theory with a 
nuclear potential in the form of a square well with 
radius R. The depth U plays practically no role 
in reactions with multiply charged ions. Since the 
nucleons in the ion are bound more strongly than 
the nucleons in the ground state of the compound 
nucleus (for target nuclei with A > 50), part of 
the kinetic energy of the ion is used for the “un- 
packing,” i.e., the lowest bound state level in the 
well lies above zero. Therefore U/E < Tt /4p" <P 
and the well depth can be neglected in comparison 
with the energy E. 

Keeping this remark in mind, we now consider 
the known? expression for the partial reaction 
cross section in this model: 


o, = mh? (21 + 1) 4s,p/[A7 + (s+ 0)'I. (3) 


The quantities sz and Aj are expressed in terms 
of the Coulomb functions Gjz(p) and Fy 7(p) and 
their derivatives Gi (p) and Fy (p). The pres- 
ence of the large parameters p and 7 inthe 
problem allows us to obtain simple analytic ex- 
pressions for sz and Aj and, hence, for oj in 
the form of asymptotic expansions in terms of in- 
verse powers of these parameters. We use con- 
tour integral representations® in the complex plane 
for Gj and Fy] and shift the parameter 7 to the 
exponent under the integral. By the method of 
steepest descent we then obtain 


m/(2—B)/ , 1 
= rg LL + OI, 
PF? (1/g) B\/: 
(2 — py’ ee Wl ahecaph | 
pee NS ntl Ole); 
; SAPP (jg) © jeg haa 
(aty)?+1 r_ (a+ yy +1 -1_ 2a L —"/s 
a =a ae | exp] —¢ (win ae 7 -+ Btan en — 2a) | Pier Ops )], (4) 
a 2— 8 \'/s 
A; = —pa[l+O0(e")], @= 1% ieee ace e 


Summing over all 1 with the corresponding extrapolation to the values J determined by the equalities 


1—B—vj= 


SOR? 4 exp| —o( tant 2 Tt _ es Bis eae (Ae 
¢ = 27R*} {exp ( = ) = Thy f ate (Ayu 8)} , |L—Bl< (AR) 
‘ 2 B) / Pr a ‘2—8 \/s 
aS |! F (- $e)" » ee (exp( or) + rio )I- ee BS ( 9p ) (6) 
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The comparison of the cross sections (6) with 
the experimental data of Druin and Polikanov‘ on 
the fission cross sections of bismuth bombarded 
by the ions of carbon, nitrogen, and oxygen, which 
practically coincide with the corresponding cross 
sections for the formation of a compound nucleus, 
leads to good agreement (see the figure) for the 
following choices of the parameter R: 

Cle Rese Ai a Cm: 
INME. Jes Tete Ore? Gunig 
OM VIRIal 27 0 Zem, 


o, cm? 


£0 70 & 


90 Ejab, Mev 


Thomas? and Piliya® also considered the cross 
section for compound nucleus formation caused 
by heavy ions. Thomas calculated the cross sec- 
tions numerically for several ions and target nu- 
clei, using formula (3) with a definite choice of 
the nuclear potential parameters R and U, which 
makes it difficult to use his results in the case of 
arbitrary nuclei (see also footnotet). The results 
of Piliya are quite different from those quoted 
above, since he made use of an incorrect asym- 
ptotic expansion. 

In conclusion I express my gratitude to G. N. 
Flerov for his interest in this work and also to 
G. N. Vyalov and S. M. Polikanov for fruitful re- 
marks. 


*The whole discussion is in the center-of-mass system of 
the colliding nuclei. 

tCondition (1) differs from |dX(R)/dR| « 1 by a coefficient 
~ 1 which was introduced to be used in connection with con- 
dition (4). 

tThe condition of complete absorption at the nuclear bound- 
ary in the quantum mechanical description (only incoming waves 
in the region r < R) is different from the analogous condition in 
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the classical model. The use of the quantum description for all 
angular momenta would lead to a smaller cross section which 
does not go over into the classical result for f > 0 (p > »). 

**In the same way we can obtain expressions for the average 
moment of inertia of the nucleus. 
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PHOTOPRODUCTION OF POSITIVE PIONS 
IN HYDROGEN NEAR THRESHOLD* 


EG GORZHEVSKAYA, V. M. POPOVA, and 
F. R. YAGUDINA 
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Submitted to JETP editor September 19, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 276-278 
(January, 1960) 


Eerie on photoproduction of pions from 
nucleons near threshold play an essential role in 
testing the meson theory based on dispersion rela- 
tions. In particular, there is great interest in the 
behavior of the square of the matrix element for 
the photoproduction of positive pions near threshold, 
since according to the theory the direct interaction 
of the photon with the meson current leads to an in- 
crease in the square of the matrix element as the 
photon energy decreases. Besides this, a compari- 
son of the 1* photoproduction cross section for 
hydrogen near threshold with the 7 photoproduc- 
tion cross section for neutrons!” allows us to 
match the experimental data with the predictions 

of meson theory about the quantity o~/o* near 
threshold. Our work is devoted to clarifying these 
questions. 
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The differential cross section for positive pion 
photoproduction was measured for the proton en- 
ergy intervals 152.9 —158.3 and 158.3 —161 Mev. 
It was convenient to measure the energy ina given 
region by the CH,—C subtraction method. The 
Coulomb fields present in the nucleus strongly de- 
crease the possibility of the formation of low- 
energy positive pions from carbon.} In addition, 
such a method gives the possibility of using thin 
targets, which allow the detection of low-energy 
mesons and free us from the necessity of intro- 
ducing corrections for energy loss and the scatter- 
ing of mesons in the target. 

The mesons formed in the polyethylene and car- 
bon targets (by the action of a gamma ray beam 
from the synchrotron of the Joint Institute for 
Nuclear Research with a maximum energy of 263 
Mev) were detected by photographic plates. The 


plates were subjected to a double scanning. In this, 


the effectiveness of discovering mesons was 90%, 
on an average. Those m-y decays found in the 
emulsions were chosen whose muon tracks ended 
in the emulsion. 

The experimental geometry was such that me- 
sons with energies from 0.5 to 6 Mev at angles of 
60° and 120° to the proton beam in the laboratory 
system were detected in the plates. 


To find the cross sections in the center-of-mass 


system, all the events were broken down by energy 


and angular intervals. The cross section was taken 


as the weighted average of all the values obtained. 

The values of the cross sections do*/dQ for 
120° and the square of the matrix element 
(do*/dQ)7/w are given below, where w is the 
ordinary kinematic factor 


w= 70/(1+/M)(1+¥/M); 


n, w, and v are respectively the momentum, total 
meson energy, and photon energy in the center-of- 
mass system, and M is the proton mass. Here 
we give the values of the square of the matrix ele- 
ment, calculated according to the formula 


deff) sin?0. Bach 8p ese 
2v2 (1 — ycos 6)? M De | 


do 


dQ ww” p®*o 


The coupling constant f? is taken as 0.08. 


Photon energy Ey, Mev (lab.) 155.6 159.6 
y 
10990 er) BON 244.7 
dot = cm? experiment 0.60.1 0.50.2 
10°90 w ? st (oe) theory 0.624 0.577 


It should be noted that the value of the 1” 
photoproduction cross section for hydrogen at 
E£., = 160 Mev given in the recently published 
work of Barbaro et al.* agrees well with our data. 
The figuret comparing the theoretical depend- 


ence of the square of the matrix element on the 
photon energy with experimental data from vari- 
ous authors, shows that the increase in the squared 
matrix element actually takes place up to threshold, 
and confirms the correctness of taking into account 
the direct interaction of the photon with the meson 
beam in the extrapolation to threshold. 


d6 7/55) + cm? 
wt © (120) 2. Sr 


Re f 
st eyes 


Ey, Mev (lab.) 


160 170 180 190 L0G 
The dependence of the square of the matrix element of pion 
photoproduction on the energy of the photons. The curve was 
calculated from dispersion theory. A — data from our work, 
O — data from reference 3, ® — from reference 4, O — from re- 
ference 5, a — data of Adamovich, Larionova, and Kharlamov 
(private communication). 
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The value of the ratio o~/o*, calculated on the 
basis of our data and of data on the photoproduction 
of pions in the same energy interval! is o~/o* 
= 1.3 + 0.3, which agrees well with the predictions 
of meson theory. 

The authors express thanks to Academician 
V. I. Veksler for directing the work and to M. I. 
Adamovich for his interest in the work and his 
participation in examining the results. 


*The results in the present letter were given in the sum- 
mary report of Bernardini at the Kiev conference on high en- 
ergy physics, July, 1959. 

tIt is interesting to note that the cross section for positive 
pion photoproduction from one proton of carbon is ~-0.1 of the 
cross section for hydrogen. 

tThe figure is taken from the report of Bernardini at the 
conference on high energy physics at Kiev, 1959. 
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QUASISTABLE STATES WITH LARGE ISO- 
TOPIC SPIN IN LIGHT NUCLEI 
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We consider an odd nucleus A with one excess 
neutron, with a minimum value of isotopic spin 

T = 4 in the ground state, and with a neutron 
binding energy Q. The excited states of the nu- 
cleus A* with excitation energy E >Q have as 
a rule a rather large probability of neutron emis- 
sion, i.e., a large width Ip of the process A* 
—B+n, where B is an even nucleus. 

Let the ground state of the nucleus B have 
T=0, and let the state B* with T=1 have an 
excitation energy A. We assume that the nucleus 
A has an excited state A¥ with T =*% and exci- 
tation energy E3 such that Q< E3<Q+A. The 


decay of A3 to B* +n is energetically impossible, 


while the decay of Aj into B +n proceeds via a 
change in isotopic spin and should therefore have 
an anomalously small width [n. The state Aj is 
quasistable and should appear in a unique manner 
in the scattering of neutrons by nuclei B, and also 
in the photoeffect A+y=BHtn. 

When n is scattered by B the isotopic spin 
of the system in the initial state is T = oe and it 
is usually assumed that states with T =% should 
make only a small contribution to the scattering 
cross section. However, if a quasistate exists, 
then sharp scattering resonance takes place at a 
neutron energy Ey = E3;—Q, with a maximum 
cross section 


Axk® (QJ + 1)/(2S + 1). 


The low probability of the process, connected 
with the disturbance of the isotopic spin, mani- 
fests itself not in a reduction in the scattering 
cross section, but in a reduction of the width of 
the resonance scattering. Therefore observation 
of resonance is quite possible if the neutrons are 
sufficiently monochromatic. 

At resonance the increase in the scattered 
cross section will be accompanied by an increased 
probability of the process B(n, y)A, since 
On,y/%sc =Vy/Tp and an anomalously small Ty 
should give* an anomalously large I'y /Tn. Inci- 


dentally, the inequality Ty/Tn <«< 1 remains in 
force, since Ty ~ e’, when the isotopic spin is 
disturbed by the Coulomb interaction, like ry, 
which contains, however, other small factors, 
(v/c}4, (R/x)Y, and (h/Mcx)™ in degrees that 
depend on the type of transition (for El: u = 2, 

v =2, and w=0; for M1: u=v =0, and w=2, 
etc). 

The existence of a quasistable Aj should lead 
to a narrow resonance in the reverse processf 
A(y,n)B and also to resonant scattering of y 
by A. Incidentally, owing to the inequality Ty /Tn 
<1, the latter process can apparently not be ob- 
served. 

The state Aj forms an isotopic multiplet with 
the ground state of the nucleus with three excess 
neutrons, and, by introducing a known Coulomb 
correction, it is possible to determine the ex- 
pected position of the quasistable level. Thus, 
knowing the masses! of the boron isotopes B”? 
and B}*, it is possible to determine the energies 
of the corresponding states of ot (T=1) and 
c* (tT =%). The result (in our notation) is 
K3 = 11.2 Mev at Q=4.95 Mev and A=11.54 
Mev. Consequently, the level CH should be 
quasistable, since its energy is insufficient for 
decay into Ci?* +n. 

One should expect a narrow resonance in the 
scattering of n by C! at E, =11.2—4.95 = 
6.25 Mev, corresponding to a neutron energy of 
7.20 Mev in the laboratory system. 

From the similarity between C!* in the state 
with T= %, and the ground state of B!* one ex- 
pects C}°* to be in the state %4-, which leads to 
a scattering of neutrons in the state Pz. on C??, 
with a cross section 


A4nk? (2J + 1)/(28 + 1) = 0.8 b. 


A relatively narrow resonance was observed ex- 
perimentally? at E, =6.30 Mev, along with a super- 
position of two resonances at En = 7.4 and 8.7 Mev. 

The state of interest to us can be investigated 


_by studying the angular distribution and polarization 


of the scattered neutrons. On the other hand, at 
least in principle, there is a possibility of ascer- 
taining the existence of the unknown isobars by 
resonance in the scattering of neutrons by stable 
nuclei. Thus, narrow resonance in neutron scat- 
tering on Be!’ or C! could denote the existence 
of stable (with respect to emissjon of neutrons ) 
nuclei Li!! or B}, 

I take this opportunity to express my gratitude 
to V. I. Gol’danskii for a discussion. 
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*A, > A+ y is allowed, I, has a normal value. 

tIt is possible that the best method of observing the quasi- 
stable level is to let the reaction proceed against the contin- 
uous spectrum of bremsstrahlung and to determine the maxima 
in the spectrum of the emitted neutrons from the time of flight, 
using a pulsed y source. 


Ip, Ajzenberg-Selove and T. Lauritsen, Nucl. 
Phys. 11, 5 (1959). 

* Bondelid, Dunning, and Talbott, Phys. Rev. 
105, 193 (1957). 


Translated by J. G. Adashko 
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(January, 1960) 


‘The study of triton spectra from (d,t) reactions 
on light nuclei!’? has shown that mainly hole levels, 
corresponding to the ripping out of a neutron from 
the nucleus, are excited in this reaction. It is of 
interest to investigate the hole levels of medium 
and heavy nuclei, which differ in that they have a 
complex structure and a large number of filled 
shells. The neutron would be expected to be ripped 
out of various shells, with the excitation of hole 
levels with differing excitation energies, corre- 
sponding to the binding energies of the neutron 

in these shells. 

In the present work, the spectra of tritons from 
(d, t) reactions in Fe, Zr, In, Au, and Bi were 
measured. Deuterons were accelerated in the 
cyclotron up to an energy of 20 Mev. The triton 
spectra were measured as previously!~3 from the 
activity of tritium collected in stacks of foil. 

Since the energies of tritons emitted from 
heavy nuclei depend only weakly on angle, tritons 
were collected in stacks of foil subtending a rather 
wide angular interval. There was one angular in- 
terval, 15 — 40°, for the targets of iron and indium, 
and two angular intervals, 8.5 — 23° and 24.5 — 39° 
for zirconium and gold. The maxima of distribu- 
tions corresponding to practically all angular mo- 
menta J of the removed neutron lie within these 


angular intervals, with the exception of 1=0. The 
angular distribution of the tritons was measured 
for the bismuth target. 

The measured triton spectra are given in Fig. 1. 
Along the abscissa are marked the excitation ener- 
gies of the residual nucleus formed as a result of 
the reaction on the main isotope (Fe°® — 92%, 

Zr? — 51%, Int!5 — 96%, Au!” — 100%, Bi2? — 
100%). The magnitude of the energy resolution 
for each of the spectra is shown as a horizontal 
dash in the region of the main group. The magni- 
tudes of the cross sections for Fe*®, Zr*®®, and 
In'5 were calculated from the atoms ina naturally 
occurring mixture of isotopes. 

In all spectra, an intense group of tritons, which 
usually had two peaks, was observed corresponding 
to an excitation energy of 0 —2 Mev. Excitation of 
states of the residual nucleus of energy higher than 
2 Mev proceeds with substantially smaller proba- 
bility. This means that in all of the nuclei studied, 
the main process is removal of the most weakly 
bound neutron, apparently out of the same outer 
(filled or unfilled) shell. The width of the group 
(1.5 —2 Mev) is characterized by the spread in 
binding energies of the removed neutrons. 

The character of the angular distributions, fol- 
lowing from comparison of intensities of groups in 
the two angular intervals, agrees with known data 
on the character of that from outer shells. In 
Zr®’, the outer neutrons are in 1gy/2 States; there- 
fore the angular momentum of the removed neutron 
should be 1=4. The intensities of the first max- 
ima inthe Zr*®’(d, +t) spectrum are almost the 
same for the angular intervals 8.5 — 23° and 24.5 
— 39°, in complete agreement with what one would 
expect for a large value of l. 

On the other hand, the intensity of the group of 
tritons from reactions in the isotopes Zxr?1,92,94 
drops by a factor of 4 or 5 in going from the first 
to the second angular interval, in agreement with 
neutrons filling the 2d5/2 state above the closed 
shell. 

In the spectrum of Au’’', both lines are more 
intense in the angular interval 24.5 — 39° than in 
the interval 8.5 —23°. According to shell theory, 
the state of outer neutrons, 1i,3/2, corresponds to 
a large value of the angular momentum /=6. It 
should be noted that a reliable determination of 
angular momenta for medium and heavy nuclei 
cannot be made, since there is, up to now, no 
possibility of reliably calculating the effect of 
the. Coulomb interaction on the angular distribu- 
tion. 

In Fig. 2 are shown angular distributions of 
three groups of tritons from the reaction 


197 


204 LETTERS TO THE EDITOR 


a, mb/sr Mev 


SHS m~ BW W 


S~vs FS ~ BS WS 


Fe 


bb 4B 210 8 8 


o, mb/sr og, mb/sr oO, mb/sr 

ae I exe =l0 Eexc =25 

25\ ry , 25 I 

20 20 1 

15 15 } i 

10} 5 10 } 

05 8 os ty 
[pe RRR Rete as 
0 0 #7 60 8 0 2 40 60 8 0 2 0 6 ue 

FIG. 2 


Bi? (d, t) Bi, One can assign the values of 
Zl (1, 1+38, 3) to them on the basis of available 
data* on the configuration of the levels of Pb?” 
(ground, pj/23 0.57 Mev, f5/2; 0.90 Mev, pg9; 
1.63 Mev, ij3/2; 2.35 Mev, fr/2). 

The most interesting characteristic of the 
measured spectra is their great similarity, mani- 
festing itself in the fact that they all show at 
maximum triton energy a wide group with two 
more or less clear maxima, about 1 Mev apart. 
This is in spite of the fact that the target nuclei 
are completely different, both in the number of 
outer neutrons and with respect to the configura- 


6=15%40° ; af * of 

eS are I DF Soom 
b a) 4 i, Yh 7] 1] E exc» Mev 
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tion being filled by these neutrons. The approxi- 
mate equality of the absolute values of differential 
cross sections (with the exception of Fe) is of 
interest. 

The authors are grateful to their colleagues in 
the cyclotron laboratory for carrying out the ir- 
radiations. 
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(January, 1960) 


ee investigations have been devoted to the 
study of the y spectrum of La!°. The hardest 

Yy rays observed until now in the radiation of 
La!° have an energy hv ~ 2920 kev. According 
to references 1 and 2 the mass difference La‘?? 
—Ce'*? amounts to ~ 3800 kev. Consequently, one 
can assume that the decay of La!’ excites states 
of Ce!*? with energies up to ~ 3800 kev, and tran- 
sitions from higher excitation levels to the ground 
state can be observed. 

Using the y hodoscope of the Physics Research 
Institute of the Leningrad State University, a de- 
scription of which was published elsewhere,**4 we 
investigated the hard y radiation from La!*?, 
Four series of measurements were carried out 
with different sources and at different values of 
the magnetic field intensity H. In series I and 
IV (H =1159 and 1226 oe, respectively), the 
sources were two different La,O3; compounds, in 
which the isotope La!*? was obtained from the re- 
action (n, y). The activity of each source did not 
exceed 50 mC at the beginning of the measurements. 
In series II and III (H = 1011 and 1159 oe), the 
source was a mixture of Ba!4? and La!°® in equi- 
librium (activity not more than 25mC at the start 
of the measurements ). 

Resolution of the spectrum into components, 
with allowance for the dependence of the instru- 
ment line shape on hy and H in each series of 
measurements, has made it possible to separate 
four y lines with the following energies (averaged 
over four series ) 2530 + 30, 2915 + 30 (these lines 
are already known?), 3110 + 50, and 3380 + 70 kev; 
the latter two were observed by us for the first 
time. 

The diagram shows the form of the y spectrum 
of La! after eliminating the background from the 
first series of measurements (dotted lines — reso- 
lution of the spectrum into components). The rela- 
tive intensities of the y transitions with hv = 2915, 
3110, and 3380 kev, determined from the areas of 
the lines of this series, amount to 1.0, 0.42 + 0.07, 
and 0.019 + 0.006 respectively. The errors in the 
determination of the relative intensities are due to 
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Experimental spectrum of y rays from La**° in the range 


2600 — 3900 kev. At H = 1159 oe, the probability of registra- 
tion is optimum for hv = 3705 kev; the observed 2915, 3110, 
and 3380 kev lines are attenuated by factors of 54, 2.4, and 
1.4 respectively; the line hv = 2530 kev is not registered at 
all under these conditions. 


the inaccuracy in the knowledge of the spectral sen- 
sitivity, the statistical measurement errors, and 
the inaccuracy of the resolution of the spectrum 
into components. If it is assumed that the inten- 
sity of the 2915-kev y transition is 7 x 1074 quan- 
tum per decay,” then the intensity of the 3110 and 
3380 kev transitions is respectively 2.9 x 1074 and 
isp 0c quantum per decay. 

The 3110 and 3380 kev y rays found by us are 
produced during transitions from the correspond- 
ing excited levels of Cel*?, heretofore unknown, 
to the ground state. We observed no harder y 
rays in the radiation of La!?. 

We consider it our duty to express deep grati- 
tude to O. V. Chubinskii for furnishing us with data 
on the spectral sensitivity of the instrument, to 
N. D. Novosil’tseva for providing us with sources, 
and to L. V. Gustova for help with the measure- 
ments, 
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Paasoraopt in the angular distribution of in- 
ternal bremsstrahlung in K capture by polarized 
nuclei occurs if parity is not conserved in weak 
interactions. Experimental investigation of this 
phenomenon yields in principle the same informa- 
mation on the constants of the 6 -decay interaction 
as do experiments on the angular distribution of 
electrons in the B decay of polarized nuclei. From 
the experimental point of view the measurement of 


anisotropy of internal bremsstrahlung in K capture 


J— J (no) transition 
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by polarized nuclei can be more convenient since 
in this case the observed effect is less dependent 
on the thickness of sources in which scattering of 
the radiation involved can take place. We also 
note that the anisotropy coefficient of internal 
bremsstrahlung does not depend on the energy of 
the y quanta. 

We calculated this effect for allowed transitions 
according to the usual method of the Born approxi- 
mation in the Coulomb field of the nucleus. The 
angular distribution has the form 


W =1-+ Pacos8, (1) 


where P= <Jz>/J is the polarization of the 
nucleus, J and Jz are respectively the spin 
and the projection of the spin of the nucleus in 
the ground state, and @ is the angle between the 
direction of polarization of the nucleus and the 
momentum of the bremsstrahlung. For inter- 
actions of the general type S+T+V+A the 
anisotropy coefficient is given by the formulas: 


4 re , * 1% , * 2J ax. , * o* oe 
ToT Uerer + err) — (Baba + Gaal <i oll? + + TGs Re {[(&sgr + 8s8r) — (y@a + 8y8a)) <I 1 11> <I ¢ ID) 
& : ; A é ; : 

(les P+ les) + ay P+ lay PI) <1 1D? + +erP+ler?)+(e,h+leal)) <il oi? 
J —~J-1 (no) transition J+J—1 (no) a=+1, (5) 
Guts Sener) Mena esta) (3) Jost (n0) a=—J/J +1), (6) 

(gr P+ lerl?)+(eaP+leal) 
J—J (no) 


J—~ J+41 (no) transition 
J —(@rer t+ erer) + (Sea t+ GaGa) 


C= = = 
J+4 (gp P?+lerP)+(e,Pt+leal) 


(4) 


Here <||1||> and <||o]|> are the nuclear ma- 
trix elements for the Fermi and Gamow-Teller 
parts of the interactions. 

For the (V-A) interaction, with strict invari- 
ance under time reversal and with two-component 
neutrinos (polarized with spin opposite to the mo- 
mentum direction in K capture) we have 


= 4 yey 2J 
2 =| pr RB — pRB | / (1+ BR, (1) 


where’ R =|ga/gy|=1.19 + 0.02; B= <|la||>/ 
a i 

Since experiments on K -capture radiation are 
best done with nuclei which decay directly to the 
ground state so that the background of nuclear Y 
rays does not interfere with the investigation of 
the bremsstrahlung, we list below values of the 
anisotropy coefficient aya for several such 
nuclei:? 
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yas Peery J—J*(no) aya = (0.32B* — 2.1B)/(1 
+ 1.42B?) 

Fess 3/5" > 5] tS 9) bat) o( a0) ay A 056 

Ge'l ue tks os fee | aL ] (no ) Cha Ss 10) 28 

Mo?? Higa Oh ele SA (nol) yA —— O78 

Cg131 hiss —>. Bese Ap aseAl == || (no ) aya = + ] 


In conclusion we wish to express our gratitude 
to V. S. Shpinel’ who drew our attention to this 
effect, and to I. S. Shapiro for his valuable advice 
and leadership. 


! Sosnovskii, Spivak, Prokof’ev, Kutikov, and 
Dobrynin, JETP 36, 1012 (1958), Soviet Phys. 
JK CP_9,. 717 (1959). 

a eo Dzhelepov and L. K. Peker, Cxempi 
pacnaga paqvoakTuBHblx agep (Decay Schemes of 
Radioactive Nuclei), Acad. Sci. U.S.S.R., 1958. 
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ELASTIC SCATTERING OF PROTONS BY 
CHROMIUM ISOTOPES AT 5.40 Mev 
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Ukrainian S.S.R. 


Submitted to JETP editor September 29, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 285-287 
(January, 1960) 


We have investigated the angular distribution of 
protons seattered elastically by the chromium 
isotopes Cr** and Cr°?. Protons accelerated in 
a linear accelerator were energy-analyzed by a 
magnetic field giving a deflection of 24° and sent 
through a collimation system with a diaphragm 
opening 2.8 mm in diameter onto a target located 
in the scattering chamber. The target consisted 
of thin metallic foils 4 thick in the case of Cr™ 
and 0.7 thick in the case of Cr®3, The protons 
scattered by the target were recorded in photo- 
emulsion pellicles 100 thick at angles of 20 — 160° 
every 10°. In the angular region 20 — 70° the plates 
were placed at distances r = const /sin® (0/2), 
which made it possible to protect the emulsion 
from the intense “illumination” by protons scat- 
tered at small angles by the Coulomb field of the 
nucleus. 
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Figure 1 shows the energy spectrum of protons 
scattered by the nuclei under investigation at an 
angle of 130°. It is readily seen that the inelastic 
group of protons is easily distinguishable and that 
the number of elastically-scattered protons can 
be counted readily at any angie. We note that the 
inelastically scattered protons corresponding to 
the 540-kev level of Cr®® are relatively few, which 
is evidence that this level is weakly excited, while 
the number of protons corresponding to the 970- 
kev level is considerable. 

The angular distribution of the elastically- 
scattered protons is shown in Fig. 2. The differ- 
ence in the scattering is seen to be not only quan- 
titative, but also qualitative. The intensity of the 
protons scattered by Cr is 2.5 times as large 
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as that for Cr®® in the large-angle region, and, 
moreover, in the case of the former, it increases 
rapidly and practically linearly with the angle, be- 
ginning from the minimum, while for Cr®® the 
curve passes through a maximum in the angular 
region 140 —150°. There is also a visible differ- 
ence in the depth of the minimum of the curves in 
the region of 90°. The region of small angles has 
to be investigated more carefully. 

Shown for comparison in Fig. 2 are measure- 
ments we have made of the angular dependence 
of 5.45-Mev protons scattered elastically from 
Cu® and Ni®.! From the comparison it follows 
that the even-even Cr scatters protons, just 
like the even-even Ni*® and other even-even nuclei 
[Ni®, Ni® (reference 1), Fe, Ti (reference 2)]. 
The shape of the angular dependence for even-odd 
Cr*8 is similar to the shape for odd-even Cu®. 

The results obtained by us are evidence of the 
fact that a change of one in the number of nucleons 
in the atomic nucleus, independently of the charge 


ANGULAR DISTRIBUTION OF PROTONS 
FROM THE REACTION Ca*(d, p) Ca* 


N. I. ZAIKA, O. F. NEMETS, and V. S. PROKO- 
PENKO 


Joint Institute of Nuclear Research 
Submitted to JETP editor September 30, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 287-289 
(January, 1960) 


‘Tae theories of stripping reactions!»* give a sur- 
prisingly good overall agreement with many experi- 
ments, in spite of the fact that they do not take into 
account the Coulomb and nuclear interactions of 
the deuteron and proton with the nucleus, and 
compound-nucleus formation. In addition, the 
calculations have been carried out in the Born ap- 
proximation, which can hardly be justified at low 
and medium deuteron energies. In a series of 
cases, substantial deviations from the predictions 
of the simple stripping theory have been observed. 
In some of these cases, these deviations are con- 
nected with effects of the Coulomb and nuclear in- 
teractions ,? and in others, with the difference of 
reaction mechanism from that of pure stripping.‘» 
Therefore, it is of interest to obtain data making 
it possible to see the effects of the factors men- 
tioned on the angular distributions. 

We studied the angular distribution of protons 
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state of the nucleus, essentially changes the inter- 
action between the nucleon and the nucleus. It is 
possible that the change is the result of a change 
in the spin of the nucleus in passing from even- 
even nuclei with spin zero to even-odd or odd- 
even nuclei with half-integer spin. 

In addition, the decrease in the relative cross 
section for Cr*3, in comparison with Cr®?, in the 
large-angle region, apparently can be considered 
as an increase in the absorption at the boundary 
of the nucleus, owing to the diffuse surface of the 
Cr*® nucleus due to the addition of an odd neutron. 


1 Rutkevich, Gorlovnaya, Val’ter, and Klyucharev, 
Dokl. Akad. Nauk SSSR, (in press). 

2 Kondo, Yamazaki, Toi, Nakasimi, and Yamabe, 
J. Phys. Soc. Japan 13, 231 (1958). 
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from the reaction Ca‘ (d, p) Ca!! leading to the 
ground, first, and third excited states, for a deu- 
teron energy of 13.6 Mev. The nucleus Ca‘ was 
chosen for the measurements, since one might ex- 
pect a small probability of compound-nucleus for- 
mation owing to the closed neutron and proton 
shells. In addition, at small deuteron energies, 
strong nuclear interaction is observed, *? and it 

is of interest to carry out the measurements at 
higher energies. 

The measurements were carried out with the 
external beam of the cyclotron of the Institute of 
Physics of the Academy of Sciences, Ukrainian 
S.S.R. The geometry of the experiment was the 
same as in previous work.® The only difference 
in the method was that a polystyrene absorber was 
placed before the entrance to the ionization cham- 
ber. It completely stopped deuterons, substantially 
relieving the amplifier of the chamber, and making 
it possible to increase the beam on the target. This 
also led to a complete elimination of background in 
d-p reactions from deuterons undergoing elastic 
scattering in the target for values Q > 2.7 Mey. 
The energy resolution was not significantly de- 
creased by this. The target was prepared by 
vacuum coating and had a thickness of 3 mg/cm’. 

In Figs. 1, 2, and 3 we give the experimental 
and theoretical (solid lines) angular distributions 
of protons corresponding to the ground and excited 
States at 1.95 and 2.42 Mev. The total cross sec- 
tions for these were in the ratios 1:7.5:2.5. In 
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calculating the angular distributions the interaction 
radius was chosen to be 6 x 107!8 cm. The values 
found for the spin and parity of the ground state, 
and also for the energies, spins and parities of the 
excited states are in agreement with data of pre- 
vious works.*»!° 

The narrowing of the peaks of the experimental 
angular distributions in Figs. 2 and 3 can be re- 
lated to the effect of nuclear interaction. The dis- 
placement of the peaks towards smaller angles, re- 
quired in this case by the theory and observed by 
Teplov and Yur’ev® at low deuteron energies, be- 
comes completely insignificant already for deuteron 
energies Eq =7 Mev?!® and 8 Mev,” and it may be 
expected that it will be even smaller at higher en- 
ergies. At the same time, for deuteron energies 
of 8 Mev, the experimental distribution of the 
group with J, =1 turned out to be the same as 
the theoretical one in the small-angle region.? 

It should be noted that the “background” (iso- 
tropic part of the angular distribution) is less at 
13.6 Mev than at 7 and 8 Mev, indicating the grow- 


ing role of direct interaction with increasing energy. 


In conclusion, the authors would like to express 
their gratitude to Prof. M. V. Pasechnik for his 
constant interest in the work, Yu. A. Bin’kovskii 
for preparation of the targets, and also to the per- 
sonnel of the cyclotron crew who made possible 
the continuous operation of the cyclotron. 
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CROSS SECTION FOR THE FORMATION OF 
Q° PARTICLES IN THE REACTIONS 1 + p 
+27°4+3K AT 8 BevAND p+p—-2+Q2 AT 
4 Bev 


HSIEN TING-CH’ANG 
Joint Institute for Nuclear Research 
Submitted to JETP editor September 30, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 289-290 
(January, 1960) 


AN areramnce to the Gell-Mann scheme, a hyperon 
can exist with strangeness —3 and isotopic spin 
zero.! We take the lower bound of its mass to be 
Ms +M,, and the upper bound tobe Mz + Mx, 
that is, its mass is located between 1.58 and 1.93 
My. In this note, the cross section for the forma- 
tion of Q particles in the collisions of mp at 
8 Bev and pp at 4 Bev is estimated in the statis- 
tical model. 

According to the statistical model of multiple 
production of particles, the probability of the for- 
mation of n particles in the final state is? 


Sn = [Vi(25)")"frsW (Eo), (1) 


where V _ is the spatial volume in which the par- 
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ticles are produced; fyg is the statistical weight, 
taking account of the spin and isotopic spin of the 
particles in the final state; W(E)) is the phase- 
space volume for a total center-of-mass energy 
Ey. For comparison with experiment we use Bara- 
shenkov’s hypothesis® that the pions and baryons 
are formed in the volume V,, but that the K me- 
sons are produced in a smaller volume VK (é 

= VK /V, = 0.0232). If there are k K mesons in 
the final state and —1(k+1l=n) pions and baryons, 
then V"-! in (1) must be replaced by V}7: 


k—-1 
ool) Sk Veay (2) 


n 


n=. 
ine 


From\(1) and (2) we obtain the following rela- 
tions between the cross sections for 8 Bev pions: 
(n- + p> Q 4+ 3K)(e + p> 2K + K +2) = 3.3-10°, (3) 
(n> + p> OF + 3K) (m+ p> 2+ 2K) =4.3-10%, (4) 
(x -+ p— Q 4 3K)/(x + p> + N) = 0.86.10 (5) 


and for 4-Bev antiprotons 


=) = 0.43. (6) 


(p+ p2Q+Q2)(p + p> + 


It is assumed in the calculation that the particles 
in the final state are nonrelativistic. Since the re- 
sults in the statistical theory depend strongly on 
the choice of the volume V, the calculated ratio 
(3) is more reliable, since it does not depend on V. 

If we use the experimental data on the cross 
section of the reaction 7™+p—~-7+N for 
energies ~ 8 Bev (ao ~ 6 mb),* we get for the 
reaction 7 +p-—{Q~ + 3K at the same energy 
ao~ 0.5 ub. 

The cross section for +p—£+ 2K is ob- 
tained as o ~ 120ub. This value is significantly 
larger than the experimental one,’ which has o 
= 2.3*3-2ub for 5 Bev negative pions. It is possible, 
therefore, that the absolute values of the cross sec- 
tions calculated above for the production of Q™ par- 
ticles are overestimates. Since at present only 
two cases of = obtained in an accelerator are 
known, it seems natural from (4) that the Q” par- 
ticle has not yet been observed, if indeed it even 
exists. 

On the basis of formula (6), searches for Q7 
and other possible heavier hyperons can be use- 
fully made in reactions involving nucleon-anti- 
nucleon collisions. 

The author thanks Prof. M. A. Markov for set- 
ting up the problem and Chou Kuang Chao and VY. S. 
Barashenkov for valuable remarks. 


IM. Gell-Mann, Report to the Conference on 
Elementary Particles at Pisa, 1955. 
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MEASUREMENT OF THE ANGULAR COR- 
RELATIONS OF 298 — 880 kev AND 298 — 966 
kev GAMMA CASCADES OF Dy’® 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 290-291 
(January, 1960) 


Tae decay of Tb'® and the decay scheme of the 
Dy'® nucleus have repeatedly been investigated by 
various methods, with particular detail in refer- 
ences 1 —6.- 

It can be assumed that the sequence of the most 
intense y transitions and the spins and parities of 
the normal and excited states of Dy!®? with energies 
86, 283, 966 kev (the figure shows the correspond- 
ing part of the decay scheme of Dy!®°) have been 
reliably established. The information on the spins 
and parities of the other levels is contradictory. 
To the level with energy 1264 kev there is assigned 
a spin go be 4,3 and 27-.4-6 

Bertolini and his co-workers* measured the an- 
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gular correlations between the y transitions with 
onerey 298 kev and with energy above 750 kev. 
Ofer® measured the angular correlation separately 
for a number of y cascades and particularly for 
the 298 — 880 kev and 298 — 966 kev cascades. 
The obtained results, especially for the 298 — 966 
kev cascade, show that the 1264-kev level has the 
characteristic 2~ and dipole transition with energy 
298 kev; the possible admixture of quadrupole ra- 
diation is less than 1/1000. The data for the 298 — 
880 kev cascade obtained in the same paper lead 
to the transition sequence 2(D), 2(D+Q) 2 for 
6? = 3600, i.e. , the intensity of the quadrupole ra- 
diation is 3600 ‘eines that of the dipole. There are 
no indications in the paper, however, of any cor- 
rection for the contribution of the angular corre- 
lation of the 298 — 966 kev cascade in measuring 
the angular correlation of the 298 — 880 kev cas- 
cade. 

We have measured the angular correlation of 
the 298 — 966 kev and 298 — 880 kev y cascades 
with the apparatus previously described.’+ To 
prevent false coincidences due to Compton scat- 
tering from one crystal to another, the crystal 
used to count the 880 and 966 kev photons was 
screened with a lead filter 5 mm thick on the 
front and 4 mm on the side surface. For meas- 
urements at 90 and 135°, a lead screen 5 mm thick 
was interposed between the crystals. After intro- 
ducing corrections for the variations of the single 
loadings in the counters and for the finite angular 
resolution of the detectors, the angular correla- 
tion function of the 298 — 966 kev cascade was 
found to be 


W (6) = 1 + (0.23 + 0.03) Py (cos 9), 


corresponding to the sequence of transitions 
2(D+Q)2(Q)0 if the mixture ratio 6? = 1(Q)/I(D) 
in the 298-kev transition is less than 1/1000. The 
obtained result entirely agrees with the measure- 
ment of the angular correlation of this cascade by 
Ofer. By a suitable adjustment of the window of 
the pulse-height analyzer, the 966-kev y line was 
practically completely separated from the 880-kev 
y line. 

In measuring the angular correlation of the 298 
— 966 kev cascade corrections were made for the 
contribution of the angular correlation of the 298 
— 966 kev cascade, for the variation of the single 
loadings in the counters, and for the finite angular 
resolution of the detectors. As a result, the fol- 
lowing angular correlation function was obtained 
for the 298 — 880 kev cascade: 


W (0) = 1 — (0.116 + 0.037) Ps (cos 0), 


If account is taken of the results obtained for 
the 298 — 966 kev cascade, this correlation func- 
tion agrees best with the transition sequence 
2(D)2(D+Q) 2, where the mixture ratio 6? in 
the 880-kev y transition should be ~56 (6 <0), 
i.e., the intensity of the dipole radiation (M1) in the 
the 880-kev y transition should constitute (1.8 
+ 1.5)% and the intensity of the quadrupole radia- 
tion (E2) should be (98.2 + 1.5)%. This result 
differs from the result of Ofer,® who found the 
880-kev transition to be practically pure Q. 

From our work it follows that the spin of the 
1264-kev energy level is 2. 

The authors wish to thank Professor V. S. 
Shpinel’ for discussion of the results. 


*Tata Institute for Fundamental Research, Bombay, India. 

+We take this opportunity to correct an error made in refer- 
ence 7. On page 1364, line 9 from the bottom should read ‘‘spin 
%,’’ (instead of %4), line 7 from the bottom should read ‘‘spin 34”? | 
(instead of %). 
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Tk most interesting measurements of critical 
currents in superconducting films are those on 
films of such geometry that the magnetic field 
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due to the current can be calculated and compared 
with theory. Since measurements on such films 
have either been made with continuous current!” 
or with long period pulses (0.1—0.01 sec)* there 
was the danger that the small values of critical 
current are a consequence of Joule heating of the 
film. It therefore seemed of interest to extend 
the measurements to the region of shorter pulses. 
In the present work we have’ measured he critical 
currents in tin films“by a pulse method, with the 
time of rise varying between T = 0.1 and T = 0.0001 
sec. 

AS before,? the film was a flat disk with a cen- 
tral current lead and a radial distribution of cur- 
rent flow. The measurements showed that the 
critical current depends appreciably on the time 
T, increasing as it decreases (Fig. 1). For ex- 
ample, for a film of thickness d = 2.0 x 10> cm 
the critical currents for T=0.01 and T=0.0001 
sec differ by a factor of two. We should note that 
when the temperature is reduced by 0.3 —0.4°K 
below the critical temperature, the critical current 
increased to 10 amp for T= 0.0001 sec. 
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FIG. 1. Dependence of the magnetic field of the critical 
current, H,j, on the time of rise of the current pulse for a tin 
film of thickness d = 2.03 x 10° cm. 


If the critical field due to the current, Hj; is 
plotted against 7, it is seen that Haj tends toa 
constant value as 7 is reduced. By extrapolating 
to tT equal to zero, the critical current is almost 
the same (5—10%) as the experimental value for 
T= 0.0001 sec. The experimental data discussed 
below refer to measurements made with the short- 
est pulses. 

Our results show that near the critical tempera- 
ture the form of the Hgj vs. AT curve (AT 
= T;—T) depends appreciably on the temperature 
of the substrate at the time of deposition of the 
film. For films obtained by evaporating the metal 
in vacuum onto a substrate cooled to liquid nitro- 
gen temperature (78°K) and then warmed up to 
room temperature, the temperature dependence 
of Hoj can be roughly represented by the rela- 
tion Hej = aAT (see Fig. 2). Films obtained by 
evaporation at room temperature show a temper- 
ature dependence of critical current field near Tg 


close to that predicted by the Ginzburg-Landau 
theory’® (see Fig. 3), although such films are 
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FIG. 2. Dependence of the field of the critical current on 
temperature (AT) for a.tin film of thickness d = 2 x 10° cm. 
x — film deposited on a substrate cooled by liquid nitrogen, 
and the measurements made with current pulses for which the 
time of rise was t= 4 x 10% sec; o — film deposited on a sub- 
strate at room temperature, t= 2.5 x 10% sec. 
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FIG. 3. Temperature dependence of field of the critical cur- 

rent for a tin film of thickness d =2 x 10% cm, t= 0.00025 sec. 
Curve 1 is theoretical, calculated from Eq. (1); curve 2 is ex- 


perimental. The film was deposited on a substrate at room 
temperature. 


less reliable than films condensed at liquid nitro- 
gen temperature. For these films there is a 
change in slope of the curves in the range AT 

= 0.05 —0.1°K. After the break, the form of the 
temperature dependence of Ha; for these films 
is the same as for films condensed at T = 78°K. 
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The calculated values of Hoj near T, are, in 
both cases, close to the theoretical values calcu- 
lated from the relation 


Hei] Hem = (V 2/3 V 3) d/s, (1) 


where d is the film thickness; 6) is taken as 
6.5 x 10° em, as follows from Zavaritskii’s work.® 
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Submitted to JETP editor October 9, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 294-295 
(January, 1960) 


Wane studying the phase structure of electro- 
lytically deposited copper-bismuth alloys, it was 
found that, depending upon the value of the over- 
voltage at the cathode, alloys could be obtained 
containing both mixtures of copper and bismuth 
crystals (in agreement with the equilibrium dia- 
gram of this system) and non-equilibrium phases. 
Alloys consisting of non-equilibrium phases oc- 
curred at high overvoltages at the cathode in the 
form of dense silver-colored deposits in the com- 
position range 40 to 90 wt % bismuth. 

Data obtained by thermal analysis and x-ray 
studies allowed the supposition that these alloys 
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contained a non-equilibrium phase, the decompo- 
sition of which occurred at a temperature of about 
120°C. In alloys containing between 40 and 60 wt % 
bismuth, on the basis of thermal analysis data, we 
succeeded in discovering, as well as the non-equi- 
librium phase mentioned, yet another unstable 
phase, the decomposition of which started at a 
temperature of about 60°C. The absence in x-ray 
photographs of reflections from this phase pre- 
vented the establishment of its nature. 

The existence of superconductivity has been 
shown in unstable compounds of bismuth with rho- 
dium and various other metals;?*? it was, therefore, 
of interest to explore the possibility that supercon- 
ductivity might appear also in the copper-bismuth 
alloys described above. Electrolytic deposits of 
copper-bismuth alloys were obtained from a solu- 
tion of the following composition: 1N Cu(C1lO,)o, 
4N Bi(ClO,)3, 4N HClO,. The deposits were ob- 
tained with current densities of from 80 to 250 
ma/cm?. The amount of bismuth in the alloys 
varied from 25 to 90 wt %. For the measurements 
specimens in the form of copper plates 30 x 3 x 0.05 
mm were used, on both sides of which the copper- 
bismuth alloy was deposited electrolytically. |Meas- 
urements\ on such specimensj in liquid helium 
showed that on lowering the temperature their 
electrical resistivity fell sharply! (see Figure; 
Cu-Bi alloy with 20% Cu). | The resistance drop 
usually occurred close to 2°K, and changed slightly 
on changing the amount of copper in the alloy. | 


15 z ao, J 


[ If the specimens were annealed at 120°C, the 
resistance drop was not observed on re-measuring 
down to 1.5°K.| It should be noted, however, that if 
the anneal was at 80°C, the resistance drop did not 
disappear. The sharp decrease of specimen resist- 
ance was naturally considered as due to the transi- 
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tion of the Cu-Bi alloy into the superconducting 
state. This supposition was supported by the fact 
that switching on a magnetic field, at a temperature 
lower than the temperature of the drop, caused an 
increase of resistance, i.e., destroyed the super- 
conductivity. Measurements on one specimen gave 
dH, /dT ~ 1000 oe/deg. 

On the basis of the results obtained, it can be 
concluded that a non-equilibrium phase formed at 
high overvoltages at the cathode undergoes a tran- 
sition into a superconducting state at a temperature 
of about 2.2°K. An anneal at 120°C causes the de- 
composition of this phase, as a result of which 
superconductivity disappears. When the anneal 
is performed at a lower temperature (80°C), 
causing the decomposition of the second non- 
equilibrium phase, superconductivity is preserved. 
Thus, the second non-equilibrium phase is not re- 
sponsible for the appearance of superconductivity 
in copper-bismuth deposits. 

X-ray investigations of the copper-bismuth al- 
loys obtained showed that unannealed specimens 
gave only weak diffuse rings, which can be taken 
as due to either high internal stresses or to the 
absence of long-range order in the system. An 
anneal at 120°C causes the decomposition of the 
non-equilibrium phase and the appearance on the 
x-ray photograph of reflections corresponding to 
the lattices of pure copper and bismuth. Further 
investigations will probably allow a more detailed 
explanation of the nature of the new non-equilibrium 
phase in the copper-bismuth system; however, it 
can be seen even now that the electrolytic method 
of obtaining metals under conditions of high over- 
voltage at the cathode allows phases to be obtained 
which are very far from equilibrium and which 
possess a number of new properties, amongst 
which, as follows from the account given, the ap- 
pearance of superconductivity is possible. 

We express gratitude to S. Ya. Berkovich for 
help in the measurements. 
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FORMATION OF THE ISOMER Cd'!*™ BY 
THE FISSION OF GOLD UNDER THE ACTION 


OF HEAVY IONS 


S. M. POLIKANOV and Yu. T. CHUBURKOV 
Submitted to JETP editor October 15, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 295-296 
(January, 1960) 


C ompounp nuclei with large angular momen- 
tum are formed by the irradiation of the nuclei of 
the heavy ions C, N, and O. In the event of nu- 
clear fission, their rotation causes an anisotropic 
angular distribution of the fission fragments, ! and 
the degree of anisotropy increases with increasing 
angular momentum of the compound nucleus. Be- 
sides this, apparently, the increase of the angular 
momentum of the nucleus must influence the isomer 
yield of the fission fragments. It is of interest to 
determine, if only qualitatively, the dependence of 
the yields of some isomers among the fission frag- 
ments on the magnitude of the total angular mo- 
mentum of the fissioning nucleus. 

The dependence of the production cross sections 
of Cd'*™ (Ty. = 43d, I= 4) and of the isomer 
Ca!6M (Ty. = 43d, 1="'/,) on the energy of inci- 
dent particles was investigated by some workers 
in the fission of different nuclei by neutrons, pro- 
tons, deuterons, and alpha particles.” A general 
tendency for increased isomer yield was observed 
with increased energy of the incident particle. But 
a more rigorous comparison of these data is diffi- 
cult because of the necessity of accounting for the 
nuclear cascade in reactions with light fast par- 
ticles. 

The purpose of the present work has been the 
determination of the emission ratio of Cd! and 
Cd!*™ in the irradiation of gold by C!®, N'4, and 
O'* ions. The experiments were carried out with 
the 150 cm cyclotron at the Institute of Atomic 
Energy of the U.S.S.R. Academy of Sciences. The 
target was a gold foil 13y thick. The target was 
irradiated within the cyclotron chamber at radii 
of 67 and 61 cm, which correspond to 102 and 85 
Mev for oxygen or 78 and 64 Mev for carbon. The 
target was irradiated with nitrogen ions at a radius 
of 67 cm (89 Mev). The ion current was 0.2 —0.5 
ya. The duration of irradiation was 2 —3 hours. 
After irradiation, the foil was dissolved in aqua 
regia. To this were added carriers of cadmium, 
actinium, rubidium, silver, and iron in amounts of 
15 mg. The CdS was separated from the solution. 
The chemical yield was determined by the weight 
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Reactions 


Au‘? + Ov 


Au? + N14 Au? + Cc 


Ion energies, Mev 


[2 


max 


102 
2700 


Emission ratio of Cd!45 and Cd215™ fe nee 


PS 
Ww 


760 4 2060 1750 530 


85 


0.50 0.64 


method after careful purification. The purity of the 
solution of cadmium was monitored by the £ -par- 
ticle half-life and energy. The measurement of 

the radiation intensity was taken by an end-window 
Geiger counter (MSG-17). The thickness of the 
CdS layer deposited from the filter paper onto a 
backing was ~10 mg/cm’. The variation of the 
thickness of the layer of CdS from experiment to 
experiment, 2—3 mg/cm?, need not have a consid- 
erable effect on the scattering and self-absorption 
of B radiation.’ It is also necessary to note that 
in all our experiments, apparently, a considerable 
quantity of Ag!! (Ty/2 = 20 min.) was formed, 
which decays 90% to Cd‘!® by 8 emission. After 
irradiation, the foil was kept intact for a sufficiently 
long time for the full decay of Agi Additional ex- 
periments showed that approximately 30% of cal’ 
was formed as a result of Age decay. 

The results of the principal experiments are 
presented in the table (the given data are uncor- 
rected for the formation of Cd! from Aesth i 

The table lists also the computed Uyax for the 
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ess apparatus in operation at the Moscow State 
University for an all-out investigation of extensive 
atmospheric showers (EAS) makes it possible to 
investigate the individual characteristics of each 
recorded shower. In this note we report experi- 
mental data on the lateral distribution functions 


corresponding reactions GE ees is the maximum 
orbital momentum of the ion at which fusion of the 
impinging nuclei arises). It is apparent that with 
a change of bas from 500 to 3000, the emission 
ratio of Cd'!> and Cd!!5™ changes very slightly. 

In conclusion we consider it our pleasant duty 
to thank corresponding member of the Academy 
of Sciences U.S.S.R. G. N. Flerov for guidance in 
this present work. 


IV. M. Strutinskii, AromuHas sHeprua (Atomic 
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4 Hollander, Perlman, and Seaborg, Revs. Modern 
Phys. 25, 534 (1953). 
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of the flux density of charged particles up to 25 
meters from the shower axis. To obtain these 
data, we used a hodescope with a large number 
of Geiger-Miiller counters and a core detector 
consisting of ionization chambers arranged in 
two rows.! The first row of ionization chambers, 
shielded with lead, is used to determine the dis- 
tribution of the energy flux carried by the electron- 
photon component near the shower axis. A direct 
examination of the distribution of the energy flux 
in the first row of ionization chambers makes it 
possible to determine the position of the shower 
axis for showers with a sufficient number of par- 
ticles, with accuracy on the order of the chamber 
dimensions (25 cm). The hodoscopic counters 
were used to determine the flux density of the 
charged particles at different distances from the 
shower axis. To investigate the lateral-distribu- 
tion functions of the flux density of the charged 
particles in an individual shower, we selected 26 
of the densest showers (with N = 1:07));, whose 
axes fall in the first row of the ionization cham- 
bers, for only in such showers can the charged- 
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particle flux density be investigated in this range 
of distances with good accuracy. 

The experimental charged-particle lateral dis- 
tribution functions obtained for each of the selected 
showers were compared with the theoretical func- 
tions, calculated by Nishimura and Kamata? for 
various values of the cascade parameter S. The 
theoretical curves were normalized here to the 
number of particles experimentally observed in 
a circle of radius 25m. The Pierson matching 
criterion was used to choose the theoretical curve 
corresponding to the experimental data. The re- 
sults [the Pierson function P(,?)] are listed in 
the table, which shows which values of the param- 
eter S characterize the charged-particle flux 
density lateral distribution functions in the regis- 
tered showers with different particle numbers N. 

The experimental data given indicate the exist- 
ence of extensive atmospheric showers of various 
ages near sea level. 


1 Vernov, Goryunov, Zatsepin, Kulikov, Nechin, 
Strugal’skil, and Khristiansen, JETP 36, 669 (1959), 
Soviet Phys. JETP 9, 468 (1959). 

2 J. G. Wilson, ed. Progress in Cosmic Ray 
Physics, (Russ. Transl.), vol. 3, 1959, p. 7. 
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OF INDIUM 
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Institute of Physical Problems, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor October 21, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 298-300 
(January, 1960) 


Liste value of the surface tension opg at the 
boundary between the superconducting and normal 
phases of indium has been measured by a method 
described previously.! 

A single-crystal disc with diameter 50 mm and 
thickness 2.06 mm, fabricated of indium with im- 
purity content ~ 0.002%, was placed in a magnetic 
field directed at an angle of 15° to the specimen 
surface. The structures observed were com- 
pletely analogous to those observed in tin! at the 
same values of H/Hg. The period of the structure 
was measured for various fields and temperatures 
and the quantity A(T) = ong (87/H4,) was calcu- 
lated.* 

In the figure are given the results of measure- 
ments on A made in the range 2.11 to 3.245°K 
with an accuracy of 8 —10%. In this range the re- 
sults can be described within the limits of error 
by the relationship 
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Ain = 3,3: 10° (1 —T/T,)-"4 em 


(where Te = 3.40°K), to which the curve in the 
figure corresponds. 


410° 
cm 


5 


10 


T °K 


We did not attempt to study the anisotropy of 
A by the method described. Trial measurements 
with various positions of the disc relative to the 
magnetic field showed that the anisotropy is small 
and lies within the limits of accuracy quoted above. 

The values of A close to Tg can be compared 
with other quantities characterizing the supercon- 
ductor by meansof a relationship from the phenome- 
nonological Ginzburg-Landau theory.”*? In refer- 
ence 1 a marked discrepance was pointed out be- 
tween the experimental value of A and that cal- 
culated from the G.-L. theory using the quantities 
6 and Hg; the latter exceeds by a factor of about 
1.5. Recently Gor’kov* showed, however, that the 
charge entering into the relationship of the G.-L. 
theory is twoelectronic charges and not one, as was 
assumed previously. This correction changed the 
relationship between A and 6 in the required 
direction, but a small discrepancy of the opposite 
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sign now appeared. In the table are given values 
of the constant Ca occurring in the asymptotic 
law A=Ca(1-T/Tg)"” for T—Tg, the val- 
ues of the analogous constant Cg for the penetra 
tion depth, the limiting values of the quantity 
Hoi/He for T—Tg, where Hq is the super- 
cooling field, and also the results of calculating 
these quantities following G.-L. (see references 
2—5). In the last column are given the values of 
Cy = (dH¢/dT) Te used in the calculations. 

The values of C5 for tin are quite reliable, 
Since the measurements of 6 were made by a 
number of investigators sufficiently close to Tg 
(down to Tg —T = 0.017° in reference 6). Meas- 
urements on 6 for single-crystal indium were 
recently made by Dheer’ for Tg—T = 0.46. Thus, 
extrapolation of this data in order to obtain Cg is 
less reliable than for tin. However, the values of 
C6 and the data from supercooling agree with one 
another surprisingly well, as they do also for tin 
(columns 6 and 7 of the table). The discrepancy 
between A and 6 for both metals amounts to 
25 — 30% in terms of Ca (or 15 —20% in terms 
Of Ca); 

In the last row of the table are given data for 
aluminum obtained by Faber and Pippard.®-!9 The 
values of Cg here are in general less satisfactory, 
since in this case 6 should be studied with T~-—T 
~ 0.001° (see reference 11), but the existing meas- 
urements® were only made down to To = l= Onan. 
Comparison of the data on A and Hg/Hg can 
be made also in the case of aluminum.!! Here the 
relationship of the data is the opposite of that ob- 
served for tin and indium (see columns 3 and 4 or 
6 and 7). The supercooling obtained experimentally 
is much larger than follows from the data for A. 

It seems to us that the difference in this re- 
spect of the data for aluminum from the results 
for tin and indium is associated with some inac- 
curacy in the method used by Faber’? for deter- 
mining A. The use of the complicated meandering 
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*Value averaged from references 6, 8, 12, and 13. 
**The value taken for the calculation was averaged over the angle a between 
the current and the tetragonal axis of indium using Dheer’s data’ (Cs = 2.35 for 


« = 90°, Cs = 2.11 fora = 0°). 


*** 4 is the dimensionless parameter of the G.—L. theory; lanes = V2n. 
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structure of the intermediate state in Faber’s 
method is less reliable than the use of the in- 
clined field method, in which one is able to ob- 
serve the simplest layer structure. Faber also 
presents data obtained at one temperature using 
the inclined field method (see reference 10, Fig. 
10), which, however, he does not use in the final 
results. Approximate treatment of this data using 
our formulae leads to the value C, x 10° = 12—14, 
which is given in the table in brackets. The rela- 
tionship between A and the value of the super- 
cooling is then close to the case of Sn and In. 

It is difficult at present to propose definite 
reasons for this small but systematic discrepancy. 
However, it would be stretching matters to ascribe 
it to accidental experimental errors. 

I express my sincere gratitude to Acad. P. L. 
Kapitza for interest in the work, and to A. I. Shal’- 
nikov and L. P. Gor’kov for detailed discussion of 
the results. 


*During the calculation we attempted to estimate the effect 
of the specimen edges, i.e., the difference between the speci- 
men and an infinite plate. The values of A, calculated using 
the formula for an ellipsoid inscribed in the specimen, are ap- 
proximately 10% smaller than those obtained using the formula 
for an infinite plate (see reference 1). The true values will ap- 
parantly lie somewhere inside this range. Because accurate 
calculation is difficult for a disc, we used for calculation the 
formula for a flat ellipsoid of rotation having the same volume 
as our specimen (with axes 2.06 and 61.2 mm). The difference 
from the infinite case amounted in this instance to 8%. Intro- 
ducing this correction into the results of reference 1, we ob- 
tained for tin 

Ag, = 2.3: 10 (T/T) om for 216° <7 <3.5°, 
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Because of recoil during the emission of a 
gamma quantum by a free nucleus, the energy of 
the quantum is always less than the difference be- 
tween the energy levels of the radiating nucleus. 
An analogous shift occurs in the absorption of a 
gamma quantum. This circumstance greatly hin- 
ders the observation of resonant scattering of 
gamma rays, which must occur with a large prob- 
ability if this shift is absent or compensated. 

Recently, however, Méssbauer!”? and others? 
have shown that at low temperatures the entire 
crystal takes up the recoil momentum in an ob- 
servable fraction of the emissions and absorptions 
of low-energy gamma quanta. Under the indicated 
conditions the displacement of the gamma lines 
(as also the Doppler broadening) practically dis- 
appears, which makes possible the direct obser- 
vation of resonant absorption. This was particu- 
larly clearly demonstrated by Méssbauer? and by 
Craig et al.,? who observed the dependence of the 
resonant-absorption cross section on the rate of 
change of the distance between source and absorber 
(Doppler effect). The experiments were per- 
formed with the 129-kev gamma rays of Ir-191. 
The lifetime of the excited state was shown to be 
equal to about 107!? sec, which corresponds to a 
width IT =10~° ev and to a fractional width of 
about 107". The influence of the Doppler effect 
manifests itself already at velocities of the order 
of 1 cm/sec. 

In the work of Mdssbauer? the described method’ 
is proposed for measuring the widths of gamma 
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lines, and also for studying gamma-ray cascades 
Since the resonant absorption can be observed 
only for transitions to the ground state of the 
nucleus. To us it appears possible to use reso- 
nant absorption also for investigating a diverse 
family of shifts and splittings of nuclear levels.* 
As an example we point out the transverse Doppler 
effect, the nuclear Zeeman effect,+ and the shift 
in a gravitational field predicted by the general 
theory of relativity. The investigation of the first 
two effects is possible in the observation of shifts 
of the order of 107" to 107 ev. As for the shifts 
in a gravitational field, for a difference of about 
10m in the elevations of source and absorber, the 
relativistic shift will be about 10735, which for a 
quantum energy of 100 kev corresponds to an ab- 
solute shift of about 107!° ey. 

For observing such small shifts, it is necessary 
to work under conditions where the natural width of 
the gamma line is less than the shift being studied 
or is close to it and where the line is not broad- 
ened by incidental effects.t Preliminary esti- 
mates show, that the latter condition is attainable 
for a line with a width I ~ 107" to 1078 ev, and, 
perhaps, is attainable for IT ~ 107! ev, which 
corresponds to a lifetime of ~ 107 sec. 

Among the known isomeric states of stable nu- 
clei there is one with a fractional width IVE 

'~10° — the 92-kev level of Zn®* (7 = 9.3 x 107° 
sec), excited as the result of K capture* by 78- 
hour Ga®’, In principle, the 92-kev gamma tran- 
sition in Zn®" can be used for the observation of 
the above mentioned gravitational effect.** 

At the present time, an experimental investi- 
gation of the possibilities indicated above by use 
of the resonant scattering of gamma rays appears 
to be expedient. 

The authors thank T. Vishka and V. Ogievetskil 
for helpful discussions. 


*As has become known to us, analogous considerations 
were expressed by W. E. Lamb at the Conference on Quantum 
Electronics, held 14-16 October, 1959 in the USA, and by 
Alikhanov. 

tWe wish to point out, that the use of the nuclear Zeeman 
effect may afford the possibility of investigating the gamma 
transitions of polarized nuclei and the interactions with polar- 
ized gamma quanta. 

tExamples of such incidental effects are the Doppler broad- 
ening due to vibration of the source or absorber, and washed 
out or split lines due to magnetic or electric fields. 

**In experiments it may be convenient to produce a shift of 
known magnitude with the aid of the Doppler effect (relatively 
large shifts) or of the nuclear Zeeman effect (small shifts). 
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HIGH-ALTITUDE EXPLOSIONS OF ATOMIC 
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lee us consider an atomic explosion at such an 
altitude that the explosion products expand prac- 
tically into a vacuum (e.g., an “Argus” explosion 
at an altitude of 500 km). In the explosion the 
bomb materials are heated to many ev and thus 
form a dense plasma, which then expands from 
the explosion center at the rate of several hundreds 
of kilometers per second. Thus, the plasma vol- 
ume will be increased and the ion concentration 
correspondingly reduced. The expansion of the 
plasma through the magnetic field will cease as 
soon as the kinetic pressure of the plasma (or 
its “head” ), which will be falling off as the ex- 
pansion progresses because of the decrease in 
ion concentration, equals the magnetic pressure. 
Because of the diamagnetism of the plasma, the 
earth’s magnetic field will be decreased in the 
volume occupied by the plasma and if the ion con- 
centration is sufficient, it will be eliminated alto- 
gether. For the present purpose, this weakening 
or elimination of the field inside the plasma can 
be represented as the result of the establishment 
within the plasma volume of an effective magnetic 
dipole whose field within the plasma is opposite 
to the magnetic field of the earth. Once this ef- 
fective dipole has appeared, it will create a no- 
ticeable magnetic field at great distances from 
the explosion center, and this field will be regis- 
tered as the appearance of a magnetic disturbance 
(“storm”) whose leading edge will have a rise 
time corresponding to the period of plasma ex- 
pansion. As the plasma expands in the magnetic 
field, magnetohydrodynamic fluctuations may 
also be excited. 
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Besides the magnetic disturbance due to the 
appearance of a plasma in the vicinity of the ex- 
plosion, disturbances may exist due to the subse- 
quent movement of the plasma along the field line 
in a magnetic trap, i.e., in regions remote from 
the explosion site. The nearest approach of the 
plasma to the earth should be expected at the 
magnetic conjugate points or at the extremities 
of the trap (i.e., at the reflection points) where 
an increase in plasma concentration can be ex- 
pected. For these reasons one may expect to find 
an intensification of the magnetic disturbance at 
the sub-conjugate points or sub-mirror points and 
around these. 

The effective magnetic moment M of the 
plasma is equal to 


M~ W/H, (1) 


where W is the energy of the explosion and H is 
the magnetic field at the explosion point. At the 
sub-burst point of an explosion occurring at alti- 
tude h, the amplitude of magnetic disturbance 
His 

H' ~ M/h? ~ W/Hh® ~ 10°78 W (4 + R3/h)? (2) 


(107° being the magnetic moment of the earth and 
R3 being the earth’s radius). For an “Argus” ex- 
plosion (h = 500 km, W = 10? tons = 4.2 x 10'° erg) 
H’ should be ~100 x 107° oe. Atadistance L 
from the explosion H’ is 


H' ~ W/HLS, (2’) 


The rise time 7T of the leading edge of the mag- 
netic disturbance is equal to the expansion time of 
the plasma with a mass Q to some final volume 
We 

t~ Q/H Ws, sec. (3) 


The frequency of the magneto-acoustic oscillations 
can be determined from the expression 


v~r/4c~ 1/42, sect. (4) 


with c = H/V47Q/V_ as the Alvén speed of the 
magneto-acoustic wave; r = (3V/4r)'/3 the char- 
acteristic size of the plasma; and V ~ 41W/H?. 
The rise time of the leading edge is seen to depend 
only slightly on the energy of the explosion and in- 


creases as the altitude of the explosion is increased. 


In the case of an “Argus” explosion tT should be 
~ 0.5 sec and vy~ eb sec (where we have substi- 
tuted in (3) and (4) Q=5x10° g, H=0.5 oe, 
W=4x10" erg). For explosions at altitudes of 
6,000 and 60,000 km, respectively 7 ~ 2 and 50 
sec. . 
Penetration of the earth’s magnetic field by in- 
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dividual volumes of plasma from the sun could 
present a similar picture, since this plasma moves 
at a rate close to the expansion speed of the explo- 
sion plasma. However, these phenomena would 
probably have their own peculiarities due to the 
slowing down of the solar plasma at a great dis- 
tance from the earth. 

Should an explosion occur in the polar regions, 
where the mirror is practically open on one side, 
the possibility of an effect cannot be ruled out, 
since the plasma could reach the mirror point 
situated below the explosion. 

Equations (2) and (2’) can be used to evaluate 
H’ in the region of the conjugate points, once W 
is replaced by Wk, with k representing the por- 
tion of plasma ions reaching the conjugate point. 

In the case of the mechanism set forth here, it is 
essential that the rate of expansion of the magnetic 
disturbance be equal to the speed of light. Dis- 
turbances are also possible due to magneto-acoustic 
oscillations propagating through the ionosphere. 
The recording of these oscillations should show a 
lag in conformance with the lower speed of the dis- 
turbance (Alvén speed). This fact provides a 
direct criterion for distinguishing them from dis- 
turbances of the type described above. The fields 
of these disturbances are smaller than the values 
given by Eq. (2). 

Papers recently published!»? have indicated that 
the “Argus” explosions produced periodic magnetic 
disturbances with a period of 1—2 sec.2 We note 
that this period is close to the value of 2 sec pre- 
dicted by Eq. (4). At the sub-burst point the am- 
plitude of the disturbance amounted to 10 x 107° 
oe,! rather than 100 x 107° oe as predicted by 
Eq. (2). However, the measurements were made 
with instruments whose sensitivity was impaired 
in the region of the measured frequencies, so that 
the true value of H’ should have been greater than 
TOSC107?<0e: 

The values for H’ were measured at distances 
of from 5,000 to 10,000 km from the explosion (the 
coordinates of the explosions being — 38°/12°WG; 
—50°/8°WG, and —50°/10°WG). The various 
measured values of H’ exceed those predicted 
by Eq. (2’) by 5 to 100 times. It may be that at 
some stations (e.g., Paris) the recorded disturb- 
ance was from a plasma that had moved along a 
field line toward the conjugate point (the Azores ) 
and that therefore happened to be nearer the ob- 
servation site when recorded than at the instant 
of the explosion. Unfortunately, the time service 
was too crude to permit an accurate comparison 
of the detection and explosion times. 

Another possible reason for the partial enhance- 
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ment is the influence of geological conditions (elec- However, a more direct method of checking the 
trical conductivity ), which as geophysical experi- principle of charge invariance, which is free from 
ence has shown can alter the amplitude of a mag- any systematic errors, consists of establishing 
netic disturbance at a recording station by several the degree of forbidenness as a consequence of the 
magnitudes. preservation of the isotopic spin in the process of 
The enhancement of the measured magnetic dis- | meson formation. Thus, for instance, forbidenness 


turbance over the maximum amplitude predicted by due to this principle should take place in the reac- 
the magnetostatic model forces one to seek a differ- _ tion® 
ent concept of the propagation of the disturbance. d-+d—»nr° + Het, (1) 
Ya. A. Al’pert has suggested that a disturbance 
propagates in the space between two conductive 
layers, i.e., the ionosphere and earth. The dis- 
turbance therefore is only slightly weakened with 
distance. It travels from the explosion point to 
this spherical layer in the form of a magnetohydro- 
dynamic wave in the ionosphere and is propagated 
along magnetic field lines with slight absorption. 
The author is grateful to Ya. A. Al’pert, V. L. 
Ginzburg, A. S. Kompaneets, M. A. Leontovich, 
and D. A. Frank-Kamenetskii for discussions of 
this article. 


By this process it is also possible to check the hy- 
pothesis, advanced by Baldin,’ of the existence of 
the isotopically scalar r’ mesons, to eliminate the 
contradiction between the data covering the photo- 
production of a mesons near threshold and the 
Panofsky relation. 

A description follows here of the first data of 
the reaction (1), obtained in the synchrocyclotron 
of the Joint Institute for Nuclear Research at 400 
Mev deuteron energy. The measurements were 
made with an extracted beam of deuterons having 
an intensity of about 3 x 10!° sec™!. The second- 
ary charged particles formed in the targets of 


wa 
P. Newman, J. Geophys. Research 64, 923 heavy polyethylene and carbon were separated by 


5?) 1 pakistode a brass collimator placed at an angle of 5.6° to 
het po eeomnt rend-)Patis oe the deuteron beam, were deflected by a magnetic 


field at an angle of 27°, and passed through a steel 
collimator in the shielding concrete wall. They 
were then recorded by a telescope consisting of 
six scintillator counters. The identification of 
the charged particles knocked out of the target 
was carried out by effective momentum, specific 
ionization, and range. The separation of particles 
with a given momentum was carried out with the 
aid of an electromagnet, the poles of which had 
been given a special shape to improve resolving 
power. The separation of the particles with re- 
Yu. K. AKIMOV, O. V. SAVCHENKO, and gard to the extent of the specific ionization was 

L. M. SOROKO made independently in each of the five telescope 

Joint Institute for Nuclear Research counters. This method!” made it possible to sepa- 

rate reliably the rare processes of the emission 
Submitted to JETP editor November 13, 1959 of particles with a high degree of ionization against 
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THE d+d- 7° +He* REACTION AT 400 
Mev DEUTERON ENERGY 


(January, 1960) lower ionization. The particle range was deter- 
mined by retarding filters, which were arranged 
Up till now all experimental investigations in before the fifth and the sixth telescope counter, 


the latter being connected in anticoincidence with 
the first five so as to separate the particles in the 
given range interval. In the first five telescope 
counters scintillators were used with foils 0.6 mm 


testing the principle of charge invariance in the 
formation process of a mesons were carried out 
by comparing two charges of coupled reactions, 
sections of which have to be in a given 
ae aie preserving the full isotopic spin. thick, watch enabled the recording of the a par 
This refers to the reactions p+p—-d+ a and ticles starting with ee Mev Naess The discrimi- 
n+p—dat 7, which were investigated at 400 and nator scale was calibrated in a beam of a particles 
600 Mev, and also to the reactions p+d—t+ 1 at 800, 700, 460, and 370 mee is general control 
and p+d—He*+ 7°, which were compared at of the apparatus and See eh obe (ore of is electro- . 
340,° 450,° and 600 Mev... magnet scale were carried out by recording the He 
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nuclei originating from the reaction d + d — He® + n. 
The a -particle yield from heavy polyethylene 
and carbon with an effective momentum 635 Mev/c, 
corresponding to the a particles of reaction (1), 
was measured under an angle of 5.6° in the labora- 
tory system, to which an isotropic angle [9 =a 
x cos”! (1/V3 )) corresponds approximately in the 
c.m.s. The absolute cross sections were deter- 
mined under the same conditions, by recording 
the deuterons from the reaction p+p—-d+ 7°, 
the cross section of which is well known" at pres- 
ent. The results of the first measurements have 
shown that, with a reliability of 90%, the total cross 
section of reaction (1) is 


o, (d+ d—> n° + Het) < 1-107! em? 


The estimate obtained proves that the cross sec- 
tion of reaction (1) surpasses only a few times the 
cross section of the electromagnetic process 
d+d—y+ He’, which according to the data of 
the reverse reaction’? y+ Het ~d+d amounts 
to about 10~*, whereas in the absence of forbiden- 
ness in reaction (1) the cross sections of these two 
processes may differ by a factor of 10% 

Since, under the conditions of the given experi- 
ments, the a particles resulting from the reac- 
tion d+d—7)+ He‘, in which the formation of 
the isotopically scalar 7° -meson takes place may 
also be recorded, the estimate of the total cross 
section received for reaction (1) may be looked 
upon as an indication that isotopically scalar nr 
mesons are not present in large quantities in the 
(135742) Mev interval. 

We also measured the differential cross sec- 
tion of the reaction d+ d—He*+n for the angle 
5.6° in the laboratory system, and found it to be 
equal, in the center-of-mass system, to 


do (455°) = (3.8+£0.5)- 10-22 em2/sr. 
dO ) 
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ON THE PROBLEM OF PERIPHERAL 
COLLISIONS OF NUCLEONS WITH HIGH 
ENERGIES 
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Tanne has recently developed a model for the 
interaction of fast nucleons with large impact 
parameters, according to which the interaction 
is due to the exchange of one m meson, whereby 
one or both nucleons are excited to an isobaric 
state which subsequently decays. 

Together with the excitation of the isobar (*/, 
ay (which we shall denote by the symbol X in 
the following), an interaction with the isotopic 
spin 4 is also possible. The latter can be inter- 
preted as the excitation of the second isobaric 
level of the nucleon.” This second isobar (which 
we denote by the symbol Y) can decay according 
to the following schemes: 


1) YoN4+n, @, = 0,324; 
2) Y>X 4-2, @, = 0,418; 
3) ya oe N + Qi WO; = 4 = W, — Wy = 0,258. 


The probabilities, w, for these decays can be es- 
timated by the statistical weights, assigning to the 
isobar Y the mass 1.64Mnuycl, the isotopic spin. ~ 
vise and linear dimensions of the order fi/ pc. We 
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neglect the possibility of decays leading to the for- 
mation of strange particles. 

In peripheral interactions of this type the direc- 
tions of motion of the isobar and of its decay prod- 
ucts in the center of mass system do not differ 
much from the “irection of motion of the nucleons 
before the interaction. According to the criterion 
chosen in reference 3 for the selection of such 
peripheral collisions (the presence of a slow pro- 
ton in the laboratory system), we consider in the 
following only those “stars” in which there is a 
proton flying in the backward direction in the center 
of mass system. Taking this into account and mak- 
ing use of isotopic invariance, we can calculate 
with the help of the Clebsch-Gordan coefficients 
the probabilities Wyn for the observation of 
stars in which (in the center of mass system) 

m charged particles are emitted in the forward 
direction and n charged particles (including the 
proton) in the backward direction. 

For p-p collisions we find 


War = E Spp (X, X) HEU + 1 + F O2) 3p (X, Y) 
ee ee olen 2 a))ro, (VY): 

Won = = Ip (X, X) + (1 + oy + F 2) opp (X, Y), 

Ve 5 (XX) 2) Spp (X, Y) 


5 


i 
= (7+ 0, 


(we do not give the expressions for Wy,3, W3,, and 
W33, Since these cases were neglected in the analy- 
sis of the experiment? ). For p-n collisions we 
find 
yo = Om (X, X) + = (1 + @, 4- = @2) Con Aye) 

a5 x (1 =- @, + > We)? Spn(Y, Y), 
War — = Spn(X, Xx) oF = (11 — ©, — + 2) Fpn(X, Y) 

a =- (5 — oy — +) (1 Oye: a) Spn(Y, Y), 
Vi3.= = opr (X, X)+ =(1 +o, — = ©») Spn (X, Y) 


a a CS Oya = 2)?Spn (Y,Y), 


where Opp (X, X) is the cross section for forma- 
tion of two isobars in p-p collisions, etc. 

For a more rigorous choice of cases of periph- 
eral collisions of this type, those cases in refer- 
ence 3 were selected in which there is a fast pro- 
ton in addition to the slow one. We denote the cor- 
responding probabilities by wiP) ; 

te = =~ Spp (can) <5 (t 40 -F = 2) Opp (XY) 
Saeed (1 + @1 + + 2)” pp (Y, Y), 
wi Beetle. thal k) = (1 +. wy — = 2) cen Oe 


3. 
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Dremin and Chernavskii! recently made a quan- 
titative estimate of the cross sections for these 
processes. Using their data and substituting the 
values of wj quoted above, we obtain character- 
istic numbers (see column a in the table) which 
can be compared with the results of the experi- 
ment.’ In column b of the table we list for com- 
parison the results of the calculation under the 
assumption that always only 2X are formed. 


Calculation 
Experiment 

pte DEN: 
Wee / (Wir + Wor) 0.47 0.73 0.43 
== Dis I (i 2 Wap) —0.56 —0.88 | —0.86 
Wo2/Wir 0).39-+-0. 13 0.79 0.75 
WW 14/8=1.75+0,77) 0.60] 0.89 
(Wo1 — Wiz) | (Wor + Wie) 0.33 —0.46 | —0.71 

Wi2/Wor 1.3 26 6 


In conclusion I express my deep gratitude to 
I. E. Tamm and I. L. Rozental’ for discussing this 
paper and also to D. S. Chernavskii, I. M. Dremin, 
and the authors of reference 3 for providing me 
with the results of their work before publication. 


1b Tamm, Marepuaanbl KonpepeHMK No pusuKke 
BbICOKUX 9HEprMun Br. KueBe (Materials of the High 
Energy Conference at Kiev, 1959). 

ey Bernardini, ibid. 

3 Wang Shu-Fen, Vishki, Gramenitskii, Grishin, 
Dalkhazhav, Lebedev, Nomofilov, Podgoretskil, 
and Strel’tsov, ibid. 

41. M. Dremin and D. S. Chernavskii, ibid. 
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InvAaRIANCE of a quantum-mechanical theory 
with respect to a particular group of transforma- 
tions is ordinarily associated with the existence 
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of corresponding constants of the motion. For ex- 
ample, for a system with central symmetry there 
is conservation of the components of the angular 
momentum M, which generate the rotation group. 
Gauge transformations with a constant phase are 
generated by the charge operator Q. Such con- 
stants of the motion do not exist, however, for the 
general group of gauge transformations, 


boedd, A, >A,—OA/dx,- (1) 


We shall show that by the introduction of additional 
variables into the Hamiltonian one can construct an 
infinite set of constants of the motion, which gener- 
ate the transformations (1), and thus can include 
the gauge transformations in the general scheme 
of canonical transformations. 

Let us write the Hamiltonian of quantum electro- 
dynamics in the form 


Ae > Es (apape bebe 


Pp, o 


4 
— Cease) + 2 » = 


k i= V 20 


Je = (ve, jr) == \ ere (Meat S ax 


SR er ee as oS 
2 @ (Cik Crk 4 Coe Cok — Car Cak 
k 


{Car (ejz) aE Cte (e*jx)}; 


(2) 
(3) 


where a and b are the operators of the electron- 
positron field, and c are the operators of the elec- 
tromagnetic field; j, are the Fourier components 
of the current vector. The integral in Eq. (3) is 
taken over unit volume. The polarization vectors 
eA are chosen in the following way: e! and e* are 
unit space vectors perpendicular to k, and 


e& = (1,k/wo)/V2, ef =(1, —k/w) /V2. 


For the photons one introduces an indefinite 
metric. In accordance with this, the operators c 
satisfy the commutation relations 


[ede Care] = [cak, Cae] = Beer, [esk, Cow] = [cae, Can] = 0 


(the remaining commutation relations are the usual 
ones). We now introduce “supplementary” variables 
a, and £,, which satisfy the commutation relations 


lar, Be] = (BE, oe] = See, at, ov] = (Bt, Be] =O (4) 


and commute with all the other quantities, and add 
to the Hamiltonian (2) the quantity 
Hop = — yo (at 3, -> Be Oe). 
k 


It is easy to verify that the “total” Hamiltonian 
H+ Hag commutes with the quantities 


Ry=ag (€04/2w/? — Cgp), Ri = ae (ep /2m'/2 — exh). 


(5) 
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In terms of the operators (5) the gauge transfor- 
mations (1) can be expressed in the form of a uni- 
tary operator 


Urs=e id 


Rk 


fas + nti) , (6) 


where A, are arbitrary numbers. The function 
A(x) for the transformation (6) is 


ih 


A (x) = Dioay 


- De /* 


+ fait exp {— i (kx—of)}), 


(Agate exp {i (kx — wf)} 


and in virtue of the relations (4) A(x) can be 
regarded as a numerical function. 

In our representation the supplementary condi- 
tion (8Ay / 8x,) 6 = 0 can be written in the form 


(Car —epe/20%) P= 0, (Che — pe /20) D=0. (7) 
Comparing Eqs. (7) and (5), we see that for the 
allowed states the quantities R, and R{ are 
equal to zero: 

R, D=Ri D=0. (8) 


Obviously the conditions (8) single out the Max- 
wellian electrodynamics from among all the theo- 
ries described by the Hamiltonian (2). 

The variables qa and £8 are of the nature of 
two additional components of the electromagnetic 
field. Since these components do not interact with 
charges, this scheme is entirely equivalent to the 
usual electrodynamics. 


Translated by W. H. Furry 
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foe problem of a theory of the nonrelativistic 
photoeffect in the L shell was solved a long time 
ago./*? The relativistic aspects of this problem, 
however, have only been remarked upon. In view 
of the successful development of B -ray spectrom- 
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| j 4 | co 
Sia t 0.95 | 0.91 | 0.79 | 0.54 | 0.07 \ 
nr ‘ : ‘ 9 
Cite iene 1 0.72 | 0.64 | 0,38 | 0.46 | 0.007 | 0 
SL/L 0.500] 0.535] 0,546} 0.558] 0.531] 0.366 | 0.284 


etry in recent years it becomes now desirable to 
make a more careful analysis of the contribution 
of the L shell to the photoelectric absorption at 
high energies.*4 As it is impossible to obtain ex- 
act analytic expressions for the relativistic cross 
sections, we attempt to find their approximate form 
for the light elements.* Thus we determine the 
cross sections for the Ly subsheli which are ac- 
curate up to and including the first order of aZ; 
in the case of the Lyy and Ly subshells we only 
obtained approximations of zeroth order in a@Z. 

As usual, the calculation is based on the central 
Coulomb field approximation for the different elec- 
trons, with Z changed to Zy = Z-4.5 (see ref- 
erence 1, 869 a). The spinor corresponding to the 
final state of the electron is treated in the Born 
approximation. The integration in the matrix ele- 
ments is performed in momentum space. The cal- 
culations are analogous to those in the case of the 
K shell, described earlier by the author. To find 
the differential cross section for one of the L sub- 
shells, we must sum the contributions from all 
electrons of this subshell, taking into account the 
two possible spin orientations in the final state. 
Mathematically this involves very laborious cal- 
culations of traces. 

As a result we obtain for the differential cross 
sections the expressions 


d3,, = = (dsx)s, (1) 
Gop eZ. — Ny $y — 1) 
ye 8 1Or + 30y—1)8” 


+5 7? (7? + 6y? + Ily — 2)0° 


198 (¢ — 1) (y + 7) 8 + sin? 0 cos? o(y + 1) 77 | 20% 


24 #1 4? (374-1) (7 1) OF |} do, (2) 
don = 3 MB 08Z3 (7? — Ne *(y— 1) = he ee 

$4487 — NAP + SP (1 — 27? + 2x t+ NO” 

— 1 3 (y — 2) (y— 1) 81 4- sin? O cos (7 + 1) 7" [20 


= (By = I 4+ Py — 1) OPI} doo, (3) 


where (dox)s is given by formula (92) of refer- 
ence 5, with Z replaced by Zg, the angles @ and 
g are determined in reference 5, and. 


y= 1/(1—8)%, @=1—6cos8, i, =h/me. 
The corresponding total cross sections are 
01; =~ (Sk)s: (4) 
Ly, = agg Zig, ee 


X91? — 51? + 247 — 16 cela ty eAge Wap 
(5) 
7 (y2— 1)" 


{ ; 
Shiny a Pil Sacer te 


{a6 8143 PHA H4 tne hy Wal (6) 


(ape 


where ox is given by formula (98) of reference 5. 
The formulas for the cross sections are valid for 
light nuclei, since we must fulfill the condition 
(maZg/B8)* «1 for the Ly subshell and the con- 
dition maZg/8 «1 forthe Ly and Ly sub- 
shells. 

In the extreme relativistic limit B —1 we 
easily find that the total cross sections (4) to (6) 
are proportional to mc*/hv. In the limiting case 
of small energies we can show by neglecting terms 
of order £? that the angular distributions given by 
formulas (1) to (3) go over into the corresponding 
nonrelativistic expressions of Schur (see refer- 
ence 1, §72 8). The value of the ratio 
(dour /doLyyy nr = ’, is equal to the ratio of 


the number of electrons in these subshells. 
Formulas (4) to (6) predict a slower decrease 
of the total cross sections with increasing photon 
energy than the nonrelativistic formulas. In the 
case of the light elements this can be seen from 
the table, in which we list the ratios of the rela- 
tivistic (a) over the nonrelativistic (o"") cross 
sections (to lowest order in @Zg). There we also 
give the values of the relativistic ratio Chay /OUst: 


It can be assumed that the error associated with 
the ratios given in the table is of order (oe) 
In conclusion the author expresses his grati- 
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tude to Acad. S. Titeica for his interest in this 
work and to Prof. R. H. Pratt for clarifying com- 
ments on a number of questions touched upon in 
this paper. 

*Recently Pratt calculated the total cross section up to 
terms of order «Z in the extreme relativistic case. 
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